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PREFACE 
 
 
This educational textbook is designed for international students 
who study at the preparatory departments. In this textbook students 
can find the topics to be covered during the Math educational course. 
In the textbook over 500 graduated worked examples are accompanied 
by step-by-step explanation to progressively build understanding and 
offer a logical path through the syllabus. It is offered several versions 
of their solutions, as well as several variants of any possible forms of 
answers. The special attention to the basic concepts of the theory and 
basic methods of solutions in Mathematics are focused in the 
textbook.  
The textbook consists of 12 chapters which include the basic 
concepts of Arithmetic, Algebra, Trigonometry, and Math Analysis. 
Active learning style encouraged throughout, helping students really 
get to grip with the theory and getting them ready for successful 
mastery of higher Mathematics course.  
Materials for studying are contained in the following order: 
vocabulary section, theoretical information, examples of tasks solving, 
topic’s test questions and tasks for self-study.  
Authors believe that Math textbook should not just be a 
collection of mathematical facts carefully laid out, so the student can 
open it and cram in whatever formula they have to remember for 
tomorrow's exam. A Math textbook, especially for the students, should 
be full of questions, not just exercises. Questions that require some 
  4 
thought to answer. After all, "it's the questions that keep the students 
interested, not the answers." The basic concepts of the theory and 
many examples of their solutions give the possibility to address gaps 
in knowledge, acquire the knowledge needed for all major sections 
from the school Mathematics, revise the theory and learn how to solve 
examples independently, without any other assistance.  
This educational textbook may be useful for students of 
preparatory courses at universities, secondary schools, high schools 
and colleges. The book is also intended to be useful for Mathematics 
teachers who work with international students.   
The authors express their deep gratitude for Romanova E.A., the 
engineer of the International Education Department (NTU "KhPI"), 
for her valuable assistance, contribution and fine editing.  
 
Authors  
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ARITHMETICS 
(elementary information) 
 
Vocabulary section 
...as many..., as...  ...столько..., сколько... 多少 
accurate; exact точный 精确的;确切的 
add складывать 相加 
addition сложение 加法 
always всегда 总是 
approximate value приближенное значение 约等于的值，近似数 
approximately приблизительно 约等号 
arithmetic operation арифметическое действие 四则算术 
basic основной 原理 
because потому что 因为 
beginning начало 开始 
brace фигурная скобка 大括号 
bracket квадратная скобка 中括号 
by itself само на себя 自己除自己 
calculate вычислить 计算出 
cancel; reduce сокращать 化简 
carry out; do выполнить 完成 
change изменяться 改变 
close (parentheses) закрыть (скобки) 反括号 
common общий 共同的普通的 
common fraction  обыкновенная дробь 一般分数,常见的分数 
compare сравнить 比较 
composite number составное число 合成的数字 
constitute составлять 组成 
decimal fraction  десятичная дробь 小数 
decimal point десятичная точка 小数点 
decimal sign десятичный знак 小数符号 
denominator знаменатель 分母 
Chapter 1 
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derived proportions производные пропорции 比例导出 
difference (of 
numbers) 
разность (чисел) 差 
different разный 不同的 
digit (figure) цифра 数字 
dividend делимое 除数 
divisibility of numbers делимость чисел 除的尽的数 
division деление 除法 
divisor делитель 被除数 
equal to равно (будет) 等于 
equality равенство 等式 
every; each каждый 每,每一个 
exact decimal fraction точная десятичная дробь 精确小数 
exact quotient точное частное 准确的商 
example пример 举例 
extreme term of  
proportion 
крайний член пропорции 比例外项 
factor (number of 
primes) or expand 
разложить (число на 
простые множители) 
分解 
formula формула 图象 
fraction дробь 分数 
fractional part дробная часть 分数部分 
from the beginning сначала 从.....开始 
given данный 给 
greater than... больше, чем... 大于 
greatest common 
divisor (factor) (GCD 
or GCF) 
наибольший общий 
делитель (НОД) 
最大公约数 
half половина 一半 
how many times... is 
greater than 
во сколько раз больше... 大几倍 
identical, same одинаковые 相同的  
if если 假如 
if..., then... если..., то... 如果...那么... 
improper fraction неправильная дробь 假分数 
in order (to multiply 
fraction by another 
fraction), you ought 
to... 
чтобы (умножить дробь 
на дробь), нужно... 
分数的乘法 
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infinite decimal 
fraction 
бесконечная десятичная 
дробь 
无限小数 
infinite decimal 
fraction 
конечная десятичная дробь 有限小数 
inside внутри 里面 
inverse fraction обратная дробь 倒数 
it means... это значит... 意思 
item слагаемое 加数 
last последний 最后 
lead (reduce) fractions 
to the least common 
denominator 
приводить дроби к 
наименьшему общему 
знаменателю 
通分 
least common 
denominator (LCD) 
меньше, чем 小 
least common multiple 
(LCM) 
наименьшее общее 
кратное (НОК) 
最小公倍数 
left side of proportion левая часть пропорции 比例左项 
less than... меньше, чем... 小于 
many-digit number многозначное число 多位数 
mathematical signs математические знаки 数学符号 
mathematics математика 数学 
mean term of 
proportion 
средний член пропорции 比例中项 
minuend уменьшаемое 减数 
mixed number смешанное число 混合数 
mixed periodic 
fraction 
смешанная периодическая 
дробь 
无序循环小数 
multiple of number кратное число 除得尽的;倍数的 
multiplication умножение 乘法 
multiplier множитель 乘数 
multiply by... умножить на... 乘以 
natural numbers натуральное число 自然数 
number число 数字;数位 
number is divisible by 
itself 
число делится само на 
себя 
能被自己整除的数字 
numerator числитель 分子 
one-digit number однозначное число 一位数 
only только 只有 
open (parentheses) открыть (скобки) 开括号 
Chapter 1 
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operation действие 运算;操作 
order of operations порядок действий 运算顺序 
parentheses скобки 括号 
parenthesis круглая скобка 小括号 
part часть 整体的 
part of number  часть от числа 数字的一部分 
percent процент 百分数 
percentage ratio процентное отношение 分数的百分率 
period (of fraction) период (дроби) 有序循环小数 
place место 位 
prime factor простой множитель 简单的乘数 
problem задача 练习 
product произведение 乘积 
proper fraction правильная дробь 真分数 
property (of fraction) свойство (дроби) 性质 
pure decimal fraction чистая периодическая 
дробь 
纯粹的周期性循环小数 
quarter четверть 四分之一 
quotient частное 商 
ratio отношение 比例 
remainder остаток 余数 
result результат 结果 
right side of proportion правая часть пропорции 比例右项 
several; some несколько 一点,几个, 有些 
show показывать 解 
sign знак 符号;记号 
solution решение 解 
subtraction вычитание 减法 
subtrahend вычитаемое 被减数 
sum сумма 和 
term член 组成部分 
therefore следовательно 因此;那么 
to be divisible делиться 可除尽的 
transport переносить 代入 
transposition terms of 
proportion 
перестановка членов 
пропорции 
移动比例中项 
two-digit number двузначное число 二位数 
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unknown term of  
proportion 
неизвестный член 
пропорции 
比例中未知的项 
use использовать 使用 
value (of fraction) величина (дроби) 数 
whole (integer) целое 整数 
           
1.1. Digits (Figures) and Numbers  
Digits are mathematical signs.  
0 – is a digit, 1 – is also a digit, 9 – is also a digit. 
Table 1.1 – Digits 
0 – zero  1 – one 2 – two 3 – three 4 – four 
5 – five 6 – six 7 – seven 8 – eight 9 – nine 
Numbers consist of digits (mathematical signs). 
For example, number 20 consists of digits "2" and "0". Number 
321 consists of digits "3", "2" and "1". 
One sign = one digit = one-digit number. 
Digit is a number that consists of one digit (one sign). 
For example, 5 (five) is a digit.  
0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are also digits. 
Two signs = two digits = two-digit number. 
Two-digit number is a number that consists of two digits (two 
signs). 
For example, 23 (twenty-three) is a two-digit number.  
10, 11, 12, 13 ….  99 are two-digit numbers. 
Table 1.2 – Two-digit numbers 
10 – ten 11 – eleven 12 – twelve 
13 – thirteen 14 – fourteen 15 – fifteen 
… 
20 – twenty … 30 – thirty … 40 – forty … 
50 – fifty … 60 – sixty … 70 – seventy … 
80 – eighty … 90 – ninety … 99 – ninety nine 
Chapter 1 
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Three signs = three digits = three-digit number. 
Three-digit number is a number that consists of three digits 
(three signs).  
For example, 390 (three hundred and ninety) is a three-digit 
number. 100, 101 … 999 are three-digit numbers. 
Table 1.3 – Three-digit numbers  
100 – one hundred 101 – one hundred 
one … 
119 – one hundred 
nineteen … 
… 
200 – two hundred … 300 – three hundred … 400 – four hundred … 
500 – five hundred … 600 – six hundred … 700 – seven hundred … 
800 – eight hundred … 900 – nine hundred … 912 – nine hundred twelve … 
… 
999 – nine hundred  ninety nine 
 
Four signs = four digits = four-digit number. 
Four-digit number is a number that consists of four digits (four 
signs).  
For example, 5,015 (five thousand fifteen) is a four-digit 
number. 1,000, 1,001 … 9,999 are four-digit numbers. 
Table 1.4 – Four-digit numbers  
1,000 – one thousand  1,001 – one thousand one 1,002 – one thousand two … 
1,030 – one thousand 
thirty … 
1,300 – one thousand 
three hundred … 
1,990 – one thousand nine 
hundred ninety … 
2,000 – two thousand … 3,000 – three thousand … 4,000 – four thousand … 
5,000 – five thousand … 6,000 – six thousand … 7,000 – seven thousand … 
8,000 – eight thousand … 9,000 – nine thousand … 9,999 – nine thousand nine 
hundred ninety-nine 
Five signs = five digits = five-digit number. 
Five-digit number is a number that consists of five digits (five 
signs).  
For example, 19,012 (nineteen thousand twelve) is a five-digit 
number. 10,000, 10,001 … 99,999 are five-digit numbers. 
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Table 1.5 – Five-digit numbers  
10,000 – ten thousand 10,001 – ten thousand 
one … 
10,020 – ten thousand 
twenty … 
15,005 – fifteen 
thousand five … 
17,070 – seventeen 
thousand seventy … 
19,900 – nineteen thousand 
nine hundred … 
… 
20,000 – twenty thousand 
… 
30,000 – thirty thousand 
… 
40,000 – forty thousand  
… 
50,000 – fifty thousand 
… 
60,000 – sixty thousand 
… 
70,000 – seventy thousand  
… 
80,000 – eight thousand 
… 
90,000 – nine thousand 
… 
99,999 – ninety-nine 
thousand nine hundred 
ninety-nine 
Six signs = six digits = six-digit number. 
Six-digit number is a number that consists of six digits (six 
signs).  
For example, 170,700 (one hundred seventy seven thousand) is a 
six-digit number. 100,000, 100,001 … 999,999 are six-digit numbers. 
Table 1.6 – Six-digit numbers  
100,000 – one hundred thousand  100,001 – one hundred thousand and one … 
100,020 – one hundred thousand 
twenty … 
150,050 – one hundred fifty thousand 
fifty … 
170,700 – one hundred seventy 
seven thousand … 
199,000 – one hundred ninety-nine 
thousand … 
200,000 – two hundred thousand … 300,000 – three hundred thousand … 
400,000 – four hundred thousand … 500,000 – five hundred thousand … 
600,000 – six hundred thousand … 700,000 – seven hundred thousand … 
800,000 – eight hundred thousand … 900,000 – nine hundred thousand … 
999,999 – nine hundred ninety-nine thousand nine hundred ninety-nine 
Seven signs = seven digits = seven-digit number. 
Seven-digit number is a number that consists of seven digits 
(seven signs).  
For example, 8,540,012 (eight million five hundred forty 
thousand twelve) is a seven-digit number. 1,000,000, 1,000,001 … 
9,999,999 are seven-digit numbers. 
Chapter 1 
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Table 1.7 – Seven-digit numbers  
1,000,000 – one million 1,000,001 – one million one … 
2,000,000 – two million … 3,000,000 – three million … 
4,000,000 – four million … 5,000,000 – five million … 
6,000,000 – six million … 7,000,000 – seven million … 
8,000,000 – eight million… 9,000,000 – nine million … 
9,999,999 – ten million nine hundred ninety-nine thousand nine hundred 
ninety-nine  
 
 
REMEMBER! 
 
 
 
Answer the questions 
1. What numbers do you know? 
2. What digits does three-digit number consist of? 
3. What digits do 754; 8,602; 912,3876 consist of? 
 
 
Tasks № 1 
I. Find mistakes and write correct: 
а) 56,409; 40,912; 76,158 are six-digit numbers; 
b) 1,122; 4,014; 2,019 are one-digit numbers. 
II. Read and write the following numbers: 12, 20, 13, 30, 14, 40, 
15, 50, 16, 60, 17, 70, 101, 199, 228, 555, 674, 1,003, 2,303, 4,518, 
5,600, 10,300, 13,030, 21,088, 101,011, 854,703, 1,250,361, 2,004,742, 
3,008,018, 4,523,050, 5,800,090, 21,412,020, and 120,666,779.  
III. Write numbers with digits: twelve, nineteen, nine hundred 
eight, three thousand eight hundred eighty, twenty thousand three 
hundred thirty, two million fifty-three, eight million sixty, eleven 
million seven hundred twenty two. 
s 
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IV. Write five seven-digit numbers. 
V. Fill in empty rows in the table. 
Table 1.8 – Numbers 
0, 1, 2 ... 9 1 sign, 1 digit one-digit numbers (digits) 
 2 signs, 2 digits  two-digit numbers  
100, 101 … 999 3 signs, 3 digits   
1,000 … 9,999  three-digit numbers  
 5 signs, 5 digits  five-digit numbers  
100,000 … 999,999  six-digit numbers  
 7 signs, 7 digits  seven-digit numbers  
  eight-digit numbers  
 1.2. Arithmetical Operations. Mathematical Signs 
Table 1.9 – Arithmetical operations. Mathematical signs  
Mathematical 
signs  Arithmetical operations 
"+ "   plus 5 3 8+ =  
addition 
5 – is an item 
3 – is also an item  
8 – is a sum (result of addition) 
"- "  minus 9 3 6- =  
subtraction 
9 – is a minuend 
3 – is a subtrahend 
6 – is a difference (result of subtraction) 
"×" multiply by 5 3 15× =  
multiplication 
5 – is a multiplier (factor) 
3 – is also a multiplier (factor)  
15 – is a product (result of 
multiplication) 
":" divide by 12 : 3 4=  
division 
12 – is a dividend 
3 – is a divisor  
4 – is a quotient (result of division) 
a b=   is an equality 
"="    is We read: 5 10x+ =  "five plus x is ten" 
a b> , a b< , a b³ , a b£  are inequalities 
">" greater than 
"<" less than 
"≥" greater or equal to 
"≤" less or equal to  
We read: 17 3y- >  seventeen minus y is 
greater than three;   
20 12z× £  twenty multiply by z is less or 
equal to twelve.  
Chapter 1 
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Example 1. Read and calculate: ( ){ }2 148 72 : 4 55 : 9× - +é ùë û . 
Solution. First, make operations in parentheses: 
1-st operation – is division. 72 : 4 18= . 
2-nd operation – is subtraction. 148 18 130- = . 
The next operation will be operation in brackets: 
3-d operation – is multiplication. 2 130 260× = . 
The next operation will be operation in braces: 
4-th operation – is addition. 260 55 315+ = . 
5-th operation – is division. 315 : 9 35= . 
Answer. 35. 
 
REMEMBER! 
Order of operations  
Firstly, you should do operations in parentheses. Inside any 
parentheses do multiplication or division first (from left to right) and 
after that do addition or subtraction whichever comes first left to right. 
 
 
Answer the questions 
1. What mathematical signs do you know? 
2. What arithmetical operations do you know? 
3. Write down the rule of order of operations. 
4. a b c+ =  is addition. Write the name of a , b , c . 
5. a b c- =  is substraction. Write the name of a , b , c . 
6. a b c× =  is multiplication. Write the name of a , b , c . 
7. :a b c=  is division. Write the name of a , b , c . 
 
Tasks № 2 
I. Answer the questions. 
1. How much are eight less than ten?  
2. How much are ninety greater than nineteen?  
3. How many times are eighteen less than one hundred and sixty two?  
4. How many times are two hundred and forty greater than twelve?  
s 
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II. Write down: 
How much?  How many times? 
5 10<  
21 23<  
100 51>  
 30 90<  
120 40>  
7 42<  
III. Write down the order of operation and calculate: 
a) ( )5,555 82,320 :84 693 66+ - × ; 
b) ( )3,208 87 67 62,524 : 308- × + ; 
c) ( )467,915 137,865 : 31,353 48 609+ - × ; 
d) ( )51,003 4,968 709 52 203- + × + ; 
e) ( )612,228 53,007 52,275 : 615+ - ; 
f) ( )86 217 275,116 :859 279,569× + + . 
 1.3. Prime and Composite Numbers. Factoring numbers. GCD 
(Greatest Common Divisor) or GCF (Greatest Common 
Factor) and LCM (Least Common Multiple). Numbers’ 
Divisibility  
Quotient of two numbers may be exact and unexact.  
  20 5 
  20 4 
  0  
4 – is a quotient. 
4 – is an exact quotient because 4 5 20× = . 
 
  28 8 
  24 3 
  4  
3 – is a quotient. 
3 – is an unexact quotient because 3 8 28× ¹ . 
4 – is a remainder. 
 
 
REMEMBER! 
a bq r= + , 0 r b£ £ , 0b ¹ , 
a  – is a dividend; b  – is a divisor; q  – is a quotient; r  – is a remainder. 
Divisor of number a  is a numberb , if we can divide a  by b  
without remainder ( 0r = ). 
Multiple of number a  is a numberb , if we can divide b  by a  
without remainder ( 0r = ). 
Chapter 1 
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For example, 21: 3 7= . Number 3 is a divisor of number 21, and 
number 21 is a multiple of number 3. 
Numbers 1, 2, 3, 4, 5 … are natural numbers. Number 0 is not a 
natural number. 
Numbers 2, 3, 5, 7, 11, 19, 23 … are divisible by one (1) or by 
themselves only. These numbers are prime ones. 
Prime numbers are numbers that have only two divisors. 
For example, number 23 is a prime number because 23 is 
divisible by "1" and by "23" only. That is why number 23 has only 
two divisors 1 and 23, e.g.  23:1 23= ; 23: 23 1= . 
Numbers 4, 6, 8, 9, 10, 12 … are divisible by "1", by themselves 
and by other numbers. These numbers are composite ones. 
Composite numbers are numbers that have more than two 
divisors. 
For example, number 36 is divisible by 1, 2, 3, 4, 6, 9, 12, 18, 
36. That is why number 36 has nine divisors. 
1 (one) – is neither simple number, nor composite number. 
It is possible to factor composite numbers. 
We can write down a composite number as a product of prime 
numbers. This operation is called composite numbers factoring.  
Example 2. Factor number 27. 
Solution. 
12 
6 
3 
1 
2 
2 
3 
 
12 2 2 3= × ×  
Answer. Numbers 2, 2, 3 are prime factors. 
 
Common divisor of several numbers is a number by which all 
given numbers are divisible without remainder. 
Arithmetics (elementary information) 
 17
For example, number 18 is divisible by 2, 3, 3; number 24 is 
divisible by 2, 2, 2, 3. Common divisors of numbers 18 and 24 are 2 
and 3. Always we can find the greatest divisor (factor). Therefore, the 
greatest common divisor of numbers 18 and 24 is 6 ( 2 3 6× = ). 
Greatest Common Divisor of several numbers (GCD) is the 
greatest natural number, by which each given number is divisible 
without remainder. 
Example 3. Find GCD of numbers 45, 60, 75. 
Solution. Let us factor numbers 45, 60, 75. 
45 3 3 5
60 2 2 3 5
75 3 5 5
= × ×
= × × ×
= × ×
üï
ý
ïþ
  3, 5 – are the common factors 
Answer. ( )45, 60, 75 3 5 15GCD = × = . 
Least Common Multiple (LCM) of several numbers is the 
smallest natural number, which is divisible by each of given numbers 
without remainder. 
 
Example 4. Find LCM of numbers 5, 6 and 8. 
Solution. Let us factor numbers 5, 6 and 8. 
5 5 1
6 2 3
8 2 2 2
= ×
= ×
= × ×
üï
ý
ïþ
 
Answer. ( )5, 6, 8 1 5 2 3 2 2 120LCM = × × × × × = . 
Example 5. Find LCM of numbers 72 and 108. 
Solution. Let us factor 72 and 108.  72 2 2 2 3 3= × × × ×  108 2 2 3 3 3= × × × ×  
Answer. ( )
72
72, 108 2 2 2 3 3 3 216LCM = × × × × × =
64 48
 
 
1 
 
 
 
REMEMBER! 
( ) ( )
,
,
LCM
GCD
a b
a b
a b
×
=  
108  
Chapter 1 
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Example 6. Find LCM of numbers 360 and 70. 
Solution. ( )360, 70 10GCD = . Let us use the formula:  
( ) 360 70LCM 360, 70 2,520
10
×
= = . 
Answer. ( )LCM 360, 70 2,520= . 
Example 7. Find LCM of numbers 20 and 27. 
Solution. Let us factor numbers 20 and 27:  20 2 2 5= × × ; 27 3 3 3= × × . 
Numbers 20 and 27 do not have common factors, and we can say that: 
( )
}
{
20
27
20, 27 2 2 5 3 3 3 540LCM = × × × × × =  
Answer. ( )LCM 20, 27 540= . 
LCD of numbers that do not have common factors is a product 
of these numbers. 
Table 1.10 – Number’s divisibility  
Divisibility  
of 
numbers 
Indications of numbers’ divisibility  Examples 
1 2 3 
by "2" The last digit of the number is 
divisible by 2 or equal to zero 
12; 50; 348; 576; 
4,294; 30,590 … 
by "5" The last digit of the number is 5 or 
equal to zero  
15; 80; 375; 1,005 
… 
by "3" The sum of digits of the number is 
divisible by 3  
156; 222; 378; 
1,032; 15,189 … 
by "9" The total of digits of the number is 
divisible by 9 
153; 252; 819; 
3,150; 5,787 … 
by "4" The number which consists of two 
last digits of given number, is 
divisible by 4, or two last digits of 
given number are zeros  
112; 600; 724; 
1,084; 3,048 … 
by "25" The number which consists of two 
last digits of given number, is 
divisible by 25, or two last digits of 
given number are zeros  
250; 400; 975; 
1,050; 5,125 … 
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Table 1.10 (continuing)  
by "8" The number which consists of three 
last digits of given number, is 
divisible by 8, or three last digits of 
given number are zeros  
1,008; 3032; 5,120; 
9,000 … 
by "125" The number which consists of three 
last digits of given number, is 
divisible by 125, or three last digits 
of given number are zeros  
1,375; 10,125;  
51,000 … 
by "6" The number is divisible by 2 and by 
3 
126; 348; 750; 1,068; 
3,163; 17,844 … 
by "7", 
"11", "13" 
The difference among number, which 
consists of three last digits of given 
number and number, which consists 
of the rest of digits of given number, 
is divisible by 7, 11 or 13 
1,071; 55,258 are 
divisible by 7; 
28,501; 1,353 are 
divisible by 11; 
1,157; 5,928 are 
divisible by 13 
 
 
Answer the questions 
1. What number is called a divisor of number a ? 
2. What number is called a multiple of number a ? 
3. What does a prime number mean? 
4. What does a composite number mean? 
5. What does the GCD mean? 
6. What does the LCM mean? 
 
Tasks № 3 
I. Write down one-digit prime and composite numbers.  
II. Read prime and composite numbers: 5, 8, 9, 12, 13, 14, 17, 19, 
21, 23, 25, 29, 31, 36, 42, 45, 47, 49, 51, 62, 67, 77, 83, 89, 90, 91, 95, 
97, 101, 109. 
III. Write down all one-digit prime numbers from 11 to 37 and 
composite numbers from 10 to 30. 
s 
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IV. Write down all divisors of numbers: 12, 19, 27, 36. 
V. Write down divisors, common divisors and the greatest common 
divisor of numbers: 24, 30, 42. 
VI. Is it true or false that: 
а) 5 is a divisor of number 45; b) 16 is a divisor of number 8; 
c) 27 is a multiple of number 3;  d) 6 is a multiple of number 12? 
VII. Find out from the numbers 2, 4, 6, 8, 10, 12, 14, 16: 
а) divisors of number 20;  b) divisors of number 16; 
c) multiples of number 4;  d) multiples of number 3. 
VIII. Write down all multiples for 8 and 11. 
IX. Factor numbers: 27, 36, 46, 72, 84, 100, 243, 368, 420, 1,000. 
1.4. Common (Vulgar) and Decimal Fractions (Decimals)  
1.4.1. Common (Vulgar) Fractions  
Common fraction is one or several equal parts of number one. 
For example, fraction 1
5
 means that number one is divided by 5 equal 
parts and it’s taken only one from these parts. Fraction 3
4
 means that 
number one is divided by 4 equal parts and it’s taken three parts 
(Fig. 1.1). 
 
Figure 1.1 
1
5
 is a common fraction; 1
4
; 2
7
; 25
3
; 101
70
  are also common 
fractions. 
1  
1
5
 
1  
3
4
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Table 1.11 – Numerals 
 Cardinal Ordinal   Cardinal  Ordinal  
1 one first  10 ten tenth 
2 two second  ... 
3 three third  20 twenty twentieth 
4 four forth  ... 
5 five fifth  100 hundred hundredth 
6 six sixth  ... 
7 seven seventh  200 two hundred two hundredth 
8 eight eighth  ... 
9 nine nineth  500 five hundred five hundredth … 
 
 
REMEMBER! 
a
b  is a common (vulgar) fraction, "a " is a numerator of 
fraction, "b" is a denominator of fraction. 
Table 1.12 – Common (vulgar) fractions 
Examples Examples 
1
2
 a (one)
half
 2
3
 two
thirds
 
11
1  a (one)
eleventh
 3
9
 three
nineths
 
21
40
 twenty-one
fortieth
 74
17
 seventy-four
seventeenths
 
301
50
 three hundred one
fiftieth
 105
301
 one hundred five
hundred firsts
 
201
1000000
 two hundred one
millionth
 411
10000
 four hundred eleven 
ten hundred thousandths
 
 
If numerator of fraction is less than denominator, therefore this 
fraction is called a proper fraction.  
If numerator of fraction is greater than denominator or equal to 
denominator, then this fraction is called an improper fraction. 
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It is possible to write down an improper fraction as a mixed 
number. 
For example, 2
3
, 3
11
, 24
105
 are proper fractions; 
7
3
, 19
5
, 321
12
 are improper fractions;  
13
2
, 17
3
, 5119
6
, 32001
7
 are mixed numbers. 
Mixed number is a sum of whole and fractional parts of given 
number. For example, 
whole
part fractional
part
2 28 8
7 7
= + . 
 
REMEMBER! 
We read mixed numbers as follows: 
31
7
 – one and three sevenths; 
13
5
 – three and one fifth; 
1121
30
 – twenty one and eleven thirtieths; 
254
21
 – fifty-four and two twenty-firsts. 
 
In order to write down an improper fraction as a mixed number, it 
is necessary to divide the numerator of this fraction by its denominator. 
Example 8. Write down an improper fraction 
169
7
 as a mixed number. 
Solution.    169 7  
    14 24  
      29   
      28   
        1   
Answer. 
169 1
24
7 7
= . 
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Example 9. Write down a mixed number as an improper fraction. 
Solution. 
3 11 5 3 58
11
5 5 5
× +
= = . 
Answer. 58
5
. 
 
REMEMBER! 
The main property of fraction. The fraction’s value does not 
change, if we multiply its numerator and denominator by the same 
number that is not equal to zero. 
0: ,
0:
ma a m a n
nb b m b n
¹æ ö×
= = ç ÷¹× è ø
 
For example, 2 2 3 6
3 3 3 9
×
= =
×
, 18 18 : 9 2
63 63: 9 7
= = . 
 
Reducing (cancelling) fraction means dividing the numerator 
and the denominator of this fraction by the same number that is not 
equal to zero.  
For example, 4 4 : 2 2
6 6 : 2 3
= = . We reduce the fraction to "2". 
8 8 : 8 1
16 16 : 8 2
= = . We reduce the fraction to "8". 
In order to carry out arithmetic operations with the common 
(vulgar) fractions, it is necessary to know how to reduce (cancel) these 
fractions to the common denominator. 
Example 10. Reduce fractions 37  and 
16
5  to the common denominator. 
Solution. Fractions 37  and 
16
5  have different denominators 7 and 5. Let us use 
the basic property of fraction and write down these fractions in a different 
way. For this, multiply numerator and denominator of the fraction 37  by 
cofactor 5. Obtain: 3 5 15
7 5 35
×
=
×
. Then multiply numerator and denominator of 
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the fraction 165   by cofactor 7.  Obtain: 
16 7 112
5 7 35
× =
×
. 
We have reduced the fractions 37   and 
16
5   to the common denominator 35.  
Answer. 3 15
7 35
= , 16 112
5 35
= . 
This operation is called reducing fractions to the common 
denominator. 
It is also possible to reduce fractions 37  and 
16
5  to the common 
denominator 70. 
Obtain: 3 3 10 307 7 10 70
×= =
×
, 16 16 14 2245 5 14 70
×= =
×
, 
or to the common denominator 105: 3 3 15 457 7 15 105
×= =
×
, 16 16 21 3365 5 21 105
×= =
×
, 
or to any other denominator, which is divided simultaneously by 7 and by 5. 
Conclusion. We can reduce fractions to the different common 
denominators. As a rule, it is convenient to reduce fractions to the 
least common denominator (LCD). 
LCD of fractions is equal to the least common multiple (LCM) 
of the denominators of given fractions.  
 
REMEMBER! 
In order to lead (reduce) fractions to LCD, it is necessary: 
1) to find the LCD of the denominators of the fractions; 
2) to calculate the cofactors (for this divide LCD by each 
denominator); 
3) to multiply numerator and denominator of each fraction by 
cofactors. 
 
Example 11. Reduce fractions 7
24
 and 11
30
 to the least common denominator. 
Solution. Let us find the least common multiple of numbers 24 and 30: 
( )LCM 24,30 120= . 
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120 : 24 5= , therefore in order to reduce the fraction 7
24
  to denominator 120, 
it is necessary to multiply its numerator and denominator by the cofactor 5: 
7 7 5 35
24 24 5 120
×
= =
×
. 
120 : 30 4= , therefore in order to reduce the fraction 11
30
 to denominator 120, 
it is necessary to multiply its numerator and denominator by the cofactor 4: 
11 11 4 44
30 30 4 120
×
= =
×
. 
Answer. We have reduced given fractions to the least common denominator 120: 
7 35
24 120
= ; 11 44
30 120
= . 
Table 1.13 – Operations with common fractions and mixed numbers 
Operations Rules Examples 
Adding 
fractions 
In order to add fractions, it is 
necessary to reduce fractions to the 
LCD and to add their numerators.  
1 1 1 3 1 2 5
2 3 6 6
× + ×
+ = = , 
6 is LCD. 
Subtracting 
fractions 
In order to subtract fractions, it is 
necessary to reduce fractions to the 
LCD and to subtract their 
numerators.  
1 3 1 7 3 2 1
2 7 14 14
× - ×
- = = , 
14 is LCD. 
Multiplying 
fractions 
In order to multiply fractions, it is 
necessary to multiply their 
numerators and write down the 
result in numerator. Then multiply 
their denominators and write down 
the result in denominator. If it is 
possible, then cancel the fraction. 
3 2 3 2 6 3
4 5 4 5 20 10
×
× = = =
×
. 
Dividing 
fractions  
In order to divide fraction by 
fraction, it is necessary to multiply 
the first fraction by the fraction, 
which is inverse to the second 
fraction  
(
a
b
 and 
b
a
 are reciprocal fractions). 
1 2 1 3 3
:
2 3 2 2 4
= × = . 
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Table 1.13 (continuing)  
Operations Rules Examples 
Comparing  
fractions 
In order to compare fractions, it is 
necessary to reduce them to LCD 
and compare their numerators. 
5
7
 and 3
5
. 
Reduce to LCD 
25
35
 and 21
35
, 25 21> , 
therefore 
25 21
35 35
>
5 3
7 5
Þ >  
Adding,  
subtracting,  
multiplying 
and 
dividing 
mixed  
numbers 
In order to make operations 
(addition, subtraction, multiplica-
tion and division) with mixed 
numbers, it is necessary to write 
down them as improper fractions. 
After then make the operations. 
2 1 65 41) 7 19 3 9 3
65 12 53 859 9 9
- = - =
-= = =
 
2 7 7 252) 1 : 2 :5 9 5 9
7 9 63
5 25 125
= =
×= =
×
 
1.4.2. Decimal Fractions (Decimals) 
A common fraction that has a denominator equal to 10, 100, 1000 ... 
is called a decimal fraction. A decimal fraction can be written: 
37 0.37
100
= . 
1.182, 32.02, 71.4054 are decimal fractions. 
The whole part of decimal fraction is at the left from the decimal 
point (comma). Decimal signs (tenth, hundredth, thousandth...) are at 
the right from the decimal point (comma). 
 
 
 
REMEMBER! 
We read decimal fractions as follows: 
0.1 – zero  point one; 
2.05 – two  point zero five; 
31.123 – thirty-one  point one two and three; 
11.0019 – eleven point zero, zero, one and nine. 
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There are finite and infinite decimal fractions.  
For example, 3.125, 4.51, 21.01 are finite decimal fractions. 
0.333..., 2.0414141..., 5.543671... are infinite decimal fractions 
(recurring decimal). 
There are periodic (repeating decimals or reccuring decimals) 
and non-periodic infinite decimal fractions. 
For example, periodic decimal fractions are: 
0.444...= 0.4 ,   where: 4 is a period of the fraction; 
3.5151...= 3.51,  where: 51 is a period of the fraction; 
7.02333...= 7.023,  where: 3 is a period of the fraction. 
There are pure and mixed periodic decimal fractions.  
For example, pure periodic decimal fractions are: 2.32, 41.05, 
123.5. Mixed periodic decimal fractions are: 3.07 , 70.2451, 31.155. 
Non-periodic infinite decimal fractions are: 3.14..., 5.172..., 6.234... 
Table 1.14 – Operations with decimal fractions  
Operation Rule Example 
Adding  
and 
subtracting  
Make sure that the decimal points are 
lined up, one under the other. Then 
add or subtract in the same manner 
you would add or subtract regular 
numbers. 
 
 5.001 
 3.200 
 1.801 
5.001 3.2 1.801- =  
Multiplying To multiply two decimals, multiply 
them as you would integers. The 
number of decimal places in the 
product will be the total number of 
decimal places in the factors that are 
multiply together. 
1) 2.75 0.231 0.63525× = , 
because 
275 231 63,525× =  
2) 2.56 100 256× =  
Dividing To divide two decimals, multiply 
each by a power of 10 such the 
divisor becomes an integer. Then 
carry out the division as you would 
with integers, placing the decimal 
point in the quotient directly above 
the decimal point in the dividend.  
1) 11.726 : 4.51 =    
   1,172.6:451 2.6= =  
2) 45:1.25 =   
   4,500 :125 36= =  
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Table 1.14 (continuing)  
Operation Rule Example 
Converting 
pure periodic 
fraction into 
common 
fraction  
In order to write down pure periodic 
fraction as common fraction, it is 
advisable to use the formula 
( )
{
1 2
1 2
...0. ...
99...9
k
k
k
n n nn n n =  
1) 12 40.12
99 33
= =  
2) 2360.236
999
=  
Converting 
mixed 
periodic 
fraction into 
common 
fraction  
In order to write down mixed 
periodic fraction as a common 
fraction, it is advisable to use the 
formula 
( )
{{
1 2 1 2
1 2 1 2 1 2
0. ... ...
... ... ...
99...9 00...0
k
k
k
m m m n n n
m m m n n n m m m
=
-
=
l
l l
l
 
1) 213 2 2110.213
990 990
-
= =  
2) 435 430.435
900
-
= =  
392 98
900 225
= =  
 
 
REMEMBER! 
 
 
 
Answer the questions 
1. What does a proper fraction mean? 
2. What does an improper fraction mean? 
3. What fractions do you know? 
FRACTIONS 
Common (Vulgar) Decimals 
Proper Improper Finite 
Non-periodic Periodic 
Infinite 
Pure Mixed 
непериодические Mixed numbers 
s 
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4. Write down the rule of fractions reducing. 
5. Write down the basic property of fraction. 
6. What does a mixed number mean? 
7. How do we add the common fractions? 
8. How do we subtract the common fractions? 
9. How do we multiply the common fractions? 
10. How do we divide the common fractions? 
11. How do we add the decimal fractions? 
12. How do we subtract the decimal fractions? 
13. How do we multiply the decimal fractions? 
14. How do we divide the decimal fractions? 
 
 
Tasks № 4 
I. Write down and read fractions and mixed numbers. 
1
35
, 21
50
, 31
60
, 72
101
, 19
20
, 33
74
, 93
47
, 59
100
, 3
200
, 11
600
, 233
1,000
, 1210
17
, 
8161
13
, 0.21, 3.5, 202.134, 70.0017, 0.7 , 0.27 , 1.83, 19.063, 2.2221. 
II. Write down with digits. 
Seven twelveths, three and four sevenths, one and eleven thirty-
eighths, eighty nineteenths, eleven and twenty-seven thousandths, 
thirteenth and thirteen ten-thousandths, one hundred and eleven 
fortieths. 
III. Write down mixed numbers as improper fractions. 
120
3
, 23
5
, 38
4
, 315
8
, 112
19
, 4105
7
. 
IV. Write down improper fractions as mixed numbers. 
72
23
, 135
8
, 41
12
, 89
17
, 28
21
, 328
221
. 
V. Solve the examples. 
a) 62 1 14 33.022 : 5 : 6.4 3 0.24
125 2 3
æ ö æ ö+ - ×ç ÷ ç ÷
è ø è ø
; 
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b) 1 720.2 76.84 : 8 4.72 8.4 :1 : 7.9
2 18
é ùæ ö æ ö- + -ç ÷ ç ÷ê úè ø è øë û
; 
c) 13 4 2 7 110 54.74 : 6 8 3 2 3.75
20 5 15 15 13
é ùæ ö- + - × ×ç ÷ê úè øë û
; 
d) 2 3 112.06 4.5 3 : 11.15 3.75 2 142.1: 3
3 5 2
æ ö æ ö+ × - × +ç ÷ ç ÷
è ø è ø
; 
e) 
5 3 1 25 15.03 :1 5.02 7.8 : 21 6 14 2 510 1 2 63 0.08 4 2 2.8 4
4 7 25
× + - +
-
× + × -
; 
f) 
3 412 3 2.8 22 159.9 : 7
7 5
11 2 23 101.22 : 8 2.13 2.05 1
20 5 5
- × -
+
+ + ×
; 
g) 
( ) ( )
11.09 0.29 1 11.81 8.19 0.024
13 8 9 :11.2518.9 16
20 9
- × + ×
+
æ ö- ×ç ÷
è ø
. 
VI. Write down three proper fractions which denominator is greater 
to "3" than numerator. 
VII. Write down five improper fractions which denominator is less 
to "4" than numerator. 
VIII. Compare the fractions. 
а) 2
5
 and 3
8
;  b) 4
7
 and 9
11
;  c) 5
6
 and 8
9
;  d) 5
12
 and 1
4
. 
1.5. Ratios. Proportions. Percents 
1.5.1. Ratios  
Quotion of numbers a  and b  is a ratio of these numbers, if 0b¹ . 
The ratio can be written: a
b
 or :a b , where: a  and b  are terms of 
the ratio. 
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We read the ratio =a kb  as: ratio a  to b  is equal to k . For example, 
we read the ratio 4 22 =  as: ratio of four to two is equal to two. 
If 1a
b
> , then ratio shows how many times a  is greater than b . 
For example, 15 53 =  (ratio of fifteen to three is equal to five).  This 
ratio shows that 15 is 5 times greater than 3. 
If 1a
b
< , then ratio shows what part a  consists of b . For 
example, 3 112 4=  (ratio of three to twelve is equal to fraction "one 
fourth"). This ratio shows that number 3 consists 1
4
 part of number 12. 
If 1a
b
= , then numbers a  and b  are equal. For example, 
7
1
7
=  
(ratio of seven to seven is equal to one). This ratio shows that numbers are 
equal. 
 
 
REMEMBER! 
Property of ratio. Ratio does not change, if we multiply or 
divide the terms of the ratio by the same number (nonequal to zero). 
:
:
a a m a n
b b m b n
×
= =
×
, where: 0m ¹ , 0n ¹ . 
Therefore, it is possible: 
a)  to reduce the ratio; 
b) to write down the ratio of fractions as ratio of integers. 
Example 12. Write down the ratio of fractions 2 4:3 5  as ratio of integers. 
Solution. Let us find the least common denominator: LCD=15. Then multiply 
terms of the ratio by 15.  
Obtain ( ) ( ) ( ) ( )2 4 2 4: 15 : 15 2 5 : 4 3 10 :123 5 3 5= × × = × × = . 
Answer. 2 4: 10 :123 5 = . 
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1.5.2. Proportions 
Proportion is an equality of two numbers. 
a c
b d
=  or : :a b c d= ;  0b ¹ ; 0d ¹ . 
Here a  and d  are extremes terms of the proportion; b  and c  are mean 
terms of the proportion; :a b  is a left side of proportion; :c d  is a 
right side of proportion. 
We read proportion as: a  is to b  as c  is to d . 
For example, we read proportion 2 12
3 18
=  as: two is to three as 
twelve is to eighteen; we read proportion 6 8
24 32
=  as: six is to twenty-
four as eight is to thirty-two. 
 
REMEMBER! 
The basic property of proportion. Product of extreme terms of 
proportions is equal to the product of mean terms of proportion: 
if  a c
b d
= ,  then  a d b c× = × ; 0b ¹ , 0d ¹ . 
For example, 1) in proportion 3 9
5 15
=  we may say that numbers 3 
and 15 are extreme terms of proportions; and numbers 5 and 9 are 
mean terms of proportions. As the basic property of proportion says:  
3 15 5 9× = × , e.g. 45 45= . 
2) 1
2
 and 4
9
 are extreme terms of proportions 1 1 4 4: :
2 3 6 9
= , the mean 
terms of proportions: 1
3
 and 4
6
, then  1 4 1 4
2 9 3 6
× = × ; 4 4
18 18
= . 
In order to find an unknown term of proportion, we use the basic 
property of proportion. 
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Example 13. Find unknown term of proportion: 7 21
11 x
= . 
Solution. We use the basic property of proportion and obtain following: 
7 11 21x× = × , that is why: 11 21 33
7
x ×= = . 
Answer. 33x = . 
Example 14. Find x  from the proportion: 2 13
7 2
x + =  
Solution. ( )2 2 7 13x + × = × , 
2 4 91x + = , 
87 : 2x = , 
43.5x = . 
Answer. 43.5x = . 
In proportion : :a b c d=  it is possible to replace: 
1) mean terms: : :a c b d= ; 
2) extreme terms: : :d b c a= ; 
3) extreme terms a  and d  instead of mean terms b  and c ; mean terms 
b  and c  instead of extreme terms a  and d , e.g.: : :b a d c= . 
It is possible to replace left and right sides of these proportions 
and obtain new proportions: : :c d a b= ; : :c a d b= ; : :b d a c= ; 
: :d c b a= . 
For example, if we have the proportion: 3: 9 11: 33= , it is 
possible to write down new proportions: 1) 3:11 9 : 33= ; 
2) 33: 9 11: 3= ; 3) 9 : 3 33:11=  4) 9 : 33 3:11= ; 5) 11: 3 33: 9= ; 
6) 33:11 9 : 3= ; 7) 11: 33 3: 9= . 
 
 
REMEMBER! 
If we have the proportion : :a b c d= , so it is possible to write 
down new proportions: 
1) a b c d
a c
+ +
= ; 2) a b c d
b d
+ +
= ; 3) a b c d
a c
- -
= ;  
4) a b c d
b b
- -
= ; 5) a b c d
a b c d
+ +
=
- -
; 6) a c a a
b d b b
×
= ×
×
. 
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For example, if we have the proportion: 3 6
5 10
= , it is possible to 
write down new proportions:  
1) 3 5 6 10 8 16
3 6 3 6
,+ += = ;   2) 3 5 6 10 8 16
5 10 5 10
,+ += = ; 
3) 3 5 6 10 2 4
3 6 3 6
,- - - -= = ;  4) 3 5 6 10 2 4
5 10 5 10
,- - - -= = ; 
5) 3 5 6 10 8 16
3 5 6 10 2 4
,+ += =
- - - -
;  6) 3 6 3 3 18 9
5 10 5 5 50 25
,× = × = . 
1.5.3. Percents 
Percent is one hundred part of a number one. 
11% 0.01
100
= = , 
% is a sign of percent. 
It is possible to write down percents as a fraction: 
4040% 0.4
100
= = ; 100100% 1
100
= = ; 252252% 2.52
100
= = . 
It is possible to write down a fraction as percents: 
0.25 100% 25%× = ;    0.25 is 25%; 
1.75 100% 175%× = ;   1.75 is 175%. 
It is known several problems with percents. Let us analyze them. 
Problem 1. Find %x  of number A. 
Solution. We find %x  of number A  as: 
100
A x b× = , where b  is %x  
of number A. 
Example 15. Find 7% of number 200. 
Solution. 200 7 14
100
b = × = . 
Answer. 7% of number 200 is 14. 
Arithmetics (elementary information) 
 35
Problem 2. Find number X , if %m  percents of number X  is 
equal to number b . 
Solution.  
%m  – is b  
100%  – is X  => 
%
100%
m b
X
=  => 100%
%
bX
m
×
=  
Example 16. Find number X , if 5% of X  is equal to 40. 
Solution. 40 100% 800
5%
X ×= = . 
Answer. 800X = . 
Problem 3. Find how many percents does n  make from number 
m  ( %P is percentage). 
Solution. % 100%nP
m
= × . 
Percentage shows how many percents does one number make 
from the other one. 
Example 17. Find percentage of 120 and 320. 
Solution. 120 100% 37.5%
320
P = × = . 
Answer. Number 120 makes 37.5% from 320. 
Problem 4. Initial deposit in a bank consists a  dollars. It is 
charged extra p  percents a year. Find the sum of deposit in n  years. 
Solution. We know that it is charged extra compound interests in 
this bank. It means that charging extra percents in a year consists of 
charging extra on the deposit plus sum of percents.  
Therefore, in a year the sum of deposit will be: 
1
100 100
p pa a a æ ö+ × = +ç ÷
è ø
, where: a  – is  an initial sum of the deposit, 
p  – are percents charged extra in a year. 
In two years the sum of deposit will be:  
2
1 1 1 1 1
100 100 100 100 100 100
p p p p p pa a a aæ ö æ ö æ ö æ ö æ ö+ + + × = + × + = +ç ÷ ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø è ø
. 
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In three years the sum of deposit will be:  
2 2 3
1 1 1 1 1
100 100 100 100 100 100
p p p p p pa a a aæ ö æ ö æ ö æ ö æ ö+ + + × = + × + = +ç ÷ ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø è ø
. 
In n  years the sum of deposit will be: 1
100
npa æ ö+ç ÷
è ø
. 
 
REMEMBER! 
Formula of compound percents: 1
100
npS a æ ö= +ç ÷
è ø
, 
S  – is the sum of deposit in n  years; a  – is an initial sum of the 
deposit; p  – is the sum of deposit in a year; n  – is the term of deposit. 
Example 18. Initial sum of the deposit is 300 dollars. It is charged extra  3% in a 
year. Find the sum of deposit in 5 years. 
Solution. ( )
5
53300 1 300 1.03 300 1.159 348
100
S = × + = × » × »æ öç ÷
è ø
 (dollars). 
Answer. The sum of deposit in 5 years will be aproximately (≈) 348 dollars. 
 
Answer the questions  
1. What does ratio mean? 
2. What does proportion mean? 
3. What does percent mean? 
4. Write the basic property of proportion. 
5. How many times: 16 are greater than 4; 
 21 are greater than 7; 
 36 are greater than 9? 
6. What part does numbers 18 consist of number 36? 
 7 consist of number 35? 
s 
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Tasks № 5 
I. Read proportions and write them: 
a) 3: 5 6 :10= ;   b) 18 : 9 10 : 5= ;   c) 4 : 7 12 : 21= ;   d) 6 :11 18 : 33= . 
II. Find x  from the proportions: 
a) : 9 7 :14x = ; 
b) 4.2 : 0.7 24 : x= ; 
c) 1 2 2613 :1 :
3 3 5 5
x
= ; 
d) ( )1.7 :1.5 3.75 :1.5x- = ; 
e) 1.25 : 0.4 1.35 : 0.5x= ;  
f) 
72 0.70.5 1 9
2 41
7
xx -+
= ; 
g) 1.2 : 0.375 0.2 0.016 : 0.12 0.74 26 :15 0.8
25 5
x
- +
=
+
; 
h) 
28 171 0.7
0.125 63 21
19 21 7 0.675 2.4 0.028
24 40 16
x
æ ö- ×ç ÷
è ø=
× -æ ö- ×ç ÷
è ø
. 
III. Calculate: 
а) 120%  of 42.5;  b) 800% of  0.125;  c) 7 %9  of 45;  d) 0.45%  of 0.5. 
IV. Find X , if: 
а) 3.5% of X  is 21;   c) 33 %7  of X  is 4.5; 
b) 210%  of X  is 5.6 ;  d) 1.25% of X  is 375 . 
V. Find percentage of numbers: 
а) 1.4  and 0.7;   b) 18  and 
1
3
;   c) 0.12 and 0.38;   d) 230  and 0.75. 
VI. There are 5000 books in the library. 20% of books are text-
books. How many books are in the library? 
VII. There are 9 Arabian students in the group. In this group 75% 
from all students are Arabian. How many students are in this group? 
VIII. There are 400 students in the students’ hostel. 260 students 
are international students. How many percents do international 
students consist? 
IX. Initial sum of the deposit is 400 dollars. It is charged extra 
3% in a year. Find the sum of deposit in 2 years. 
Chapter 2 
 38 
 
SETS 
 
Vocabulary section 
belong принадлежать 属于 
element  элемент 元素;部分 
element of a set  элемент множества 元素集 
empty  пустой 空集 
empty set  пустое множество 空集 
equivalent sets  равносильные (эквивалентные) 
множества 
等值设置(相当于集) 
even number  четное число 偶数 
final set  конечное множество 有限集合 
finite  конечный 有限的 
infinite  бесконечный 无穷 
infinite set  бесконечное множество 无限集合 
integer (whole 
number) 
целое число 整数 
intersection пересечение 交集 
interval интервал 区间 
irrational  иррациональный 无理数 
number число 数 
number line числовая ось 轴 
numerical числовой 数字的 
numerical set числовое множество 数字集合 
odd number нечетное число 奇数 
rational рациональный 有理数 
ray луч 射线 
real действительный 实数 
segment отрезок 线段 
set множество 集合 
set’s addition  дополнение множества 集合 
Sets 
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sets’ intersection пересечение множеств 穿越集合(交叉点集合) 
sets’ union  объединение множеств 联集 
subset подмножество 子集 
union объединение 并集 
           
2.1. The Concept of Set 
The concept of set is not defined in Mathematics. Set means a 
union of objects that are united with the general characteristic.  
Sets consist of elements. For example, if { }1 2 3, , ...A a a a= , so 
1a , 2a , 3a  ... are elements of A set. 
Sets designate with capital letters of the Latin alphabet: A, B , C ... 
We read { }1 2 3, , ...A a a a=  as: "Set A  consists of elements 
1a , 2a , 3a  ...". 
 
REMEMBER! 
If an element 1a  belongs to set A, then it can be written: 1a AÎ . 
Empty set (or null) is a set that has no elements. Empty set 
designate with symbol Æ. 
For example, the set of solutions of inequality 2 16x < -  will be Æ 
(empty set). 
There are finite and infinite sets. For example, { }1, 30, 35, 41B =  
is a definite set; { }1, 2, 3, 4,N = K  is an indefinite set. 
The set of even numbers { }2, 4, 6 ... 2 ...K n=  or the set of odd 
numbers { }1, 3, 5 ... 2 1...A n= +  are indefinite sets. 
Numbers are elements of numerical sets. We can designate 
following numerical sets: 
1. { }1, 2, 3, 4...N =  is a set of natural numbers. 
For example, 4,019 NÎ , 0 NÏ , 32 N- Ï . 
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2. { }2, 1, 0,1, 2Z = - -K K  is a set of integers (or whole numbers). 
For example, 17,077 Z- Î , 0.27 ZÏ , 131 ZÏ . 
Positive numbers are numbers with sign "+". Negative numbers 
are numbers with sign "-". 
3. ,mQ m Z n N
n
ì ü= Î Îí ý
î þ
 is a set of rational numbers. 
We read this expression as: "Set Q  consists of elements mn , that 
elements m  belong to Z , elements n  belong to N ".  
For example, 0.125 ,Q- Î  7 ,QÎ  31 ,7 Q- Î  
8 ,
9
QÎ  0.57722... QÏ . 
Integers, positive and negative numbers, vulgar (common) 
fractions, definite decimal fractions, infinite periodic fractions are 
rational numbers. 
4. Set I  is a set of irrational numbers. Infinite non-periodic 
fractions are irrational numbers. 
For example, 2 1.41421356... ,I= Î  3.1415926... ,Ip = Î  
2.71828...e I= Î . 
5. Set R  is a set of real numbers. All rational and irrational 
numbers are real numbers (Fig. 2.1). 
 
Figure 2.1 
It is possible to demonstrate the real numbers with decimal 
points on the number line (Fig. 2.2). 
 
 
Figure 2.2 
x  2-  -¥  +¥  1 0  b  a  
B  A  X  O  
x  
N Z
Q
I  
R
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Number line (or co-ordinate line) is a straight line with a point 
of counting (point О), single segment and direction. 
The direction from the left to the right is called positive one. The 
direction from the right to the left is called negative one. A single 
point on the number line corresponds to each real number. 
If the point on the number line corresponds to the number r , 
then this number is called a coordinate of the point N . It can be 
written: ( )N r . 
For example, point A corresponds to number 1; therefore 1 is a 
coordinate of the point A . It can be written: ( )1 .A  Point B  
corresponds to number ( )2- , therefore, ( )2-  is a coordinate of the 
point B . It can be written: ( )2B - . 
Let us take two numbers a  and b  (a b< ) and draw these points 
on the number line.  
Any point X  (between a  and b ) corresponds to the number 
from the inequality a x b< < . 
Set of all points from the inequality a x b< <  is called an open 
interval ( ),a b .  
Set of all points from the inequality a x b£ £  is called an closed 
interval or a segment [ ],a b .  
 
REMEMBER! 
[ ],a b  or a x b£ £  is  a closed interval or a segment; 
( ),a b  or a x b< <  is an open interval; 
[ ),a b  or a x b£ < , ( ],a b  or a x b< £  are semi-intervals (the half-
open or half-closed intervals). 
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Segments are finite numerical intervals. There are also infinite 
numerical intervals. Set of all numbers that satisfies to the inequality 
x a³  is called a numerical ray: [ ),a +¥ . For example, ( ], b-¥  is also 
a numerical ray, if x b£ . 
Numerical rays are infinite numerical intervals. For example, it 
is possible to designate the set of real numbers R  as following: 
( ),-¥ +¥ .  
Geometrical designation can be shown of numerical intervals at 
the Table 2.1. 
Table 2.1 – Numerical intervals  
Intervals Geometrical designation Intervals as inequalities 
Open interval   ( ) { }, ,a b x x R a x b= Î < <  
Segment  [ ] { }, ,a b x x R a x b= Î £ £  
 ( ] { }, ,a b x x R a x b= Î < £  Half-open or half-
closed intervals  [ ) { }, ,a b x x R a x b= Î £ <  
 [ ) { }, ,a x x R x a+¥ = Î ³  Ray 
 ( ] { }, ,b x x R x b-¥ = Î £  
2.2. Operations with Sets  
To reflect operations with sets Euler-Venn diagrams is used (Fig. 
2.3 – 2.6).  
The set B  is called a subset of set A, if each element of the set 
B  is also an element of the set A. It can be written: B AÌ  (Fig. 2.3). 
 
Figure 2.3  
А В 
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For example, a) set of natural numbers N  is a subset of integers 
(set Z ). It can be written: N ZÌ ; 
b) segment [ ]1, 3-  is a subset of segment [ ]4, 5- . It can be written: 
[ ] [ ]1, 3 4, 5- Ì - ; 
c) N Z Q RÌ Ì Ì . The set of natural numbers ( N ) is a subset of set 
of integers ( Z ); set Z  is a subset of set of rational numbers (Q ); set 
Q  is a subset of set of real numbers ( R ). 
 
REMEMBER! 
Union of sets A and B  is the set C  that consists of all elements 
of given sets. It can be written: C A B= U  (Fig. 2.4). 
 
Figure 2.4  
For example, а) set of real numbers R  is unit of the set of 
rational numbers Q  and irrational numbers I . It can be written: 
;I Q R=U   
b) if { }2, 4, 6, 8 ,A=  { }6, 8,10,12 ,B=  then { }2, 4, 6, 8,10,12 ,C A B= =U  
c) [ ] [ ] [ ]1, 7 0, 9 1, 9- = -U . 
 
REMEMBER! 
Intersection of sets A  and B  is the set P  that consists of 
common elements of given sets: P A B= I  (Fig. 2.5). 
 
Figure 2.5  
А P В 
А 
В 
С 
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For example, a) if { }0,1,3,5 ,A=  { }1,2,3,4 ,B=  then { }1,3P A B= =I ; 
b) [ ] ( ) ( ]1, 1 0, 3 0, 1- =I ; 
c) if { }1, 2, 3, 4, 6, 12A =  is the set of divisors of number 12, 
{ }1, 2, 3, 6, 9, 18B =  is the set of divisors of number 18, then the set 
{ }1, 2, 3, 6C A B= =I  is the set of common divisors of numbers 12 
and 18; 
d) empty set is an intersection of the rational numbers set Q  and 
irrational numbers I : Q I =I Æ. 
The set of common divisors of numbers a  and b  is an 
intersection of divisors of given numbers. 
 
REMEMBER! 
Subtraction of the sets A and B is the set S  which consists of all 
elements of the set A. These elements do not belong to set B :  
\S A B=    (Fig. 2.6). 
 
Figure 2.6  
For example, if [ ]9, 5A= - , [ ]0, 11B = , then [ )\ 9, 0S A B= = - . 
 
Answer the questions 
1. What sets do you know? 
2. What numerical sets do you know? 
3. What does empty set mean? 
4. What intervals do you know? 
5. What does subset mean? 
6. What does intersection of sets mean? 
7. What does union of sets mean? 
S
P В А 
s 
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8. What does subtraction of sets mean? 
9. Which of sets given below are finite or infinite ones: 
- set of natural numbers; 
- set of prime numbers; 
- set of even numbers; 
- set of molecules of water in the ocean; 
- set of days in a week; 
- set of students at the preparatory faculty; 
- set of even divisors of number 21? 
10. Which expressions are correct: 31 NÎ , 6 QÏ , 1
3
NÏ , 3.2 QÎ , 
6.28 ,NÎ  3,013 ,Z- Ï  0 ,QÎ  7.23458... ,QÎ  10.716 ,ZÎ  
28 IÎ , 32 I- Ï . 
 
 
Tasks № 6 
I. It is given following sets: N  is a set of natural numbers; 1N  is a 
set of natural numbers that ended with the digit "7"; P  is a set of even 
natural numbers. 
Designate with symbol Î , which of given sets do numbers 
belong for: 18, 317 , 16- , 128
2
- , 228, 457- , 245, 697, 324 .  
II. Write down five first elements of following sets: 
1. { }2 ,A x x p p N= = Î ;  
2. { }2 1,B x x p p N= = + Î ; 
3. { }5 ,C x x p p N= = Î . 
III. There is the set:
2
2
1 ,
4
nA x x n N
n
ì ü+= = Îí ý+î þ
. Define, if given 
numbers 2
5
, 17
20
, 1
7
- , 5
6
, 2
3
- , 50
53
, 16
25
- , 37
40
, 15
16
- , 10
13
, 122
125
, 145
148
, 
26
35
-  belong to the set A? 
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IV. There is a set 
2
3
7 ,
15
nA x x n N
n
ì ü+= = Îí ý+î þ
. Write down three 
numbers which belong to the set A. 
V. Read intervals, show them on the number line and write them 
down as inequalities: 
1) ( )3, +¥ ;  2) ( ), 2- ¥ ;  3) [ ]2, 4- ; 
4) ( )3, 3- ;  5) [ ]0, 5 ;   6) ( )4, 0- ; 
7) [ )2, 4- ;   8) ( ], 3- ¥ - ;  9) [ )0, 7 . 
VI. Write the greatest number that belongs to the following 
intervals:  
1) [ ]12, 9- - ; 2) [ )1, 17- ; 3) ( ]8, 5- - ; 4) ( ], 31- ¥ ; 5) ( ),- ¥ +¥ . 
VII. Write the integers that belong to the following intervals:  
1) [ ]0, 8 ; 2) ( )3, 3- ; 3) ( )5, 3- ; 4) ( ]4, 8- ; 5) ( )4, 1- . 
VIII. There is the set { }21, 54, 153, 171, 234K = . Write subsets 
with the elements from the set K : 
1) numbers which are divisible by 7; 
2) numbers which are divisible by 9; 
3) numbers which are divisible by 4; 
4) numbers which are divisible by 5. 
IX. Find the intersection of solutions of two inequalities: 
1) 2x > -  and 0x > ;  2) 3.7x >  and 4x £ ;  3) 5x ³  and 17
2
x < - ; 
4) 3x ³  and 2 5x< < ;  5) 2 4x- < <  and 1 7.2x£ £ . 
X. Write all elements of given sets: 
{ }, 20, is an even numberP x x N x x= Î < - ; 
{ }, 20, is an odd numberQ x x N x x= Î < - ;  
{ }, 20,   is divisible by 3S x x N x x= Î < ; 
{ }, 20,   is divisible by 4T x x N x x= Î < ; 
Q TI ; Q SI ; P SI ; P QI ; Q S TI I . 
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XI. Find the union of the sets M  and P , if: 
1) { }1, 2, 5, 8, 9P = ; M  is the set of prime numbers less than 7; 
2) P  is the set of natural numbers less than 15; M  is the set of prime 
numbers less than 15. 
XII. The set D  is the unit of two-digit numbers’ set and set of 
natural numbers from 1 to 20. If numbers 15, 99, 100, 5, 7 belong to 
the set D ? Write down the answer with signs Î or Ï. 
XIII. Draw the unit of the sets A and B  on the number line, if: 
1) { }3A x x= > - , { }5B x x= < - ; 
2) { }2 0A x x= - £ £ , { }1 4B x x= - £ £ ; 
3) { }3,5 1A x x= £ < , { }7 412B x x= - < < . 
XIV. Find the union of the intervals: 
1) ( ], 4- ¥  and [ )2,- +¥ ;   2) [ ]2, 4  and [ ]3, 6 ; 
3) ( )1, 5-  and ( )1, 7 ;   4) [ ]8, 8-  and [ ]6, 6- . 
XV. Write down the subsets of proper fractions; improper 
fractions; integers; mixed numbers from the set 1 2 4 2 5 7, , , , ,
2 3 3 5 2 7
ì ü
í ý
î þ
. 
XVI. It is given: 1) ( ), 1A = - ¥ ; [ ]3, 6B = - ; 2) [ ]2, 5A = ; 
( )3, 5B = ; 3) ( ], 3A = -¥ ; ( )1, 14B = - . 
Find: \A B . 
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ALGEBRAIC EXPRESSIONS AND OPERATIONS 
WITH THEM  
 
Vocabulary section 
A cubed A в кубе ( 3A ) A的立方 
A squared A в квадрате ( 2A ) A的平方 
algebraic fraction  алгебраическая дробь 代数分数 
base  основание 底数 
Bézout's theorem  теорема Безу 贝祖定理 
conjugate  сопряженные 二元的 
degree, power  степень 幂;乘方 
designate  обозначить 指出 
domain of definition  область определения 定义域 
exist  существовать 存在 
exponent  показатель 指数 
factor разложить 分解 
factoring  polynomial  разложение многочлена на 
множители 
在多项式里分
解因子 
fractional expression  дробное выражение 分数的公式 
get rid (of) irrationality  освободиться от 
иррациональности 
去掉不合理的 
group  группировать 分组;组合 
method метод 方法;顺序 
monomial одночлен 单项式 
polynomial многочлен 多项式 
prove that… доказать, что… 证明 
put common factor outside 
the parentheses  
выносить общий 
множитель за скобки 
把因子从括号
里解出 
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raise (to a power) возводить (в степень) 求..... 
remainder остаток 余数 
root (radical) корень 根 
root of number  корень из числа 数字的根 
separate complete square  выделить полный квадрат 完全一元二次
方程的分解 
similar (like) terms  подобные члены 相似的部分 
special factoring formulas  формулы сокращенного 
умножения 
最简公式 
square квадрат 平方 
square root of A  корень квадратный из A A  的平方根 
extract a root  извлечь корень 开方 
transformation  преобразование 转化 
unequal to zero не равно нулю 不等于零 
use использовать 使用;运用 
           
3.1. Power. Operations with Power 
 
REMEMBER! 
Power ( na ) is product of n  equal factors. 
 times
...  is a powern
n
a a a a= × × ×14243 , 
a  is a base of power, n  is an index of power. 
We pronounce: na  as "a " to the power "n " (or "a " to the "n ");   
45  – five to the forth power,        27  – seven to square (seven squared),  
38  – eight to cube (eight cubed),  76  – six to the seventh power, 
1003  – three to the hundredth power.   
42 16= . This operation is called "raising to the power". We 
pronounce: "We raise "2" to the forth power". 
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Table 3.1 – Operations with power 
Operation Formula Examples 
Product of power 
with same bases 
m n m na a a +× =  7 7 1 85 5 5 5+× = =  
To multiply powers with same bases write down the base without 
changing and add exponents. 
Quotient of powers 
with same bases  
m
m n
n
a a
a
-=  
3
3 2
2
2 2 2
2
-= =  
To divide powers with same bases write down the base without 
changing and subtract exponents. 
Raising power to an 
exponent ( )
nm m na a ×=  ( )42 85 5=  
To raise power to an exponent write down the base without changing 
and multiply exponents. 
Raising number to 
the zero power  
0 1a =  
01 1
2
æ ö =ç ÷
è ø
 
Power of number a  with zero exponent is equal to one if 0a ¹ .  
Raising to the 
negative power  
1n
na a
- =  1 110 0.1
10
- = =  
Any number a  to the power with negative exponents is a fraction 
if 0a ¹ . 
Raising product to 
an exponent  ( )
n n na b a b× = ×  ( )33 3 320 5 4 5 4 125 64 8,000= × = × = × =  
To raise product to an exponent raise each term to the exponent. 
Raising quotient to 
an exponent  
n n
n
a a
b b
æ ö =ç ÷
è ø
 
2 22 3 9
3 2 4
-
æ ö æ ö= =ç ÷ ç ÷
è ø è ø
 
To raise quotient (fraction) to an exponent raise numerator and 
denominator to the exponent. 
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Let us demonstrate several important notes. 
1. Any power of positive number is equal to the positive number.  
For example, 410 10,000= , 
22 4
3 9
æ ö =ç ÷
è ø
. 
2. Even power of negative number is a positive number.  
For example, ( )42 16- = , ( )21 1n- = . 
3. Odd power of negative number is a negative number.  
For example, ( )33 27- = - ; ( )2 11 1n-- = - . 
Let us analyze some examples. 
Example 1. Make operations: 
3 3 3
2 41 1 12 2 : :
2 2 2
A
- -
- æ ö æ ö æ ö= × ×ç ÷ ç ÷ ç ÷
è ø è ø è ø
. 
Solution. To find an answer write down all terms of the expression A  as a power 
with same base: 
2 3 4 3 3 2 3 4 3 3 52 2 2 : 2 : 2 2 2 32A - - - + + + -= × × = = =  
Answer. 32A = . 
Example 2. Make operations: 
( )
2 5
01
16 4 0.25
2 128 0.5
A
-
-
× ×
=
× ×
. 
Solution. 
( ) ( )2 54 2 2 8 10 2 1 7 8 10 2 1 7 10
1 7
2 2 2
2 2 2 2 2 2 2
2 2 1
A
- -
- - - - - + - -
-
× ×
= = × × × × = =
× ×
. 
Answer. 102A -= . 
3.2. Algebraic Expressions 
Algebraic expression is an expression that consists of numbers, 
variables and mathematical signs. This expression may contain 
parentheses, rational power of variable (with whole or fractional 
exponent) and absolute values. 
For example, ,
4
pm n+ -  
44 2 1,
1
a a
a
+ +
-
 
31 1 ,
3
c
a b
æ ö+ -ç ÷
è ø
 3 4 ,a b-  
( )43 8 ,y-  
2 2
3 3x y-  are algebraic operations. 
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Domain of definition (D) of algebraic expression is the set of 
real numbers for which an algebraic expression is defined. 
Example 3. Find D of algebraic expression: 4 2x - = . 
Solution. If 4x < , then algebraic expression 4x -  is not defined. 
Answer. D: 4x > .  
Example 4. Find D of algebraic expression: 
2
2
49
36
x
x
-
-
. 
Solution. 2 36 0 6x x- ¹ Þ ¹ ± . It means that if 6x =  or 6x = - , then an 
expressions 
2
2
49
36
x
x
-
-
 is not defined . 
Answer. D: 6x ¹ ± .  
 
Figure 3.1 
Let us analyze the Figure 3.1. 
It is known rational and irrational algebraic expressions.  
Rational expression is a ratio of polynomials.  
For example, 
2
2
6
1
a
b +
, 5b , 3
4
1
y
y -
 are rational expressions. 
Rational expressions may be whole and fractional ones. 
The monomial is a product of powers of variables with 
nonnegative integer exponents.  
Algebraic operations  
Rational expressions Irrational expressions 
 
Whole 
Algebraic 
fractions 
Fractional 
 
Monomials Polynomials 
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For example, 3b- , 2 3 48a b c , 7
13
mn  are monomials, where: 3- , 8, 
7
13
 are constant coefficients (numerical factors) and b , 2 3 4a b c , mn  are 
powers of variables. 
The degree of a monomial is the sum of the exponents of all its 
variables. For example, the monomial 3 23a b c  is a monomial of the 
sixth power ( )3 2 1 6 ,+ + =  the monomial 35ax  is a monomial of the 
fourth power ( )1 3 4 ,+ =  and 7 is the monomial of degree zero. 
 
 
REMEMBER! 
The monomial has a standard view if constant coefficient 
(numerical factor) is on the first place (before variables), and unknown 
multipliers are written down in alphabetic order.  
Monomials are called like (or similar), if they are identical or 
differed only by coefficients. Reducing like monomials means finding 
their sum or difference.   
For example, 3 27a b , 3 20.3a b , 3 224a b-  are like monomials. 
Example 5. Reduce like monomials: 2 2 2 24 3 8 5 2x xy a xy a x yz- + + - - - . 
Solution. 2 2 0x x- = , 4 8 4xy xy xy- + = , 2 2 23 5 2a a a- = - . 
Answer. 24 2 2xy a yz- - . 
Polynomial is an algebraic sum of monomials (their sum or 
difference). 
For example, 25 3a ab c- +  is a polynomial. 
The degree of polynomial is the most of degrees of monomials, 
forming this polynomial.  For example, a polynomial 4 38 3 5x x x- - -  is 
a polynomial of forth power; a polynomial 3 2 32 7 6x y xy xy+ - +  is a 
polynomial of fifth power. 
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Fractional rational expression is an algebraic fraction ( )
( )
P x
Q x
 
whose numerator and denominator are both polynomials. 
For example, 
3 28 5
1
a b
a
+
-
, 
35
3
5 7 8c n
a b c
æ ö
- +ç ÷
è ø
 are algebraic fractions. 
Domain of definition (D) of algebraic fraction is a set of values 
that would not make the denominator equal to zero ( ( ) 0Q x ¹ ). 
An algebraic fraction is equal to zero, if its numerator is equal to 
zero: ( ) 0P x = . 
Irrational algebraic expression is one that is not rational.  
For example, 2 3x y+ , 
4 4
3 3a b-  are irrational expressions. 
 
REMEMBER! 
Algebraic expressions may be rational and irrational. Rational 
expressions may be whole and fractional ones. The whole (non-
fractional) rational expressions consist of monomials and polynomials. 
The fractional rational expressions are algebraic fractions.  
3.3. Polynomials of Degree n  
The polynomial of degree n  is an algebraic sum of monomials in 
decreasing order:  
( ) 1 20 1 2 1...n n nn n nP x a x a x a x a x a- - -= + + + + +  where 0 0a ¹ ; 
0 1 2 1, , , ..., ,n na a a a a-  – are coefficients of polynomial of degreen ; 
0
na x – is the highest term of polynomial; 
0a  – is a coefficient of the highest term; 
na – is constant of polynomial; 
n  – is a degree of polynomial (or a degree of the highest term); 
x  – is a variable (or unknown term). 
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For example,  
a) 5  is a polynomial of degree zero; 
b) 12y +  is a polynomial of first power, where: y  is the highest term 
of polynomial; coefficient of the highest term is equal to one; 12 is 
a constant of polynomial; 
c) 2 3 9x x+ -  is a polynomial of second power, where: 2x  is the 
highest term of polynomial; coefficient of the highest term is equal 
to one; 9 is a constant of polynomial; 
d) 7 56 3 4 3x x x- + +  is a polynomial of seventh power, where: 76x  is 
the highest term of polynomial; 6 is a coefficient of the highest 
term; 3 is a constant of polynomial. 
Root of polynomial ( )nP x  is such value x  where the 
polynomial is equal to zero. 
For example, 2x =  is a root of polynomial 
( ) 3 23 2P x x x x= - - - , because ( ) 3 23 2 2 2 2 2 0P = - - - = . 
Operations with polynomials are given in the Table 3.2. 
Table 3.2 – Operations with polynomials  
Operations Examples 
Adding  
polynomials  
( ) ( )2 2 2 2 2 2 2 22 2 2 2 0x ax a x ax a x ax a x ax a+ - + - - + = + - - - + =  
If there is sign "+" before parentheses, then terms’ signs 
of the second parentheses do not change during opening 
parentheses.  
Subtracting  
polynomials  
( ) ( )2 2 2 2 2 2 2 25 7 5 7 2x xy x xy y x xy x xy y x y- - - - = - - + + = - +  
If there is sign "-" before parentheses, then terms’ signs 
are changed to the opposite during opening parentheses. 
Multiplying 
polynomials  
( ) ( )2 2 4 2 2 4 22 8 2 2 8 4 16 2 4 16a a a a a a a- × + = - + - = - -  
Each term of the first polynomial should be multiplied 
by each term of the second polynomial.  
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Table 3.2 (continuing)  
Operations Examples 
Dividing 
polynomials 
( )
4 2 2 3
4 2 2 3 2 2 2
2 2
6 3.61) 6 3.6 : 2 3 1.8 ,
2 2
a b a ba b a b a b a b b
a b a b
- = - = -  
2)  3 25 14 12 8x x x+ + +  2x +  
  3 25 10x x+  25 4 4x x+ +  
  24 12 8x x+ +   
  24 8x x+   
  4 8x +   
  4 8x +   
    0   
3) ( ) ( )4 5 25 3 3 1 : 1 .x x x x x- + - + -   
Write down terms of polynomials in descending order: 
 5 43 5 3 1x x x- + + -  2 1x x- + +  
 5 4 33 3 3x x x- + +  3 23 2 1x x x- + -  
   4 32 3 3 1x x x- + -  
   4 3 22 2 2x x x- -  
   3 22 3 1x x x- + + -  
   3 2x x x- + +   
   2 2 1x x+ -  
   2 1x x- -  
  3x  
3 23 2 1x x x- + -  – is a quotient; 3x  – is a remainder. 
The result of division can be written: 
( ) ( )4 5 2 3 2 2 35 3 3 1 : 1 3 2 1 1
xx x x x x x x x
x x
- + - + - = - + - +
- + +
. 
3.4. Special Factoring Formulas  
1. Square of sum: ( )2 2 22a b a ab b+ = + + , 
( ) ( ) ( ) ( )
( )
22 2 2
2 2 2
2 2 2
2
2 2 2
2
+ + = + + = + + + × + =é ùë û
= + + + + + =
= + + + + +
a b c a b c a b a b c c
a ab b ac bc c
a b c ab ac bc
 
Algebraic expressions and operations with them 
 57 
2. Square of difference:, 
( )2 2 22a b a ab b- = - +  
( )2 2 2 2 2 2 2a b c a b c ab ac bc- - = + + - - +  
3. Difference of squares:. 
( )( )2 2a b a b a b- = + -  
4. Cube of sum:  
( ) ( )3 3 2 2 3 3 33 3 3a b a a b ab b a b ab a b+ = + + + = + + + . 
5. Cube of difference: 
( ) ( )3 3 2 2 3 3 33 3 3a b a a b ab b a b ab a b- = - + - = - - - . 
6. Sum of cubes:. 
( )( )3 3 2 2a b a b a ab b+ = + - +  
7. Difference of cubes:. 
( )( )3 3 2 2a b a b a ab b- = - + +  
8. Sum /difference of two n-th powers 
( )( )1 2 3 2 2 1...n n n n n n na b a b a a b a b ab b- - - - -- = - + + + + + , 
( )( )1 2 3 2 2 1...n n n n n n na b a b a a b a b ab b- - - - -+ = + - + - - + . 
For example, ( )( )6 6 5 4 3 2 2 3 4 5x y x y x x y x y x y xy y- = - + + + + + . 
9. Binomial theorem: 
( ) ( ) ( )( )
( )( ) ( )
1 2 2 3 31 1 2
1 2 1 2 3
1 2 1
1 2 3
- - -
-
- - -
+ = + + + +
× × ×
- - - +
+ + + +
× × × ×
K
K KK
n n n n n
n k k n
n n n n n
a b a na b a b a b
n n n n k
a b bk
. 
For example, ( )6 6 5 4 2 3 3 2 46 5 6 5 4 6 5 4 36
1 2 1 2 3 1 2 3 4
a b a a b a b a b a b× × × × × ×+ = + + + + +
× × × × × ×
 
5 6 6 5 4 2 3 3 2 4 5 66 5 4 3 2 6 15 20 15 6
1 2 3 4 5
ab b a a b a b a b a b ab b× × × ×+ + = + + + + + +
× × × ×
. 
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3.5. Factoring Polynomials  
To factor a polynomial means to write polynomial as a product 
of polynomials and monomials.  
It is known several methods of factoring polynomials.  
1. Factoring out the Greatest Common Factor  
For example, ( )3 3 2 5 33 3 4 3 .a b bc a b a b ac bc+ × = × - +  
2. Factoring by Grouping  
For example, ( ) ( )2 2 2 2 2 2 2 21) x y z x y x yz x y y x z x yz- + - = + - + =  
( ) ( ) ( ) ( )2 2 ;xy x y z x y x y xy z= × + - × + = + × -  
( ) ( )2 2 2 2 2 22) 7 12 3 4 12 3 4 12a ab b a ab ab b a ab ab b- + = - - + = - - - =  
( ) ( ) ( ) ( )3 4 3 3 4 .a a b b a b a b a b= × - - × - = - × -  
3. Factoring with Special Factoring Formulas  
For example, ( ) ( ) ( ) ( )3 33 3 2 21) 27 125 3 5 3 5 9 15 25 ;a b a b a b a ab b+ = + = + × - +   
( ) ( )2 2 2 22) 2 2 2 1 2 2 2 1m n mn m n m n mn m n+ + + + + = + + + + + =  
( ) ( ) ( ) ( )22 22 1 1 1 ;m n m n m n m n= + + + + = + + = + +é ùë û  
( )4 4 4 4 2 2 2 2 4 2 2 4 2 23) 4 4 4 4 4 4 4x y x y x y x y x x y y x y+ = + + - = + + - =  
( ) ( ) ( )( )2 22 2 2 2 2 22 2 2 2 2 2 .x y xy x y xy x y xy= + - = + + + -  
4. Factoring Quadratic Polynomials 
For example, ( )( )22 6 8 2 1 4x x x x- - = + - , because 22 6 8 0x x- - = Þ  
1 21, 4x xÞ = - =  are roots of polynomial. 
3.6. The Polynomial Remainder Theorem or Little Bézout's 
Theorem  
Let’s ( )P x  is a polynomial of n -th degree:  
( ) 10 1 ...n n nP x a x a x a-= + + + ,  0 0;a b R¹ Î . 
Divide ( )P x  by ( )x b-  and obtain: ( ) ( ) ( ) ,P x x b x rj= - × +  
where: ( )xj  is a quotient of division ( )P x  by  ( )x b- ; r  is the rest 
(number r  does not depend on x ).  
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Example 6. Divide 4 22 5x x+ -  by 2 2 2x x+ + . 
 4 22 5x x+ -  2 2 2x x+ +  
 4 3 22 2x x x+ +  2 2 4x x- +  
   32 5x- -  
   3 22 4 4x x x- - -  
   24 4 5x x+ -  
   24 8 8x x+ -  
Solution. 
  4 13x- -   
That is why, 
4 2
2 2
2 2 2
2 5 4 13 4 13
2 4 2 4
2 2 2 2 2 2
x x x x
x x x x
x x x x x x
+ - - - +
= - + + = - + -
+ + + + + +
, 
where: 2 2 4x x- +  is a whole part of polynomial and ( )4 13x- - is a remainder. 
Answer. 2
2
4 13
2 4
2 2
x
x x
x x
+
- + -
+ +
. 
The polynomial remainder theorem or little Bézout's theorem. 
The remainder of division the polynomial ( )P x  by ( )-x b  is equal 
to  ( )P b . 
Example 7. Find the remainder of division ( ) ( )4 35 3 6 : 3x x x x+ - + + . 
Solution. Let us substitute 3x = -  into the polynomial 4 35 3 6x x x+ - + :  
( ) ( ) ( )4 33 5 3 3 3 6 39r = - + × - - - + = - ; ( )3 39r P= - = - . 
Answer. 39r = - . 
Consequences of the polynomial remainder theorem.  
1. If the polynomial ( )P x  divides by ( )x a-  without remainder, 
then a  is a root of the polynomial.  
2. If a  is a root of the polynomial ( )P x , then the polynomial 
divides by ( )x a-  without remainder. 
Example 8. What is the value of " a " if the remainder of division of polynomial 
4 26 6x x ax+ + +  by 2x +  is equal to zero? 
Solution. ( ) ( ) ( ) ( )4 22 2 6 2 2 6 16 24 2 6r P a a= - = - + × - + × - + = + - + =  
46 2 46 2 0, 23a a a= - Þ - = = . 
Answer. The remainder of division is equal to zero, if 23a = . 
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3. If ( )P x is a polynomial with the whole factors, then any whole 
root of the polynomial ( )P x  is a divider of its constant na . 
Example 9. Factor the polynomial 3 25 7 3x x x- + - . 
Solution. Numbers 1 and 3 are divisors of a constant. If 1 1x =  and 2 3x =  then 
the original polynomial is equal to zero, that is why, 1 1x =  and 2 3x =  are 
roots of the polynomial. The polynomial is divisible by ( )1x -  and 
( )3x - without remainder. Let’s make division of the polynomial by ( )1x - : 
 3 25 7 3x x x- + -  1x -  
 3 2x x-  2 4 3x x- +  
   24 7x x- +  
   24 4x x- +  
   3 3x -  
   3 3x -  
  0   
Obtain:  ( )( )3 2 25 7 3 1 4 3x x x x x x- + - = - - + =   
( ) ( ) ( ) ( )( )( )1 1 3 1 1 1 3x x x x x x x= - - × - × - = - - -é ùë û . 
Answer. ( )( )( )1 1 3x x x- - - . 
3.7. Identical Transformations of Algebraic Fractions  
The replacement of one analytic expression by another that is 
equal to the first expression but is of different form. Identical 
transformations are used to put expressions in a form more convenient 
for carrying out numerical calculations, applying further 
transformations, taking logarithms, taking antilogarithms, 
differentiating, integrating, solving equations, and so on. Examples of 
identical transformations are multiplying out (removing parentheses), 
factoring, reducing algebraic fractions to a common denominator, 
decomposing algebraic fractions to sums of simple fractions, and 
reducing sums of trigonometric functions to a form suitable for taking 
logarithms (that is, transforming the sums into products). Let us 
analyze some examples.  
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I. Simplify expressions, using the basic property of fraction 
(we can multiply or divide the numerator and denominator of a 
fraction by the same number that is not equal to zero).  
1. 
11 12
12 344
2 1 2 1 8 212
3 6 3 6
xx x
x x x
æ ö× ++ ç ÷ +è ø= =
-æ ö- × -ç ÷
è ø
; 
2. 
22
2
3
3 3
11 15 11 3 15 1555
1 1 1 1 515
15 3 15 3
x xx x x x
x xx x x x
æ ö× + ++ + ç ÷ + +è ø= =
+æ ö+ × +ç ÷
è ø
; 
3. 
2
2
7 21
7 21 37
49 749 7 7
7
x x
x x xx
x xyx xy y
x
+
+ +
= =
-- -
, 0, 7x y¹ ¹ . 
II. Cancel the following fractions. 
1. 
( )
( )( )
( )( )
( )( )
( )
( )
4 2 2 2
3 2
4 1 4 1 1 2 1
32 6 2 1 3
x x x x
x xx x x x x x
- - + +
= =
-- - - -
; 
2. 
( )
( )( )
( )
2 2
2 2 2
x y x yx y x y
x y x y
- +- -
= =
+ +
; 
3. ( )
( )
( )
( )( )22 2 2
3 2 3 23 6 3
4 2 2 22
a b a ba b
a b a b a b a ba b
- --
= = =
- - + +-
; 
4. ( )( )
( ) ( )
( )
26 367 6 6
210 9 8 8 28 2 3
2 516 16 1 8 2 1516 16 2 5 3 5
8 8 8 8 57 8 19 3 198 8 8 1 2 19
×- × ×- × ×
= = = = =
- + × × ×- + ×
. 
III. Reduce fractions to the common denominator. 
1. 2
4 3
a
a-
, 3
4 3
a
a
-
+
. 
Solution. Common denominator of given fractions is ( )( )4 3 4 3a a- + . 
( )
( )( )
( )
2
2 4 3 2 4 32
4 3 4 3 4 3 16 9
a a a aa
a a a a
+ +
= =
- - + -
, 
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( )( )
( )( )
( )( )
2
3 4 3 3 4 33
4 3 4 3 4 3 16 9
a a a aa
a a a a
- - - --
= =
+ + - -
. 
2. ( )2 2
1
9 4a a b-
, 4 3
5
36 72
n
a a b-
, 3 2
3
20 40
m
a a b+
. 
Solution. To find the common denominator, we need to factorize 
denominators of these fractions: 
( ) ( )( )2 29 4 9 2 2a a b a a b a b- = - + , 
( )4 3 336 72 36 2a a b a a b- = - , 
( )3 2 220 40 20 2a a b a a b+ = + . 
The least common multiple of numbers 9, 36, 20 is a 
number180 . That is why, common denominator of given numbers 
is ( )( )3180 2 2a a b a b- + . Additional multipliers for these fractions 
are 220a , ( )5 2a b+ , ( )9 2a a b- . 
( ) ( )( ) ( )( )
220 2
2 32 2
11 20
9 2 2 20 180 2 29 4
a
a
a a b a b a a a b a ba a b
= =
- + × - +-
, 
( )
( ) ( )
( )
( )( )
5 2
4 3 3 3
25 255
36 72 36 2 5 2 180 2 2
a b
n a bnn
a a b a a b a b a a b a b
+
+
= =
- - × + - +
, 
( )
( ) ( )
( )
( )( )
9 2
3 2 2 3
27 233
20 40 20 2 9 2 180 2 2
a a b
am a bmm
a a b a a b a a b a a b a b
-
-
= =
+ + × - - +
. 
3. 2 28 8
x
x y-
; 22 2
x
x xy-
; 3 2 3 212 12+
y
x y y x
. 
Solution. To find the common denominator, we need to factorize 
denominators of these fractions: ( )( )2 28 8 8x y x y x y- = - + , 
( )22 2 2x xy x x y- = - , 
( )3 2 3 2 2 212 12 12x y y x x y x y+ = + . 
Common denominator of given numbers is ( )( )2 224x y x y x y- + . 
Additional multipliers for these fractions are:  
2 23x y , ( )212xy x y+ , ( )2 x y- . 
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( )( ) ( )( )
2 2 3 2
2 2 2 2
3 3
88 8 24
×= =
- +- - +
x x y x yx
x y x yx y x y x y x y
, 
( )
( ) ( )
( )
( )( )
2 2 2
2 2 2 2
12 12
2 2 2 12 24
× + +
= =
- - × + - +
x xy x y x y x yx
x xy x x y xy x y x y x y x y
, 
( )
( ) ( )
( )
( )( )3 2 3 2 2 2 2 2
2 2
12 12 12 2 24
y x y y x yy
x y y x x y x y x y x y x y x y
× - -
= =
+ + × - - +
. 
IV. Make operations (addition, subtraction, multiplication and 
division of algebraic fractions).  
We need to reduce algebraic fractions to the common 
denominator and make different transformations. 
( ) ( )1 1
2 2 2 2
5 1 4 1 25 4 5 5 4 4 2 1121. ;1 1 1 1 1 1
+ -
× + - × - + + - + + +
- + = = =
- + - - - -
x x x x x x x
x x x x x x
 
( )( )
( ) ( )( )
( )( ) ( )
( )( ) ( )( )
( )( ) ( )
3 3 3
2 2 2
2 2 2 2 2
2 22 2
1 3 1 32.
3 9 3 3 3
3 3 3 3 9 3 9
3 3 3 3
3 3 3 ;
3 3 99
b a b a bb a
a b a b
b b ab b a b b b a b a b a
b a b a a b a b b a ab a b
b b a b a b b a b a
ab ab a
b b a b a a bb b a
+ - -
- - = - - =
+ - + - +
+ - - × - - - - + -
= = =
+ - + -
- -
= = =
+ - --
 
3. ( ) ( ) ( )
( ) ( ) ( )
2
2 2 22 2 2 2
3 2 3 2 6
2 2
x x y y y x x y x y xy
x xy y x xy y x y x y x y
- - - × -
× = = -
- + + + - + +
; 
4. ( )
( )
( ) ( )
( ) ( )( )
( )
( )
2 22 2 2
2 2 32
15 3
:
155 5 5
m nm n m n m m m n
mm m n m m n m n m n m n
-- - × -
= =
+ + × - + +
; 
5. ( ) ( )1 1: :
1 1 1 1
a ab b a a ab ab ab a ab aa a
ab ab ab ab
- + - - + -- -æ ö æ ö+ + = =ç ÷ ç ÷- - - -è ø è ø
 
2 2 2 2
: :
1 1 1 1
a a b b a a a b ab a b a b ab a b
ab ab ab ab
- + - - + - - -
= = =
- - - -
 
( )
( )
( )( )( )
( ) ( )
21 1 1 11 1
1 1 1 1
b a b a a abab a
ab ab a ab ab a a
- - + -- +
= × = =
- - - × × -
. 
Chapter 3 
 64 
V. Make identical transformations. 
1. 
2 2
2 2
2 1a x aA
x a a x a x
-æ ö= + ×ç ÷- - +è ø
. 
Solution. Make addition in parentheses. For this factor the 
denominator of the first fraction: ( )( )2 2x a x a x a- = - + . The 
denominator of the second fraction can be written as: 
( )a x x a- = - - . 
We obtain ( )( )x a x a- - + , it is a common denominator; 
1-  is an additional multiplier of the first fraction; 
x a+  is an additional multiplier of the second fraction. 
( )( ) ( ) ( )
1
2 2
2 1 2 1
x a
a a x a x a
x a a x x a x a x a x a x a
+-
- + + -
+ = = = -
- - - - + - - + +
. 
Reduce the fraction 
2 2x a
a x
-
+
 to ( ),a x+  then obtain 
( )( )x a x a x a
a x
- +
= -
+
. 
Make subtraction: ( )1 x a a xx ax a x a a x
- -- × - = - =
+ + +
. 
Answer. a xA a x
-=
+
. 
2. 
12
2 2
2 31
2 2 2 3
a a aA
ax x a a ax x a
-
æ öæ ö+
= - +ç ÷ç ÷- + - - +è øè ø
. 
Solution. 
( ) ( ) ( )
( )
1
32 1
2 1 2 1 3
a aaA
x a x a a x a a
-
æ ö+æ ö
= - + =ç ÷ç ÷ç ÷- + - + +è øè ø
 
( ) ( )( ) ( )
1
2 1
2 1 2
a a
x a x a a x
-
æ ö
= - + =ç ÷- + -è ø
 
( ) ( ) ( )
1 1 12 2 1
2 2 2
a a x x
x a x a x x a x x
- - -æ ö æ ö- æ ö= - = = =ç ÷ ç ÷ ç ÷- - - è øè ø è ø
 
Answer. A x= . 
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3. 
2 2
2 2
3 31 1
m n m m nnA
m n
n m
+
- -
= ×
+-
. 
Solution. Make transformations with numerator and denominator 
of the first fraction: 
2 2 2 2m n m n mnm
n n
+ + -
- = , 1 1 m n
n m m n
-
- =
×
, 
that is why, ( )
( )
( )
2 2
2 2 2 2
1 1
m n m m n mn mn m m mn nn
m n n m n
n m
+
- + - - +
= =
- --
. 
Multiply the first fraction by the second one: 
( ) ( )( )( )
( )( )( )
2 2 2 22 2
3 3 2 2
m m mn n m m mn n m n m nm n m
m n m n m n m n m mn n
- + - + - +-
× = =
- + - + - +
. 
Answer. m.A =       
4. 
2
2 2
5 7 3 7:
81 18 81 9 9
x x x xA
x x x x x
+ + + +æ ö æ ö= + +ç ÷ ç ÷- - + - +è ø è ø
. 
Solution. Make operations consequently. First, make addition in the 
first parentheses; for this  reduce fractions to the common 
denominator. 
( )( ) ( )
( )( ) ( )( )
( ) ( ) ( ) ( )
( ) ( )
( )
( ) ( )
( )
( ) ( )
2 2 2
2 2
2 2
222
2 2 2
5 7 5 7
9 981 18 81 9
9 5 9 7 5 9 45 7 9 63
9 9 9 9
2 6 9 2 32 12 18
9 9 9 9 9 9
x x x x
x xx x x x
x x x x x x x x x x
x x x x
x x xx x
x x x x x x
+ + + ++ = + =
- +- - + -
- + + + + + - - + + + += = =
- × + - × +
+ + ++ += = =
- × + - × + - × +
 
Now divide the result by the second fraction. 
( )
( ) ( )
( ) ( )
( ) ( )( )
2 2 22
2 2 2
2 3 2 3 93 2:
9 99 9 9 9 3
x x xx
x xx x x x x
+ + × -+æ ö = =ç ÷- +- × + - × + +è ø
. 
Then make addition. 2 7 2 7 9 1
9 9 9 9
x x x
x x x x
+ + + +
+ = = =
+ + + +
. 
Answer. 1A = . 
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5. ( )
222 4
2 2 2 4
4x y xyx xA x y x xy x y y
-é ù+ -æ ö= - ×ê úç ÷- - -è øê úë û
. 
Solution. 1) ( )
22
2
x yx
x y x
- -æ ö =ç ÷-è ø
; 
2) ( )
( ) ( )
( )
( )
2 22 2 2 2
2
4 2 4 2x y xy x yx xy y xy x xy y x y
x xy x x y x x y x x y x
+ - -+ + - - + -
= = = =
- - - -
; 
3) ( ) ( ) ( )
2 2 2 2 2
2 2 2
2x y x y x x yx y x xy y x xy
x x x x
- - - -- - + - +
- = = =  
( )2
2 2 ;
y y xy xy
x x
--
= =  
4) ( ) ( )
( )
2 22 44
2 2 2 4 4 2 2 2
,
y y x y y x xx
x x y y x y x y
- - ×æ ö
× =ç ÷ - -è ø
  
because of ( ) ( )2 2,y x x y- = -  after reducing we obtain: 
( ) ( )
( )( )
2 2
2 2
y x x y x y
x y x y x y x y
- - -
= =
- - + +
. 
Answer. x yA
x y
-
=
+
. 
 
 
Answer the questions 
1. What does a power mean? 
2. What operations with power do you know?  
3. What does an algebraic expression mean? 
4. What does a domain of definition of algebraic expression mean? 
5. What kind of algebraic expressions do you know? 
6. What do like (similar) terms mean? 
7. What does similar terms’ reducing mean? 
8. What special factoring formulas do you know? 
9. What does it mean to factor polynomials? 
10. What methods of factoring polynomials do you know? 
s 
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11. What do the little Bézout's theorem and its consequences mean. 
12. What does an algebraic fraction mean? 
13. What operations with algebraic fractions do you know? 
 
 
Tasks № 7 
I. Make operations. 
a) 2 4 21 1
3 2
m n n ma b c a b c+ × × × ; b) 2 1 10 4 1 24 3: 2
5 5
k ka b c a b c+ -æ ö × ×ç ÷
è ø
; 
c) 3 3 21.8 1.2a b a b× ;  d) 
2
2 5 33 2
2
-
æ ö× × ç ÷
è ø
; 
e) ( ) ( )5 316 1: 2 2- × × ;  f) 
2 3 34 3 2:
3 4 3
- -é ùæ ö æ ö æ ö× -ê úç ÷ ç ÷ ç ÷
è ø è ø è øê úë û
; 
g) 
2
2 3 411
2
a b cæ ö- -ç ÷
è ø
;  h) 2 3 29.5 .95k nx y z x y z-× × × × × ; 
i) 
3 22 2
3
3 2
2 3
a b
b a
æ ö æ ö
×ç ÷ ç ÷
è ø è ø
;  j) 
4 2 0
3 33 1 12 : 12 3
4 2 5
-
- -
é ù é ùæ ö æ ö æ ö+ × - - ×ê ú ê úç ÷ ç ÷ ç ÷
è ø è ø è øê ú ê úë û ë û
. 
II. Write down fractions as numbers (or expressions) with negative 
exponents. 
a) 1
4
; b) 1
8
; c) 1
125
; d) 81
16
; e) 0.1; f) 0.0001; g) 0.5 ; h) 1
x
; i) 2
9
x
; 
j) 3
8
x
; k) 17
4x -
; l) 
( )4
1
3 1x× +
; m) 
( )4
6
2 9x x× +
. 
III. Find the domain of definition of given expressions: 
a) 8
9x
;    b) 13
8x -
;    c) 1
9
x + ;    d) 2
7
x
x -
;    e) 
( )
3
6
a
a a
+
× -
;  
f) 1 1
1 4x x
+
+ -
;    g) 2
3
9
x
x -
;    h) 2
2
4
x
x
-
+
;    i) 7 4
2
m n
m n
+
-
. 
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IV. Simplify the expressions. 
a) ( ) ( ) ( )2 2 3 4 33 2 3 3 3 4 5 3x x x x x x x x- + + - + - + ; 
b) ( )( ) ( )2 23 2 3 4 13 1x x x x- + + - × - ; 
c) ( )( )3 2 41 1 2 5x x x x x- + + + + - ; 
d) ( )( )4 3 2 21 1 2 3x x x x x x+ - + - + - - ; 
e) ( )( ) ( )( ) 35 2 3 2 2 5 4 1 40 21x x x x x x× + + - × - - - - + ; 
f) ( )( ) ( )2 2 2 3 2 32 5 3 3 2 7 5a b ab ab a a b ab a b- - + - - × - . 
V. Make division with the remainder. 
a) 22 15 13x x- +  by ( )1x - ; 
b) 3 26 5 12x x x- + +  by ( )1x + ; 
c) 3 22 3 11 6x x x- - +  by ( )3x - ; 
d) 4 3 23 8 4x x x x- - + -  by 2 4 4x x- + ; 
e) 6 4 24 4x x x- + -  by 3 2 2x x+ - ; 
f) 4 3 23 2 2x x x x+ + + +  by 2 1x x- + . 
VI. Make division polynomial ( )P x  by polynomial ( )Q x . 
a) ( ) 3 23 2 19 32 21P x x x x= - + + ; ( )1 7Q x x= - ; 
b) ( ) 4 3 24 3 14 12 40P x x x x x= - - + + ; ( ) 22 4Q x x= - ; 
c) ( ) 3 23 2 21 67 60P x x x x= - + - ; ( )1 5Q x x= - ; 
d) ( ) 7 67 2 3 3 2P x x x x= + - - ; ( )1 1Q x x= - ; 
e) ( ) 3 23 4 24 21 5P x x x x= - + - ; ( )1 2 1Q x x= - . 
VII. Factor polynomials. 
a) 2 2 2a x b x c x- - - ;  b) 4 2 2 3 2 3 2 2 2 2 37 14 49 35a x y a x y a x y a x y- - + ; 
c) ( ) ( )3 2x y x y- - - ; d) 6 36 30 54m m mx x x+ +- + ; 
e) ( ) ( ) ( )212 6 2c y y y c y c y- + - - - ;  f) 2 1 3 3 12n na b a b- ++ ; 
g) 2 1 3 1 15n nx y x y+ -+ ;  h) 2 1 19 9n n+ -- . 
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VIII. Factor polynomials with grouping. 
a) 2 2 3 3m n mn m n+ - - ;   d) 2 2x ax a y axy- - + ; 
b) 3 3 2 23 2 6x y x y xy- - + ;   e) ( )2 23 2 2a b a ab× + - - ; 
c) ( )2a x y x y+ - - ;    f) 2 2 3 2 34 5 20x y xz yz x yz+ - - . 
IX. Factor polynomials with special factoring formulas. 
a) 4 0.0001x - ;     d) 2 2 2 2 4 1a x a x ax+ - + - ; 
b) ( )22 9x - - ;     e) 4 616x y- -- ; 
c) 3 3n nx y+ ;     f) 4 24 5x x+ - . 
X. Factor polynomials with different methods of factoring. 
a) 4 2 2 4a a b b+ + ;    d) 4 2 1a a+ + ; 
b) 3 24 3 18x x x+ - - ;   e) ( ) ( )4 4x y x y+ - - ; 
c) 3 23 4a a+ - ;     f) 5 4 3 2 1x x x x x+ + + + + . 
XI. Reduce fractions to the common denominator. 
a) 3 2
5
12x y
, 2
1
7x z
, 4 4
13
21x z
; 
b) 1
a b-
, 2
1
ab b+
;   
c) a
a b-
, 3 3
4a
b a-
, 2 2
3
a ab b+ +
; 
d) 2 2 2
1
2x y z yz- - -
, 1
x y z+ +
, x y
x y z
- +
- -
 
XII. Cancel the fractions. 
a) 
4 3 2
2 3
18
12
x y z
xy z
, b) 
3 6
3 4 9
72
32
n k m
n k m
x y z
x y z
,      c) 
9 6
4 7
x x
x x
-
-
, d) 
6 3
9
3 4
1
x x
x
- -
+
. 
XIII. Simplify the expressions. 
1) :x y x y
x y y
+ +
-
;     2) 2
81 7 9
9 81 9
x x
x x x
- +-
- -
; 
3) 
2 2
3 3 3 3
2 4
8 8
x xy y
x y y x
+ -
- -
;    4) 
2 22
2 2
1 2
1 1
x x
x x
æ ö- æ ö+ ç ÷ç ÷+ +è øè ø
; 
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5) 
2 2 2 2x y x yx y
x y x y
æ ö æ ö- -
- × +ç ÷ ç ÷- +è ø è ø
;  6) ( )
2
2
4 2 8:
3 9 9
x x
x x
+ +
- -
; 
7) ( ) ( )2 2 1 1:a b a b- -- + ;    8) 2 2 25 5 45 5 25
x x x
x x x x x
- +
+ -
+ - -
; 
9) 
2
2
1 64 81
8 1 81 1 1 9
x x x
x x x
-æ ö+ × -ç ÷+ - -è ø
;  
10) 
( )
( )2
22 2 2 2
1 :
2
a ba b a b
a ab a b bb a
æ ö ++ +
- ×ç ÷ç ÷+ - -è ø
; 
11) 
2 2
2 2 2 2
9 9 81
9 9
a c a c a c
a ac a ac a c
+ - -æ ö+ ×ç ÷- + +è ø
; 
12) 
2
2 2 2
2 :
16 4 4
xy x x
y x y x y xy
æ ö
-ç ÷- - +è ø
; 
13) 3 3 2 2 3 3
8 8 8:a b a b a b
a b a ab b a b
- - - -æ ö-ç ÷+ - + +è ø
; 
14) 2
1 12 3 : 1
2 3 4 9
x
x x
æ ö æ ö+ + +ç ÷ ç ÷- -è ø è ø
; 
15) ( )
22
3 2
41 1 1: :
1
x y xyx x
x y x yy y
x
æ ö + -æ ö æ ö
- + +ç ÷ç ÷ ç ÷
è øè øè ø -
; 
16) 
2
3 2 2 3
1 3 6 9:
9 3 9 9
b b b
a a a a a b b a b ab
- +æ ö- +ç ÷- + - -è ø
; 
17) 2 3 3
5 5 5:
5 25 125 125
a ab b a b
a a a a b b
- - - +æ ö-ç ÷- + + +è ø
; 
18) 
2
2
48 : 4
2 4
x x x
x x
æ ö -
- + -ç ÷- -è ø
; 
19) 
2 2
2 2:
x x xy y x x xy y
x x xy y x x xy y
+ - - - - +
+ + + - + -
; 
20) 2 2
5 3 15 35
25 5 5
a b a ba b
a b a b a b
+ +æ ö- - × -ç ÷- + -è ø
; 
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21) 
( )2
5 5 253 3m m
m n m n m n
æ ö æ ö- × + +ç ÷ ç ÷+ +è ø è ø +
;  
22) 2 2
5 5 5 2 5 2 5
2 5
a b a b a b
a b a b a b
- -æ ö- × - +ç ÷+ - -è ø
; 
23) 3 2
1 3 3 2 1
1 1 1 1
aa
a a a a a
-æ ö æ ö- + × -ç ÷ ç ÷+ + - + +è ø è ø
; 
24) 
2
2
3 2 3 2 2 3 9 4 5
8 7 9 12 4 3 2 8 7
a a a a a a
a a a a a a
æ ö+ + + - -
× - + -ç ÷- + + + -è ø
; 
25) 
( )
( )
( )( )
( )( )
3 32 2 2
3 22 3
2x xy y x x y
x xy y x
- + +
×
+ -
; 
26) 
12 3 2
2
4 2 8 22 2 22
a a a aa a a aa a
-
æ ö- -æ ö× + - × +ç ÷ ç ÷- + ++ è ø è ø
; 
27) ( )( ) ( )( )
2
2
2
6 2 4 4
21 2 2 45 4
x x x
x x x xx x
æ ö + +- + ×ç ÷+ + + ++ +è ø
; 
28) ( )
22 6
2 3 3 6
4x y xyx x
x y y xy x y y
æ ö- +æ ö + ×ç ÷ç ÷ç ÷+ + -è øè ø
; 
29) 
2
2 2
6 10 4 6: 8 864 16 64
x x x x
x xx x x
+ + + +æ ö æ ö+ +ç ÷ ç ÷- +- - +è ø è ø
; 
30) 
2
2 2
3 81 83 3 3
x x x
xmx m x x mx m
æ ö+- × +ç ÷+- + - - è ø
; 
31) 
2 3 2
2 2 2 2:2
a a a a
a b a ba ab b a b
æ ö æ ö- -ç ÷ ç ÷+ ++ + -è ø è ø
; 
32) 
( )( )
( )
21 1 1 1 2
2 2 2 2 1 1
1 1ab a b a b a
aba b a b ab a b
- - - -
- - - -
+ + - --
+ - +
; 
33) 
( ) ( )
2 2
2 2 2 4 2
2 4 2 16:
4 16 42 2
x x x x
x x xx x
æ ö+ -+ + +ç ÷ç ÷- - -- +è ø
; 
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34) x a a xa x x aa x a x a x a x
æ ö æ ö æ ö æ ö+ × - - + × -ç ÷ ç ÷ ç ÷ ç ÷+ - + -è ø è ø è ø è ø
; 
35) 2 3 2 3
1 1 1 1 1 11 : 1a aa a a a
æ ö æ ö+ + + - + -ç ÷ ç ÷
è ø è ø
; 
36) ( )( ) ( )( ) ( )( )
x y y z z x
y z z x z x x y x y y z
+ + ++ +
- - - - - -
; 
37) 
( )( ) ( )( ) ( )( )
2 2 2x y z
x y x z y z y x z x z y
+ +
- - - - - -
; 
38) ( )( ) ( )( ) ( )( )
33 3yx z
x y x z y z y x z x z y
+ +
- - - - - -
; 
39) 
( )( ) ( )( ) ( )( )
4 4 4x y z
x y x z y z y x z x z y
+ +
- - - - - -
. 
3.8. Root of n  Power 
 
 
REMEMBER! 
The n-th root of the number a  is a number x , where n is a 
positive integer, is a number x  whose n-th power is a: nx a=  
( ), 2n N nÎ ³ . 
n a x=  is a n -th root of the number a , where: a  is called the 
radicand; n  is called the index; x  is called the value of the root. 
 
We pronounce: 
a  – square root of a ; 
3 b  – cube root of b ; 
4 m  – a forth root of m ; 
7 30  – a seventh root of thirty; 
100 40  – a hundredth root of forty. 
For example, a) 9 3= , because 23 9= ; b) 0 0= ; c) 3 27 3- = - , 
because ( )33 27- = - ; d) 5 243 3= , because 53 243= . 
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The operation of finding the root of given number (or 
expression) is called extraction of the root. 
Extracting of the root of even power is possible only of the 
nonnegative number ( 0a ³ ). If 0a < , then 2n a  does not exit.  
For example, the expressions: 4- , 4 81- , 6 16-  do not have 
math sense in the domain of real numbers. 
Arithmetical root is a nonnegative n-th root of the nonnegative 
number. 
For example, 9 3=  is an arithmetical square root of nine: 
23 9=  (numbers 3 and 9 are nonnegative ones); 4 16 2= , because 
42 16= . 
It is used extracting of the root of odd power of negative 
number: 2 1 2 1n na a+ +- = - . For example, 3 64 4- = - , because 
( )34 64- = - ; 3 1 1- = - , 3 8 2- = - , 5 32 2- = - . 
 
 
REMEMBER! 
The basic property of root 
mk mnk na a= , 0a ³ , n NÎ , m NÎ , k NÎ . 
The value of root does not change, if the root indexes and 
radicands multiply or divide by the same natural number. 
3.8.1. Operations with Roots 
Let us analyze some operations with roots. 
1. Multiplication of roots 
a) with identical indexes n n na b ab× = . 
In order to multiply roots with identical indexes, it is necessary 
to write a root index without change, and to multiply radicands. For 
example, 2 6 12 2 3× = = . 
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b) with different indexes  m nn mn ma b a b×× = × . 
In order to multiply roots with different indexes, it is necessary 
to reduce roots to the common denominator (use the basic property of 
fraction) and then make their multiplication. For example, 
102 5 2 510 105 10 103 2 3 2 3 2 9 32 288× = × = × = × = . 
2. Division of roots 
а) with identical indexes , 0
n
n
n
a a b
bb
= ¹ . 
In order to divide roots with identical indexes, it is necessary to 
write down a root index without change and to divide radicands.  
For example, 
4
4 33 33 33
66 : 2 3 3
2
aa a a a
a
= = = . 
b) with different indexes  :
mn mn
m nn m
m nn m
a a a b
b b
×
×
×
= = . 
In order to divide roots with different indexes, it is necessary to 
reduce roots to the common denominator (use the basic property of 
fraction) and then make their division. For example, 
2 2105
10 10
510 5
3 3 3 9
2 322 2
= = = . 
3. Extraction a root of a root  m n m na a×= . 
In order to extract a root of a root, it is necessary to multiply the 
indexes of the root and write down the radicands without change. For 
example, 3 67 7= . 
Let us analyze some transformations of roots. 
1. Raising a root to the power (n-th Root of a-to-the m-th-Power) 
( )m n mn a a= . 
For example, ( ) ( )5 53 3 332 2 32 32- = - = - == - . 
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2. Carrying out a multiplier from the root  
, 0n m n m n m mn n n n na a a a a a a a+ = × = × = > . 
For example, 5 5 55 57 5 2 5 2 2 52 2 2 2 2 2 2 2 4= × = × = = . 
3. Taking out a factor of the radical  
, 0, 0n nn nn na b a b a b a b× = × = ³ ³ . 
For example, 333 3 33 6 3 6 27 6 162= × = × = . 
4. Rationalization of numerator or denominator of the fraction:  
a a b a b
bb b b
×
= =
×
; a a a a
b b a b a
×
= =
×
. 
 
 
REMEMBER! 
For rationalization of numerator or denominator of fractions the following 
formulas are used: 
( )( ) ( ) ( )2 2a b a b a b a b+ - = - = - ; 
( ) ( ) ( )( ) ( ) ( )2 2 3 33 3 3 3 3 3 3 3 a b a a b b a b a b+ - × + = + = + ; 
( ) ( ) ( ) ( ) ( )2 2 3 33 3 3 3 3 3 3 3 a b a a b b a b a b- + × + = - = -æ öç ÷
è ø
. 
 
For example, ( )
( )( )
( )
( ) ( )
( )
2 2
2 5 3 2 5 3 2 5 32 5 3
5 35 3 5 3 5 3 5 3
× - × - × -
= = = = -
-+ + - -
. 
Where: 5 3-  и 5 3+  are reciprocally conjugate expressions. 
5. Reducing like (similar) roots 
Like (similar) roots are roots with identical indexes and radicands. For 
example, n ab  and 5n ab  are like (similar) roots. 
Reducing similar roots means their addition and subtraction.  
For example, 3 3 33 3 3 3108 3 32 27 4 3 8 4 3 4 6 4 9 4+ = × + × = + = . 
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3.8.2. Average Values  
For solving some mathematical problems, the concept of average 
values is used: the arithmetic average (the arithmetic mean) and 
geometric average (geometric mean).  
 
Arithmetic average of numbers 1a , 2a ... na  is a number nA : 
1 2 ... n
n
a a aA
n
+ + +
= . 
To determine the arithmetic average of n  numbers, it is 
necessary: 1) to find the sum of given numbers; 
 2) to divide this sum by the quantity of items ( n ). 
Geometric average of nonnegative numbers 1a , 2a ... na  is a 
number nG : 1 2 ...nn nG a a a= × × × . 
To determine a geometric average of n  positive numbers, it is 
necessary: 1) to find the product of given numbers; 
   2) to extract the n -th root of this product. 
Example10. Find arithmetic average and geometric average of the numbers 
8, 8, 27. 
Solution. Arithmetic average: 3
8 8 27 43 1143 3 3A
+ += = = . 
Geometric average: 3 3 3 33 8 8 27 8 8 27 2 2 3 12G = × × = × × = × × = . 
Answer. 3
114 3A = , 3 12G = . 
 
REMEMBER! 
Cauchy–Schwarz Inequality. Arithmetic average n  of 
nonnegative numbers is greater than their geometric average: 
1 2
1 2
... ...n n n
a a a a a a
n
+ + +
³ × × × . 
If all n  numbers 1a , 2a ... na  are equal, then   
1 2
1 2
... ...n n n
a a a a a a
n
+ + +
= × × × . 
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Let us analyze some examples with irrational expressions.  
Example11. Simplify the expression: 9 2 8+ . 
Solution. Let’s transform the radicand using the formula of the square of sum: 
( ) ( ) ( )2 2 22 2a b a a b b a b ab+ = + × + = + + . 
Therefore, ( )29 2 8 1 8 2 1 8 1 8 2 1 8 1 8+ = + + × = + + × = + . 
We obtain: ( )29 2 8 1 8 1 8 1 8+ = + = + = + , because 1 0>  and 8 0> . 
Answer. 1 8+ . 
Example 12. Simplify the expression: 11 6 2- . 
Solution. In order to write down the expression 11 6 2-  as square of 
difference, let us transform it:  
( ) ( )2 211 6 2 11 2 9 2 9 2 2 9 2 9 2 3 2- = - × = + - × = - = - , 
( )211 6 2 3 2 3 2 3 2- = - = - = -  (because 3 2 0- > ). 
Answer. 3 2- . 
Example 13. Simplify the expression: 2 2 22a b a b- - . 
Solution. Let us write down the radicand as a square of difference. For this, add 
and subtract 2b  from radicand.  
2 2 2 2 2 2 2 22 2a b a b a b b a b b- - = - - - + . 
Rewrite 2 2a b-  as ( )22 2a b-  and obtain ( )22 2 2 2 22a b b a b b- - - + . 
Let’s write formula as: ( )22 2a b b- - .  
Therefore, ( )22 2 2 2 2 2 22a b a b a b b a b b- - = - - = - -  (from the 
definition of arithmetical root). 
Answer. 2 2a b b- - . 
Example14. Simplify the expression: 
2
2
1 1 1 11
12 2 2 2
aA
a aa a
æ ö+ æ ö= + - × +ç ÷ç ÷-+ - è øè ø
. 
Solution. Let us make operations in the first parentheses: 
( ) ( )
2 2
2 2
1 1 1 1 1 1
1 12 2 2 2 2 1 2 1
+ +
+ - = + - =
- -+ - + -
a a
a aa a a a
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( )( ) ( )( )
( )( )
( )
( )( )
2 2
2
2
1 1 1 1 1
1 1 1 12 1 1
11 1 .
1 1 1 1 1
- + + + +
= - = - =
- - + -+ -
-+ - -
= = =
+ - + - +
a a a a
a a a aa a
a aa a a
a a a a a
 
Let’s make operations in the second parentheses: 1 11 a
a a
+
+ = . 
Then make multiplication: 1 1
1
a a
a a
+
× =
+
. 
Answer. 1A = . 
Example15. Simplify the expression: 2 2 2 22 2 1 2 2 1A x x x x= + + + - + - + . 
Solution. Let us transform the radicand: 
( ) ( )22 2 2 2 2
2 2 2
а) 2 2 1 1 2 1 1 1 1
1 1 1 1, because  1 1 0.
x x x x x
x x x
+ + + = + + + + = + + =
= + + = + + + + ³
 
( ) ( )22 2 2 2 2
2 2 2
b) 2 2 1 1 2 1 1 1 1
1 1 1 1, because  1 1 0.
x x x x x
x x x
+ - + = + - + + = + - =
= + - = + - + - ³
 
Make subtraction: 2 21 1 1 1 2x x+ + - + + = . 
Answer. 2A = . 
Example 16. Simplify the expression: 
2
34 4
4
1
1
x x xA
x x
æ ö- +
= +ç ÷ç ÷-è ø
. 
Solution. a) Let’s carry out the common denominator 4 x  from numerator of the 
first fraction and reduce the fraction: 
( ) ( )
( )
4 24 44 3 4
4
1 1
1 1 1
x x x xx x x
x x x
- --
= = = -
- - - -
. 
b) Let’s make addition and then reduce to the square: 
22 2 24 2
4
4 4 4 4
1 1 1 1 1
1 .
x x x x xx
x x x x x
x x
xx x
æ öæ ö æ ö+ - + + - + + æ ö- + = = = = =ç ÷ç ÷ ç ÷ ç ÷ç ÷ è øè ø è øè ø
×
= =
×
 
Answer. = xA x . 
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Example 17. Simplify the expression:
( )
( )
3 3
2 2 1
1
2
1a bA a b
a b ab
-
-
æ ö
+ç ÷= - × -ç ÷+ç ÷
è ø
. 
Solution. a) Let’s rewrite the expression in the first parentheses with radical: 
( )
( )
( ) ( )3 3 3 32 2 1
1
2
1 1a ba b a b ab
a ba b a bab
-
-
æ ö æ ö++ç ÷ ç ÷- × - = - ×ç ÷ ç ÷ -+ +ç ÷ç ÷ è øè ø
. 
b) Let’s make subtraction in parentheses, and then do multiplication: 
( ) ( ) ( )( )
( ) ( )
2 2
2
1
1 2 .
a b a ab b
ab
a ba b
a ba ab ba ab b ab
a b a b a b
æ ö+ - +ç ÷
- × =ç ÷ -+ç ÷
è ø
-- +
= - + - × = =
- - -
 
Answer. 
( )2a b
A
a b
-
=
-
. 
 
 
Tasks № 8 
I. Calculate. 
1) 2 18× ;  2) 49144 0.01
64
× × ; 3) 3 31 21 : 2
8 3
; 
4) 2 3.8
3
× ; 5) 
4
4
32 3
8 48
× ;   6) 5 21+ ; 
7) 7 4 3- ; 8) 12 153 304 1,331
3 17 19 11
+ - + ; 
9) 2 3 5 13 48+ - + ;  10) 57 12 21- ; 
11) 13 30 2 9 4 2+ + + ; 12) 7 48+ ; 
13) 2 1x x+ - ; 14) ( )
2 11
0.75 03
1 10.008 1 256 13
4 7
- -
- æ ö æ ö- + - +ç ÷ ç ÷
è ø è ø
. 
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II. Carry out a factor from the radical. 
1) 5 632a b ;   2) 
10 5
5
5
x d
y
;     3) 
6 5
3
9 3
27
12
a x y
x a b
;      4) 2
1a
b b
- ;  
5) 
3
6
1x
a a
- ; 6) 
( )2 22
25
a ab b y- + ×
; 7) 
( )
( )
42 2
3
8
y x
x y
-
+
; 8)  
3 5
3
4 6
b b
a a
- ; 
9) 1 5 12m m m m n mpa b c+ + +× × × ;   10) 2 5 2 1 1 33n n n n nac a b c
b
+ + - -× × × ; 
11) 
2 22 2m n m n m n m na b c+ + + -× × ;  12) 22 4 1 6 2 5p p pyz x y z+ +× × × . 
III. Take in a factor under the radical. 
1) 1 1 2
1
x
x x
+ +
+
;  2) 
22
2 2
a a b
a b a
-
-
;  3) 35 3 ; 
4) 3 2a ab× ;   5) 2 3m mn× ;   6) 3 22n m n× ; 
7) 5 5
11m
m
× - ;   8) 
3
5
4
4 81
3 16
a b
b a
;   9) 23 3mna b a b× ; 
10) ( ) 22 , 2
2
aa a
a
- × >
-
; 11) ( ) 25 , 0 525
xx x
x
- < <
-
; 
12) ( )
2 1
2 , 0
k
k
n mm m n
m n m
--
× < <
-
. 
IV. Rationalize the fraction: 
1) 18
6
;     2) 
x y
x y
+
-
;   3) 
4
10
125
; 
4) 
33
2
7 2-
;   5) 
33 3
1
9 6 4- +
;  6) 
3 3
1
a b-
; 
7) 
3 32 23
c
a ab b- +
;  8) 1
3 5 6+ +
;  9) 2 20
5 6 3+ -
; 
10) 27 21 15
3 7 5
- -
- -
;  11) 
( )
( )
x x a x
x x a x
- -
+ +
;  12) 
3 32 2
1
a b+
. 
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V. Rationalize the fractions. 
1) 3 3
3
+ ;    2) 7 3
8
- ;  3) 2 6 4
15
- ;  
4) 5 3 3 5
20
- ;   5) 1m
m
+ ;  6) a b
a b
-
+
;  
7) 
2 2
2
1 1
1
a a
a
+ - -
+
;  8) 
2
2
1
1
x x
x x
+ -
- -
;  9) 
( )3
2m n mn
m n
+ -
+
. 
VI. Factor the expressions. 
1) , , 0x y x y- ³ ;   2) 49x - ;   3) 
1
35 3 , 0x x- ³ ; 
4) a b a b- + - ;   5) 
5 5
2 46 9x x+ + ;  6) 4 12x x+ - . 
VII. Simplify the expressions. 
1) 
4
:ab ab bab
a ba ab
-æ ö-ç ÷ -+è ø
;  2) 
3 3x a ax
x a
-
+
-
; 
3) 
4
4 4
2 1 1: 1, 1
2 1 1
a a a a
a a a
- + +
+ >
- + -
; 
4) 
34
4
44 4
: , ; 0
x xy x y
xy x y x
x xy x y
æ ö+ -
ç ÷- ¹ ³
ç ÷+ +è ø
; 
5) ( ) ( )2 24 4 4 4 : p qp q p q p q
- - +é ù- + +ê úë û -
; 
6) 
2 2
2 2 2
x x x a x x a
x a x x a x x a
æ ö- - + -
× -ç ÷ç ÷- + - - -è ø
; 
7) 
2 2
a b a b a b a b
a b a b a b a b
- -
æ ö æ ö+ + - +
- - -ç ÷ ç ÷
+ + + -è ø è ø
; 
8) 
2
2
2
1 1 , 1
1 1
n n n n
n n
æ ö+ + -
- ³ç ÷ç ÷+ - -è ø
;    9) ( )2 22 21 :a a a ba b
æ ö
+ + -ç ÷
-è ø
; 
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10) ( )23 3 33 3 :a b ab a ba b
-æ ö
- +ç ÷-è ø
; 11) 
3
2 3 1:
4 6 9 8 27
x
x x x
+
+ + -
; 
12) 
2
2
2
2
1 1
1 1
m n m
n m n
m n
n m
n m
m n
-
-
æ ö æ ö- × +ç ÷ ç ÷
è ø è ø
æ ö æ ö- × -ç ÷ ç ÷
è ø è ø
;    13) 
4
:ab ab bab
a ba ab
-æ ö
-ç ÷ -+è ø
; 
14) 3
3 3 3 3
7a b a b ab
a b a b
+ -
- +
+ -
;   15) 
( )215 1
3 1 2
4
:
1
x xx x
x x x x
--
- -
- +æ ö+
ç ÷- + +è ø
; 
16) ( ) ( ) ( )
2 2
3 3 33 32 5 2 5 10a b a b abæ ö+ × + -ç ÷
è ø
; 
17) 
12
3 34 4 2
4
1 1 2a b ab ab b b
a ab a ab
-
æ ö æ ö- +
+ × + +ç ÷ ç ÷ç ÷- è øè ø
; 
18) 
3 3
3 3 3 3
1 12 :x y x y
x y x y x y x y
æ ö æ ö+ -
+ - -ç ÷ ç ÷
- + - +è ø è ø
; 
19) ( )3 36 6 6 61 1 a ba b a b
æ ö
- × -ç ÷- +è ø
; 
20) 
11
3 2 32
11
6 3
2
1
a a b a a b a
a b a a b
--
- -
- -
+ -
+ -
; 
21) ( )
2
2
3 2
41 1 1: :
1
x y xyx x
x y x yy y
x
é ù - +æ ö æ ö
+ - +ê úç ÷ ç ÷
è ø è øë û +
; 
22) 
2 2
2 2 2 2
6 41 2 : 12 24 4
q p q
p q p qq p p q
æ ö æ ö++ - +ç ÷ ç ÷- +- -è ø è ø
; 
23) ( )
1
24 43 3 1
34
4 4
1 1
1 1
a aa a a a
a a
-æ ö æ ö- ++ × - × -ç ÷ ç ÷ç ÷ ç ÷- +è ø è ø
; 
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24) 
1 1 3
3 3 3 3
3 3
: 2 a b aba b b a a b
æ öæ ö+ + + -ç ÷ç ÷ +è ø è ø
; 
25) ( ) ( )( )
3
3
3
1 111 : 1
1 1
ab abab ab ab
ab ab
æ ö- -+æ ö ç ÷- × - -ç ÷ ç ÷+ +è ø è ø
; 
26) 2 2 :a a ab b ab
a ba b a a b b a b
æ ö- +
- ×ç ÷ -- + -è ø
; 
27) ( )
( )
2 2
2 2
2 1 4
, 2
2 1 4
x x x x
x
x x x x
- - + - -
³
+ - + + -
; 
28) 
4 3
4
4
a x a ax ax
a x a ax
æ ö- +- -ç ÷ç ÷- +è ø
; 
29) 
2 2
2 2
7 49 7 49
7 49 7 49
n n n n
n n n n
+ + - + - -
+
+ - - + + -
; 
30) 
3 32 23
3
3 3 3 3 2 3
27 3 9: 3
3 3 3 3
x x x xx
x x x x x
æ ö æ ö- -
+ - + ×ç ÷ ç ÷ç ÷+ + - +è øè ø
; 
31) 
2 2 2
2 2
9 9 9:
99 9
a a a a a a
a a a a
æ ö+ - - - × -
-ç ÷ç ÷- - + -è ø
; 
32) 
( )( )2 2 3 3
3 3 3 34 3 3 4
8
a b a b
a b
a ab a b b
- -
+ +
+ - -
; 
33) 
4 1
23 3
33
2 2
33 3
8 : 1 2
2 4
a a b b a
aa ab b
æ ö-
- -ç ÷
è ø+ +
; 
34) ( )
4 4 4
1 34
4 4 4
:
x y y
x x y
x x y
-
æ ö-
+ +ç ÷ç ÷-è ø
; 
35) 
3 2
3 2
3 3 3 3
1 1
1 1 1 1
a a a
a a a a
- + + -
- + + -
; 
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36) 
4 3
4
4 4 4 4 4
:a b a ab a bab
a b a ab a b
æ ö- + -
- -ç ÷ç ÷- + +è ø
; 
37) 
( )( ) 22 2 2a a ab b ab b a b ab b
a b a b
-
+ + + + -
+
- +
; 
38) 
3 4 3
3 23
3 2 233
8 : 1 2
2 4
x y x y x
xx xy y
æ ö æ ö-
ç ÷ - -ç ÷ç ÷+ + è øè ø
; 
39) ( ) ( )( )
34 1
4
1
1 :a b a ab b a b a a b b a b
a b a
-
-
é ùæ ö- é ù+ × + + - + +ê úç ÷ ê úç ÷ ë û-ê úè øë û
; 
40) 
( )
( )
3 2 2
3 2 2
3 2 1 4
, 2
3 2 1 4
x x x x
x
x x x x
- - + - × -
³
- + + - × -
. 
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EQUALITIES. IDENTITIES. EQUATIONS. 
SYSTEMS OF THE EQUATIONS  
 
Vocabulary section 
add прибавить 加上 
algebraic equation алгебраическое уравнение 代数方程式 
biquadratic equation биквадратное уравнение 四次方程 
column столбец （一）纵 
correspond соответствовать 与……相符 
correspondence соответствие 一致性 
determinant  определитель 决定元 
discriminant дискриминант 判别式 
equality равенство 等式;相等 
equation уравнение 方程式 
equivalent equation эквивалентное уравнение 等价方程 
identity тождество 恒等式 
improper equality неверное равенство 不正确的等式 
independent term свободный член 自由项 
investigation исследование 研究 
irrational equation иррациональное уравнение 无理方程 
linear equation линейное уравнение 一次直线方程 
partition of an interval разбиение интервала 区间 
proper equality верное равенство 正确的等式 
property of absolute 
value (modulus) 
свойство модуля 绝对值的性质 
proportionality пропорциональность 比例 
quadratic equation квадратное уравнение 二次曲线方程 
raising to a power возведение в степень 升幂 
reduced equation приведенное уравнение 简化的方程 
reducing приведение 化简 
row ряд （一）行 
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separate complete square выделить полный квадрат 完全一元二次方程
的分解 
substitution подстановка 代换 
substitution of variables замена переменных 换元法 
subtract вычесть 减去 
symmetric симметричный 相称性的 
system of equations система уравнений 方程式的计算顺序 
system of homogeneous 
equations 
система однородных 
уравнений 
同类多项式 (群) 
system of symmetric 
equations 
система симметричных 
уравнений 
对称多项式 (群) 
the Viet theorem теорема Виета 韦达定理 
trinomial трехчлен 三项式 
unknown неизвестный 未知数 
           
4.1. Equalities. Identities. Equations. 
Equality is a relationship between two mathematical expressions 
(quantities), asserting that the quantities have the same value or that 
the expressions represent the same mathematical object. The equality 
between A and B is written A=B, and pronounced A equals B. The 
symbol "=" is called an “equals sign”. For example, x y  is an 
equality where x  is a left side of the equality, y  is a right side of the 
equality.  
Properties of equalities: 
1) x y y x   ; 2) ,x y y z x z    ; 
3) x y x z y z     ; 4) x y x z y z     ; 
5)  0
x y
x y z
z z
    . 
There are numerical equalities and equalities with variables. 
Numerical equality may be true or false.  
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For example, 1) 15 6 9  , 
10
12 10
5
   are true numerical 
equalities;  7 10 , 5 4 4 3    are false numerical equalities. 
2) 2x y   is an equality with variables. In this equality, the 
variables x  and y  can accept various numerical values. If 0x   and 
2y  , then 0 2 2   is a true numerical equality. If 1x   and 5y  , 
then 1 5 2   is false numerical equality. 
The identity is an equality relation A=B, such that A and B 
contain some variables and give the same result when the variables are 
substituted by any values (usually numbers).  
In other words, an identity is a statement resembling an equation 
that is true for all possible values of the variable(s) it contains.   
It can be said that A=B is an identity if A and B define the same 
functions. This means that an identity is equality between functions 
that are differently defined.  
For example,    2 2 ,x y x y x y      2 2 22 ,a b a ab b     
2 1
1,
1
x
x
x

 

 if 1;x    ,
x
x
x
  if 0x   are identities. 
The equation is a formula of the form A=B, where A and B are 
expressions that may contain one or several variables called 
unknowns, and “=” denotes the equality binary relation.   
For example,    f x x  is an equation with one variable x , 
where  f x  and  x  are algebraic expressions; x is a variable or 
unknown one;   7 4 0x x    is an equation with one variable x ; 
3 4 0x y   is an equation with two variables x  and y . 
The root (solution) of the equation is the value of a variable 
where the equation will be true numerical equality. 
Solving the equation is finding all its roots or proving that the 
equation does not have solution. 
Chapter 4 
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Example 1. Solve the equation4 3 5x   . 
Solution. Make identities transformations: 4 3 5 4 8 2x x x      . This 
equation has the unique root 2x   only if 2x  , then equation 4 3 5x    will 
be true numerical equality: 4 2 3 5   , or 8 3 5  . 
Answer.  2 . 
Example 2. Find the roots of the equation   4 3 5 0x x x    . 
Solution.    
1
2
3
44 0
4 3 5 0 3 0 3
5 0 5
xx
x x x x x
x x
  
         

     
.  
 5, 3, 4S     are the set of equation’s roots. 
Answer.  5, 3, 4  . 
Example 3. Find the roots of the equation 2 4 0x   .  
Solution. 2 4x   , therefore, this equation does not have real roots (does not 
have solutions in the set of real numbers). 
Answer. . 
Example 4. Find the solution of the equation x x .  
Solution. Equation x x  has uncountable set of roots (solutions). Any negative 
number 0x   is the solution of given equation. 
Answer.  0x x  . 
 
REMEMBER! 
The domain of definition of the equation ( D ) is a set of values 
of a variable x , where the left and right sides of the equation make 
sense (are defined). 
D of the equation    f x x  is an intersection of the domains of 
definition of the algebraic expressions  f x  and  x . 
Example 5. Find the domain of definition of the equation 
4
2
x
x


. 
Solution. Let us find D of left   4
2
f x
x


 and right  x x   sides of the 
equation. 
D of the left side of the equation are all real numbers, except 2x :  
     1 \ 2 , 2 2,D R    . 
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D of the right side of the equation are all positive numbers 0x  :  
 2 0,D   . 
D of the equation is the intersection of the sets 1D  and 2D : 
   1 2 0, 2 2,D D D      
Answer.    0, 2 2,x  . 
Two equations   0f x   and   0x   are called equivalent 
ones, if the sets of their roots are the same:    0 0f x x    
(  is an equivalent sign). 
For example, 1) equations 4 3x x   and 2 0x    are 
equivalent ones, because they have the same root: 2x  ; 
2) equations 8 1x    and 2 81x   are not equivalent ones, because the 
equation 8 1x    has only one root: 9x  , and the equation 2 81x   
has two roots: 1 9x  , 2 9x   . 
Let us analyze some of the equivalent transformations that are 
used in solving equations.  
Table 4.1 – The equivalent transformations in solving equations  
№ Operations Examples 
1.  Flipping the both sides of the equation  5 3 4
3 4 5
x x
x x
   
   
 
2.  Transferring the term of equation from the 
one side to another with an opposite sign  
2 7 3
2 7 3
x x
x x
   
    
 
3.  Multiplying or dividing both terms of 
equation by the same number non equal to 
zero  
1 1
4 4
4 4
1 4
x x
x x
x x
 
    
  
 
4.  Subtracting or adding both terms of equation 
by the same number  
2 5
2 7 5 7
x x
x x
  
    
 
5.  Subtracting or adding both terms of the 
equation by the same algebraic expression. 
Domain of definition of the received and 
original equation should be coincided  
2 2
2
2
x
x x x
 
   
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For solving equations with equivalent transformations, the 
following steps are used: 
1) finding the domain of definition (D) of the original equation; 
2) checking whether received values belong to D.  
Example 6. Solve the equation 2 1 16 5
2 2
   
 
x x
x x
. 
Solution. Find D of the equation: 2x  . Transfer all terms of the equation to the 
left side of the equation. Obtain the equation 2 5 6 0x x    with the roots 
1 2x  , 2 3x  . However, the root 1 2x   does not belong to D. That is why, 
1 2x   is an extraneous root which does not need to be considered. The 
solution of the equation is 3x  . 
Answer.  3 . 
There are different types of equations:  
 linear: 0ax b  ; 
 quadratic: 2 0ax bx c   ; 
 rational (the higher degrees):  
 1 20 1 2 1 0... 0; , 0
n n n
n na x a x a x a x a n N a
 
        ; 
 irrational: 3 0ax b cx d    ; 
 with modulus (absolute value): 0x a x b    ; 
 logarithmic: loga x m ; 
 exponential: xa m ; 
 trigonometric: sin x a  and others. 
4.2. Linear and Quadratic Equations 
The 0, 0ax b a    equation is called the linear equation 
with one variable, where a  is a coefficient at the variable x , b  is a 
constant (free term). The root (solution) of linear equation is:  
b
x
a
. 
Example 7. Solve the equation: 1 2 0
3 9
 x . 
Solution. Make equivalent transformations: 1 2 2 2 20 3
3 9 3 9 9 3
        xx x x . 
Answer.  23 . 
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Example 8. Solve the equation: 
2 2 1 3
1
3 6 12
x x x  
   . 
Solution. Reduce fractions to the common denominator and make equivalent 
transformations: 
4 2 1
122 2 1 3
1
3 6 12
x x x  
     
4 8 4 2 3 12
12 12
x x x    
   4 8 4 2 3 12x x x       
19
4 4 8 2 3 12 7 19 .
7
x x x x x            
Answer.  197 . 
The 2 0ax bx c    ( 0a  ) equation is called quadratic equation 
with one variable, where a is a coefficient at 2x  (the first coefficient), b  
is a coefficient at x  (the second coefficient), c  is a constant (free term). 
If 0, 0b c  , then quadratic equation is called a full quadratic 
equation. 
If 0b   and 0c  , then quadratic equation is called incomplete 
quadratic equation. For example, 2 0;ax   2 0;ax bx   2 0ax c   are 
incomplete quadratic equations. 
If 1a , then quadratic equation is called reduced quadratic 
equation. The resulted quadratic equation is written as: 2 0x px q   . 
 
REMEMBER! 
The roots of quadratic equation 2 0ax bx c    can be found  
with following formula: 1,2 ,
2
b D
x
a
 
  where 2 4D b ac   is a 
discriminator of quadratic equation. 
If the second coefficient of quadratic equation is an odd number, 
then the roots of original quadratic equation can be found with the 
following formula:  
2
1,2
2 2
,
b b
ac
x
a
    
 
  0a  . 
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REMEMBER! 
1. If 0D  , then 2 0ax bx c    equation does not have real roots. 
2. If 0,D  then 2 0ax bx c    equation has equal roots: 
1 2
2
b
x x
a

  . 
3. If 0D  , then 2 0ax bx c    equation has two equal roots. 
Example 9. Solve the equation: 22 3 5 0x x   . 
Solution. We have: 2a  ; 3b   ; 5c   .  
Find the discriminator:  23 4 2 5 49 0D        , therefore quadratic 
equation has two real roots. Find these roots:  
1,2
3 49 3 7
2 2 4
x
 
 

,  1
3 7 5
4 2
x

  , 2
3 7
1
4
x

   . 
Answer. 1
5
2
x  , 2 1x   . 
Example 10. Solve the equation: 2 1 0x x    
Solution. Find the discriminator: 21 4 1 1 1 4 3 0D            therefore, 
quadratic equation does not have real roots. 
Answer. . 
Example 11. Solve the equation: 24 12 9 0x x   . 
Solution. Find the discriminator: 212 4 4 9 144 144 0,D         therefore 
1 2
12 3
8 2
x x

    . The equation has two equal roots. 
Answer. 1 2
3
2
x x   . 
Example 12. Solve the equation: 25 18 9 0x x   . 
Solution. Use the formula of roots of quadratic equation if the coefficient x  is an 
odd number. We have: 5a  , 2 18 9    k k , 9c  .  
Then 
2
1,2
9 9 5 9 9 36 9 6
5 5 5
x
    
   , 1
9 6
3
5
x

  , 2
9 6 3
5 5
x

  . 
Answer. 1 3x  , 2
3
5
x  . 
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4.3. The Viet Theorem  
 
REMEMBER! 
The Viet theorem. If 1x  and 2x are roots of quadratic equation 
2 0ax bx c   , then their sum is: 1 2
b
x x
a
   ,  
    and product is: 1 2
c
x x
a
  . 
Let us prove the Viet theorem. 
It is given: 2 0ax bx c   , 0D   1 ,
2
b D
x
a
 
  2
2
b D
x
a
 
 . 
To prove: 1 2 1 2,
b c
x x x x
a a

    . 
Proof: 1 2
2
2 2 2
b D b D b b
x x
a a a a
    
      ; 
   
22
2 2 2
1 2 2 2 2 2
4 4
.
2 2 4 4 4 4
b Db D b D b D b b ac ac c
x x
a a a a a a a
          
          
   
 
The square trinomial 2ax bx c   can be factored (according to 
the Viet theorem):  
 
       
2 2
1 2 1 2
2
1 2 1 2
1 2 1 1 2
ax bx c a x x x x x x
a x x x x x x x
a x x x x x x a x x x x
           
          
            
 
Therefore, if 0D  , then    2 1 2ax bx c a x x x x       . 
Example 13. Factor the square trinomial l 23 10 3x x  . 
Solution. Solve the equation and find the roots of square trinomial 
23 10 3 0x x     1,2
5 25 9 5 4
3 3
x
  
  , 1
1
3
x  , 2 3x  . 
Therefore:     2
1
3 10 3 3 3 3 1 3
3
x x x x x x
 
         
 
. 
Answer.    23 10 3 3 1 3x x x x     . 
Chapter 4 
 94
 
REMEMBER! 
The Viet theorem for resulted quadratic equation 
2 0.x px q    If the resulted quadratic equation 2 0x px q    has 
two real roots 1x  and 2x , then their sum is: 1 2x x p   , and the 
product is: 1 2x x q  . 
Inverse to the Viet theorem. If the sum of two numbers 1x  and 
2x  equals  p , and their product equals q , then numbers 1x  and 2x  
are the roots of the equation 2 0x px q   . 
Let us prove the inverse to the Viet theorem. 
It is given: 1 2x x p   ; 1 2x x q  . 
Prove that 1x  and 2x  are the roots of the equation 
2 0x px q   . 
Proof: 1 2 1 2x x p x p x       . Insert 1 2x p x    in the equality 
1 2 ,x x q   and obtain:  
2 2
2 2 2 2 2 2 0.p x x q px x q x px q             
Therefore, number 2x  is a root of the equation 
2 0x px q   . 
It can be shown that the number 1x  is also a root of the equation 
2 0x px q   . 
Let us write quadratic equation with given roots using inverse of 
the Viet theorem.  
If 1 ,x m 2x n  and 
 
,
p m n
q m n
   

 
 then  2 0x m n x m n      . 
Example 14. Write the quadratic equation with roots 1 2x   , 2 4x  . 
Solution. According to the Viet theorem:  1 2 2p x x     , 1 2 8q x x    . 
Answer. 2 2 8 0x x   . 
 
Answer the questions 
1. What do equality, identity, equation mean? 
2. What does domain of definition of equality mean? 
3. Which equations are called equivalent ones? 
 
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4. What does the root of equation mean? 
5. Which transformations lead to the equivalent equations? 
6. What kinds of equations do you know? 
 
Tasks № 9 
I. Solve equations. 
1)    2 1 3 8x x    ;   2) 
2 1 2
3 5 5
x
x



; 
3) 
   4 2 3 6 53 1
9
3 8 5
x xx   
   ; 
4) 
2 3 5 5 2 2 1
0.25
4 9 12 4 18
x x x x x    
     ; 
5) 
2
2
2 1 1 3 1
9 3 3 9
x x x
x x x
  
 
  
;       6) 
 
2
2
9 5 108 9 36 12 1
3 1 6 24 9 1
x x x x
x xx
   
 
  
; 
7)  
2
1 16x   ;     8)  
2 39 3 2 0x    ; 
9)  
2
2 3 1 5 4 3x     ;  10) 2 5 0x x    
11) 29 14 0x x  ;    12)    
2
3 6 3x x    ; 
13)  
2
9 7 14 2x x    ;   14) 2 7 12 0x x   ; 
15) 2 2 0x x   ;    16) 
2 13
1 0
3 12
x x
   ; 
17) 29 3 2 0x x   ;   18) 
2 4
2 2
x
x x

 
; 
19) 
  2 3
2 3 2
3 3 1 9 3 1 27 1
x
x x x x

 
    
; 
20) 
3 2 2 2
2 1
8 4 2 1 1 4 4 4 1
x
x x x x x x
 
     
. 
II. “3” is one of the roots of the equation 2 18 0x px   . Find the 
second root and the coefficient p . 
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III. Write quadratic equations with given roots: 
1) 3 and 3 ;   2) 
1
2
 and 
1
4
 ;  3) 0.4 and 0.01;  
4) 
1
10 2 10
 and 
1
10 40
;   5) 
6
15 3
 and 
6
15 3
;  
6) 
22
5 14
 and 
22
5 14
;    7) a b m  and a b m . 
IV. “2” is one of the roots of the equation 22 18 0x bx   . Find 
the second root and the coefficient b . 
V. “-4” is one of the roots of the equation 23 14 0x x c   . Find 
the second root and the free term c . 
VI. “9” is one of the roots of the equation 2 7 0x x q   . Find the 
second root and the coefficient q . 
VII. “5” is the difference of the roots of the equation 
2 13 0x x q   . Find the coefficient q . 
VIII. Write quadratic equations if their roots are twice greater than 
roots of following equations: 
1) 2 5 6 0x x   ; 2) 23 10 3 0x x   ; 3) 22 3 1 0x x   ;  
4) 26 7 1 0x x   ; 5) 25 12 4 0x x   ;  6) 28 14 3 0x x   . 
IX. Write quadratic equations if their roots are greater than roots of 
following equations to .2: 
1) 2 12 20 0x x   ; 2) 2 18 32 0x x   ; 3) 25 2 0x x   ; 
4) 211 8 3 0x x   ; 5) 25 22 24 0x x   ;  6) 23 10 8 0x x   . 
X. Write quadratic equations if their roots are inverse to the roots 
of following equations: 
1) 2 8 12 0x x   ; 2) 22 1 0x x   ; 3) 23 5 8 0x x   ; 
4) 24 3 1 0x x   ; 5) 2 0x px q   ; 6) 2 0ax bx c   . 
XI. Write quadratic equations, if their roots are equal to: 
1) squares of roots of the equation 2 0ax bx c   ; 
2) cubes of roots of the equation 2 0ax bx c   . 
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XII. Write quadratic equation, if one of its roots is equal to the 
sum, and the second root is equal to the product of the roots of the 
equation 2 0ax bx c   . 
XIII. Find the value of the variable a , if one root of the equation 
 2 29 11 0x a x a     is greater in 5 times than the other root.  
XIV. Find the value of the variable a , if one root of the equation 
2 38 30 0x x a    is equal to the other squared root.  
4.4. Trinomial Equations. Biquadratic Equations 
The equation 2 0n nax bx c    is called trinomial equation,  
if 2n  , n N , 0a  , 0b  , 0c  . 
If 2,n   then equation 4 2 0ax bx c    is called biquadratic 
equation. 
Trinomial equation 2 0n nax bx c    may be replaced to the 
quadratic equation 2 0at bt c    with nx t  transformation. 
Example 15. Solve the equation 4 213 36 0x x   . 
Solution. If 2x t , then 2 13 36 0t t      1 4t  , 2 9t  , 
2
1,24 2x x    ,     
2
3,49 3x x    . 
Answer.  2, 3  . 
Example 16. Solve the equation    
6 3
2 1 3 2 1 10 0x x     . 
Solution. If  
3
2 1x t  , then 2 3 10 0t t      1 5t   , 2 2t  . 
1) If 5t   , then  
3
2 1 5x        
3
2 1 5 0x    . Factor this expression: 
    3 2 233 3 32 1 5 2 1 5 4 4 1 2 5 5 5 0x x x x x           . 
Each expression in the parentheses is equal to zero:  
а) 32 1 5 0x       
3
1
1 5
2
x

 ; 
b) 32 23 34 4 1 2 5 5 5 0x x x      . This equation does not have real roots, 
because    
2
233 3 3 34 2 5 4 4 5 5 1 12 25 32 5 0D              . 
2) If 2t  , then  
3
2 1 2x       
3
2 1 2 0x    .  
Therefore,     3 32 23 3 32 1 2 2 1 2 4 4 1 2 2 2 2 0.x x x x x            
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Each expression in the parentheses is equal to zero. Let us find the roots of the 
equation:  
а) 32 1 2 0x       
3
2
1 2
2
x

 ; 
b) 32 23 34 4 1 2 2 2 2 0x x x      , This equation does not have real roots, 
because    
2
3 3 34 2 2 4 4 2 4 1D            312 4 0    . 
Answer. The equation    
6 3
2 1 3 2 1 10 0x x      has two real roots: 
331 5 1 2
,
2 2
x
  
 
 
. 
Example 17. Solve the equation 8 417 16 0x x   . 
Solution. If 4x t , then  
28 4 2x x t  , so we have  
2 17 16 0t t      1
2
1
16
t
t

 
   
4
4
1
16
x
x
 


   
4
1
4
2
4
3
4
4
1 1
1 1
16 2
16 2
x
x
x
x
  

   
  

   
 
Answer.  1, 2  . 
4.5. The Equations of Higher Degree 
The equation 1 20 1 2 1... 0
 
     
n n n
n na x a x a x a x a   0, 0n N a   
is an algebraic equation of degree n . 
If 2n  , then the equation is called the equation of higher 
degree. For example, 3 27 25 1 0x x x     is the cubic equation. 
The algebraic equation of degree n  has not more than n  real 
roots. 
If   1 20 1 2 1... ,
n n n
n n nP x a x a x a x a x a
 
       then for the 
equation   0nP x   the Bézout's theorem can be used. 
 
REMEMBER! 
The Bézout's theorem. Polynomial  nP x  is divided by  x   
without remainder, only if when   is a root of the polynomial  nP x . 
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For example, polynomial 3 2 1x x x    is divided by  1x   
without remainder, because 1x  is a root of the equation 
3 2 1 0x x x    . 
If  nP x is a polynomial with whole coefficients, then any whole 
root of the polynomial  nP x  is a divider of the constant na . 
For example, 2 7 12x x   is a polynomial of the second degree, 
its roots 1 3x   and 2 4x   are dividers of the constant (number 12). 
The equations of higher degree are solved as follows (if one 
whole root of the equation exists): 
1) find out the sets of dividers of the constant na ; 
2) check whether given dividers are the roots of the equation 
  0nP x   (using the Bézout's theorem); 
3) find out the quotient from division  nP x  by 1x x , where 1x  is a 
root of the equation   0nP x  ; 
4) write  
 
1
1
n
n
P x
Q x
x x
 

 as a polynomial of degree  1 :n   
 
 1
1
n
n
P x
Q x
x x
 

     1 1 ,n nP x x x Q x   where  1nQ x  is a 
polynomial of degree  1n  ; 
5) check whether roots of the polynomial  1nQ x  are also the roots 
of the original equation. 
Example 18. Solve the equation 3 2 1 0x x   . 
Solution. 1) Find out the set of dividers of the constant. They are 1 . 
2) Check which of given dividers is a root of original equation. 
If 1x  , then 3 32 1 1 2 1 1 0x x          1x   is a root of original 
equation. 
If 1x   , then    
33 2 1 1 2 1 1 2x x            1x    is not a root of 
original equation. 
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3) Find out the quotient from division 3 2 1x x   by  1x  . 
Obtain 
3
22 1 1
1
x x
x x
x
 
  

. 
4) Write down the quotient as a polynomial of degree  1n  : 
   3 22 1 1 1 0x x x x x          2
1 0
1 0
x
x x
 
   
  
1
2,3
1
1 5
2
x
x

 

 
Answer. 
1 5 1 5
1; ,
2 2
    
 
 
. 
Example 19. Solve the equation 3 25 2 24 0x x x    . 
Solution. 1) Write down the dividers of the constant: 1 , 2 , 3 , 4 , 6 , 8 , 
12 , 24 . Find a whole root (integer) of the equation. 
2) Insert found dividers into original equation. 
If 1,x    then      
3 2
1 5 1 2 1 24 1 5 2 24 20 0                
1x    is not a root of original equation. 
If 1x  , then 3 21 51 2 1 24 1 5 2 24 18 0             1x   is not a root 
of original equation. 
If 2x   , then      
3 2
2 5 2 2 2 24 8 20 4 24 0                1 2x    
is a root of original equation. 
3) Polynomial 3 25 2 24x x x    is divided by  2x   without remainder.  
Let us make division:  3 25 2 24x x x    2x   
  3 22x x  2 7 12x x   
    27 2x x    
    27 14x x    
    12 24x    
    12 24x    
   0   
Write down the polynomial as a product of two factors:  
  3 2 25 2 24 2 7 12x x x x x x       . 
  22 7 12 0x x x       2 2 07 12 0
x
x x
 
   
   1
2 3
2
3, 4
x
x x
 
 
 
Answer.  2, 3, 4 . 
Example 20. Solve the equation 3 22 3 1 0x x x    . 
Solution. 1) The set of free term dividers are 1 . However, 1  are not the roots 
of original equation. 
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2) Find out the rational roots of the equation ,
p
q
 
 
 
 where p  is a divider of 
number 1; q  is a divider of number 2 (2 is a highest coefficient of the 
equation); p  and q  are mutually simple numbers. Therefore, roots are: 
1
2
 . 
3) Check 
1
2
 . Then, find out the root of the equation 
1
2
x  . 
4) Divide the polynomial 3 22 3 1x x x   by 
1
2
x
 
 
 
 or 
1
2 2 1
2
x x
 
    
 
. 
  3 22 3 1x x x    2 1x   
  3 22x x  2 1x x   
    22x x    
    22x x    
    2 1x    
    2 1x    
   0   
5) Obtain   3 2 22 3 1 2 1 1 0x x x x x x        . 
  22 1 1 0x x x     
2
2 1 0
1 0
x
x x
 

  
   
1
2 3
1
2
1 5 1 5
,
2 2
x
x x



 
 
 
Answer. 
1 1 5 1 5
, ,
2 2 2
  
 
 
. 
 
REMEMBER! 
If the root of the equation 1 20 1 2 1... 0
n n n
n na x a x a x a x a
 
       
is the fraction 
p
q
, then q  is a divider of the highest coefficient 0a , and 
p is a divider of free term na . 
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4.5.1. Cubic and Biquadratic Symmetrical Equations  
Cubic rational equation is called cubic symmetrical one if it is 
written as: 3 2 0ax bx bx a      0a  . 
It is easy to factor the polynomial at the left side of the equation 
and obtain the composition of linear and quadratic equations:  
   3 2 30 1 1 0ax bx bx a a x bx x            
        2 21 1 1 0 1 1 0a x x x bx x x a x x bx                
    21 0x ax b a x a       2
1 0
0
x
ax b a x a
 
    
. 
Example 21. Solve the equation 3 29 9 1 0x x x    . 
Solution. Factor the left side of the equation:  
    3 2 3 2 29 9 1 1 9 9 1 1 9 1x x x x x x x x x x x               
        2 2 21 1 9 1 1 9 1 8 1x x x x x x x x x x x              . 
Make each multiplier equal to zero:  
  2 2
11 0
1 8 1 0
8 1 0 4 15
xx
x x x
x x x
   
             
. 
Answer.  1, 4 15   . 
Biquadratic rational equation is called biquadratic symmetrical 
one if it is written as: 4 3 2 0ax bx cx bx a       0a  . 
Example 22. Solve the equation 4 3 22 2 1 0x x x x     . 
Solution.    
24 3 2 4 3 2 2 2 22 2 1 1 2 2 1 2 1x x x x x x x x x x x x                
       
2 22 2 2 2 2 2 2 2 22 1 1 2 2 1 1 2 1 3x x x x x x x x x x               
          
22 2 22 2 2 2 2 2 2 21 2 1 3 1 4 1 2x x x x x x x x x x x x                  
     2 2 2 21 2 1 2 3 1 1x x x x x x x x x x            . 
  
2
2 2
2
3 1 03 1 1 0
1 0
x xx x x x
x x
            
 
1,2
2
3 9 4 1 1 3 5
2 1 2
it has not real numbers, because 1 4 1 1 3 0
x
D
     
         
 
Answer. 3 5
2
 
 
 
. 
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4.6. Solving Algebraic Equations by Substitution  
The method of substitution is often used for solving algebraic 
equation. Let us analyze it with some examples.  
Example 23. Solve the equation    
22 28 12 0x x x x     . 
Solution. If 2x x t  , then we obtain 2 8 12 0t t    with roots: 1 2t  , 2 6t  .  
Let us solve two quadratic equations: 
2 2
1 2
2 2
3 4
2, 12 2 0
3, 26 6 0
x xx x x x
x xx x x x
                    
 
Answer.  3, 2, 1, 2  . 
Example 24. Solve the equation 
2 2 2
1 18 18
0
2 3 2 2 2 1x x x x x x

  
     
. 
Solution. If 2 2 1 ,x x t    then for t we obtain the equation: 
  
21 18 18 17 72
0 0.
4 1 1 4
t t
t t t t t t
  
    
   
 The original equation is equivalent 
to the set of the equations:   
2
1 2
3 4 5
17 72 0 9, 8
0, 1, 41 4 0
t t t t
t t tt t t
            
  
 1 9t   and 2 8t   are roots of original equation. We have to solve two 
quadratic equations: 
2
1 2
2
3,4
2, 42 1 9
1 2 22 1 8
x xx x
xx x
             
 
Answer.  4, 1 2 2, 1 2 2, 2     . 
Example 25. Solve the equation 
2 2
4 3
1
4 8 7 4 10 7
x x
x x x x
 
   
. 
Solution. Let’s divide the numerator and denominator of the fraction by ,x  then: 
4 3 1
7 74 8 4 10x x
x x
 
   
. If 
7
4x t
x
  , then for t  we obtain the equation: 
4 3
1
8 10t t
 
 
, where 8t  , 10t  , e.g. 2 25 144 0t t   , 1 16t  , 2 9t  .  
We have to solve two quadratic equations:  
2
2
1 2
7 there are n because o real roots 04 9 4 9 7 0
1 77 , .4 16 7 04 16 2 2
Dx x xx
x xx xx
x
                
 
Answer.  1 7,2 2 . 
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REMEMBER! 
The equation     x a x b x c x d m      may be 
transformed to the quadratic equation if:  
a b c d      or   a c b d      or   a d b c   . 
Example 26. Solve the equation      4 5 7 8 4x x x x     . 
Solution. We have: 4 8 5 7   , therefore we can group the factors at the left 
side:         2 24 8 5 7 4 12 32 12 35 4x x x x x x x x                  . 
If 2 12 32 ,x x t    then: 2 12 35 3.x x t      
Obtain:   23 4 3 4 0t t t t          1 4,t    2 1.t    
Now we have to solve two quadratic equations: 
2 2
1
2 2
2,3
612 32 4 12 36 0
6 512 32 1 12 31 0
xx x x x
xx x x x
       
             
 
Answer.  6, 6 5  . 
 
REMEMBER! 
The equation    
4 4
x a x b c     may be transformed to 
biquadratic one with substitution: 
2
a b
x t

  . 
Example 27. Solve the equation    
4 4
4.5 5.5 1x x    . 
Solution. Make substitution: 
4.5 5.5
5
2
x t x t
 
     .  
Then, 4.5 0.5x t   ; 5.5 0.5x t   . The equation for t is: 
   
4 4
0.5 0.5 1t t            
2 22 2 20.5 0.5 2 0.25 1t t t      
 
. 
Open parentheses and reduce like terms: 416 24 7 0t t     
2
1,2
1
0.5.
4
t t      Obtain: 1
2
5.5,4.5 0.5 0.5
4.5.4.5 0.5 0.5
xx
xx
          
 
Answer.  4.5, 5.5 . 
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REMEMBER! 
The equation 4 3 2 0ax bx cx dx m      is called returnable 
equation, if  
2
2
a b
m d
 , 0m  .  
To solve returnable equation, it is useful to do follows: 
 divide the both sides of equation by 2x  (if 0x   then it is not the 
solution of the equation);  
 make substitution and obtain a quadratic equation; 
 find out x . 
Example 28. Solve the equation 4 3 23 2 9 4 12 0x x x x     . 
Solution. The ratio of the first coefficient to the constant and the ratio of a 
squared second factor to a squared penultimate term are equal among 
themselves: 
 
 
2
2
23 1
12 44

 

. Divide original equation by 2x . Obtain  
2
2
4 12
3 2 9 0x x
x x
     . Group the terms:  
2 2
2 2
12 4 4 2
3 2 9 0 3 2 9 0x x x x
x x x x
   
               
   
. 
Make substitution: 
2
x t
x
   and obtain: 
2
2 2
2
2 4
4t x x
x x
 
      
 
 
 2 2 2 22
4
4 3 4 2 9 0 3 2 21 0x t t t t t
x
               
1 3,t   2
7
.
3
t    
If 
2
2 22 23 3 3 2 3 3 2 0,
x
t x x x x x
x x

              then 
1 1,x   2 2.x   
If  
2
2 27 2 7 2 7 3 2 7 3 7 6 0.
3 3 3
x
t x x x x x
x x

                  
27 4 3 6 49 72 23 0D            there are no real roots. 
Answer.  1, 2 . 
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4.7. The Absolute Value Equations  
Absolute value (modulus) of the number x is: x . 
 
REMEMBER! 
The definition of absolute value (modulus):  
, 0,
, 0,
x x
x
x x

 
 
         
   
   
, 0,
, 0.
f x f x
f x
f x f x

 
 
 
The properties of absolute value: 0,x   ,x x  ,xy x y   
2 2 ,x x  
xx
y y
 ,   x x  ,       f x f x  . 
The general steps to solve the absolute value equations are: 
 Rewrite the absolute value equation as two separate equations, one 
positive and the other negative. 
 Solve each equation separately. 
 After solving, substitute your answers back into original equation 
to verify that your solutions are valid. 
 Write out the final solution or graph it as needed.  
Example 29. Solve the equation 7 1 21 9x x   . 
Solution. Let us rewrite the absolute value equation as two separate equations: 
a) if 
1
7 1 0
7
x x    , then 7 1 7 1x x    and 
11
7 1 21 9
8
x x x     ,  
11 1
,
8 7
 
   
, therefore 
11
8
x   is a root of the equation; 
b) if 
1
7 1 0
7
x x    , then 7 1 1 7x x    and 1 7 21 9 10x x x     ,  
but 
1
10 ,
7
 
  
 
, therefore 10x  is not a solution of equation. 
Answer. 
11
8
 
 
 
. 
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Example 30. Solve the equation 2 4 5 20x x x     . 
Solution. Let us equal absolute value expressions to zero:  
2 0 2x x     ,   4 0 4x x    .  
Draw points 2x    and 4x   on the number line. These points divide a 
number line by three intervals. Designate these intervals as I, II, III. Find signs 
of absolute value expressions on each interval (Fig. 4.1). 
 
Figure 4.1  
Solve the equation on each interval.  
I.  2 2 2x x x       ,  4 4 4x x x       , then  
2 4 5 20 2 4 20 5 22 7x x x x x x x                 
22
7
x  , but  22 , 2
7
   , therefore the equation 2 4 5 20x x x      
has not any solutions on the first interval. 
II. 2 2x x   ,  4 4 4x x x       , then  
  262 4 5 20 5 2 4 20 5 26
5
x x x x x x              , but  26 2, 4
5
  , 
therefore the equation 2 4 5 20x x x      has not any solutions on the 
second interval. 
III. 2 2x x   , 4 4x x   , then 2 4 5 20x x x       
2 4 20 5 18 3 6x x x x x          .  
 6 4,  , therefore 6x   is the solution of this equation. 
Answer.  6 . 
Example 31. Solve the equation 2 1 1x x   . 
Solution. This equation can be solved with a method considered above. 
However, for solving equations with two absolute values, the following 
property can be used:     
2 2
.f x f x   
Therefore,    
2 2 2 2
2 1 1 2 1 1 2 1 1x x x x x x             
 2 2 2 1 2
2
4 4 1 2 1 3 2 0 3 2 0 0,
3
x x x x x x x x x x                . 
Answer.  20, 3 . 
II  I  III  
2  4  
2x   
4x   
  
    
    
  
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4.8. Irrational Equations  
Irrational equations are the equations, that contains variable 
under the radical or variable is a base of power with fractional 
exponent.  
For example, 1 3,x   2 5 5,x x   3 3 1 1,x x     
1
3 4 0x    is an irrational equation. 
 
REMEMBER! 
There are two methods that are used to solve irrational 
equations: 
1) method of raising both sides of equation to a same power; 
2) method of introducing new variable. 
Note, that in irrational equations solving there could appear 
extraneous roots, so we need to check all roots. 
Example 32. Solve the equation 5 3 7x x    . 
Solution. Find D of the equation:  5 0 5: 3 0 3x xD x x      x  . 
Answer. . 
Example 33. Solve the equation 3 6 9 2x x   . 
Solution. Squared the both sides of the equation and make some transformations: 
3 6 9 2 5 15 3x x x x       . Check obtained value. 
Check. If 3,x   3 6 3 3 6 3,x       9 2 9 2 3 3,x      3 3  
  3x   is the root of original equation. 
Answer.  3 . 
Example 34. Solve the equation 11 1x x   . 
Solution. Solve the equation using two methods. 
I method (with root checking).  
Squared both sides of the equation and make some transformations: 
   
2 2 2 2
1 211 1 11 1 2 3 10 0 2, 5.x x x x x x x x x                  
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Check. If 1 2x   , we obtain  2 11 1 2 9 3 3 3,          then 
1 2x    is the root of the equation. 
If 2 5x  , we obtain 5 11 1 5 16 4 4 4         , then 2 5x   
is not the root of the equation. 
Answer.  2 . 
II method (with equivalent transformations). 
   

2 22
2
1 2
11 0 11
11 1 1 0 1
11 1 211 1
11 1 11 1
2.
2; 53 10 0
x x
x x x x
x x xx x
x x
x
x xx x

    
         
       
     
         
 
Answer.  2 . 
Example 35. Solve the equation 3 334 3 1x x    . 
Solution. Find D: x R .  
Cubed the both sides of the equation with the following formula: 
    
3 3 33a b a ab a b b     . 
Therefore:         
3 3 3
3 3 3 3334 3 34 3 34 3 1 3x x x x x x            , 
     3 31 34 3 34 3 3 3 34 3 36x x x x x x               
  3 34 3 12x x    . 
Cubed the both sides of the equation again and obtain:  
2
1 231 1830 0, 61, 30.x x x x       
Check: 
а) If 1 61x   , then 
3 361 34 61 3 3 4 1         , 1 1    1 61x    is the 
root of the equation. 
b) If 2 30x  , then 
3 330 34 30 3 4 3 1      , 1 1    2 30x   is the root of 
the equation. 
Answer.  61, 30 . 
Example 36. Solve the equation 3 3 31 3 1 1x x x     . 
Solution. Find D: x R . Cubed the both sides of the equation: 
   
3 3
3 3 31 3 1 1x x x        
         
3 2 2 3
3 3 3 3 3 31 3 1 3 1 3 1 3 1 3 1 1x x x x x x x                
   3 3 3 31 3 1 3 1 1 3 1 3 1 1x x x x x x x                
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      3 333 1 3 1 1 3 1 1 3 1 1x x x x x x x                
        3 333 1 3 1 1 3 1 3 1 .x x x x x           
We have: 3 3 31 3 1 1x x x     , then obtain  
     333 1 3 1 1 3 1x x x x        . 
Divide both sides of the equation by three and raise them to cube: 
              
3 3
1 3 1 1 1 1 3 1 1 1 0x x x x x x x x             
      
    
2
2
1 0
1 3 1 1 1 0
3 1 1 1 0
x
x x x x
x x x
 
               
2 2 2
1 1 1
03 3 1 2 1 0 4 0
x x x
xx x x x x x
    
              
 
Let us check.  
а) If 1x  , then 3 331 1 3 1 1 1 1         3 32 2    1x   is the root of the 
equation. 
b) If 0x  , then 3 3 30 1 3 0 1 0 1         2 1     0x   is not a root of 
the equation. 
Answer.  1 . 
Example 37. Solve the equation 
7 7 3
7
2
2 2
2 2 2
x x x x
x x
 
  

. 
Solution. Take the common multiplier outside the parentheses at the left side of 
equation; reduce to the common denominator and cancel to 2.  
Obtain: 
2 3
7
7
2
22
2
x xx x
x x
   

. 
Multiply the right and left side of the equation by 7
3
1 2x
x x

  and obtain  
8 2 32 2
7
3 3 2 3
122 21 1
12
xx xx x
x x xx x
                   
. 
Check.  
If 1x  , then: 
7 7
7
2
1 2 1 2 1 1
2 1 2 1 2
 
   

 
7 7
7
7
7 7
1 1 2 1 1 1
1 2 0 0 0 0 0.
1 2 1 2 1 2
   
         
  
 
After checking 1x    be sure that it is also a root of original equation. 
Answer.  1, 1 . 
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Example 38. Solve the equation 7 7
5 3
2
3 5
x x
x x
 
 
 
. 
Solution. Make substitution: 7
5
3
x
t
x



. Therefore, 17
3
5
x
t
x
 

.  
Obtain: 
2
2 21 12 2 1 2 2 1 0
t
t t t t t
t t

             
 
2
1 0 1.t t      Then, 7
5
1
3
x
x



  
5
1
3
x
x



 5 3x x    
 5 3 x x     2 2x   1x  . 
Check. If 1,x   then 7 77 7
5 1 1 3 4 4
1 1 2;
1 3 5 1 4 4
 
     
 
 2 2 1x   is a 
root of the equation. 
Answer.  1 . 
Example 39. Solve the equation 55 26 27x x x x  . 
Solution. Make transformations: 
6 3
5 105 65 10 5x x x x x x x     ;       
3
5 102 35 10x x x x x x    . 
Make substitution: 
3
10 0x t   and obtain  
23 3
25 10x x t  .  
Original equation can be rewritten down as:  
2 2
1 226 27 26 27 0 27, 1t t t t t t          . 
2 1t    is not a root of the equation because 0t  . 
If 1 27,t   then 
   
10
3 3 10 103
3 1010 10 3 327 27 3 3 59,049.x x x x x          
Check. Original equation 55 26 27x x x x  is equivalent to the equation 
3
10 27.x   After substituting 103x  in this equation obtain  
10
10 333 3 27    
59,049x   is a root of original equation. 
Answer.  59,049 . 
 
Answer the questions 
1. What equations are called biquadratic ones? 
2. What types of the equations of the higher degrees do you know? 
3. Write down the main steps of the equations of higher degrees 
solving.  
 
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4. What equations are called symmetrical ones? 
5. What equations are called returnable ones? 
6. Write the basic methods of solving irrational equations. 
 
Tasks № 10 
I. Solve the biquadratic equations. 
1) 4 25 4 0x x   ;  2) 4 22 8 0x x   ; 3) 
2
2 8
1
x
x
x
    
;  
4) 4 29 0x x  ;  5) 4 16 0x   ;   6) 4 26 8 0x x   . 
II. Solve the returnable equations. 
1) 4 3 22 6 2 1 0x x x x     ; 2) 4 3 23 2 3 1 0x x x x     ; 
3) 4 3 26 5 38 5 6 0x x x x     ; 4) 4 3 23 8 3 0x x x x     ; 
5) 3 23 7 7 3 0x x x    ; 6) 4 3 23 8 12 16 0x x x x     . 
III. Solve the equations by substitution. 
1) 6 39 8 0x x   ;   2)    
6 3
1 28 1 27 0x x     ; 
3)    
8 4
2 82 2 81 0x x     ; 4) 
2 2
24 15
2
2 8 2 3x x x x
 
   
; 
5)    
4 4
3 5 16x x    ;  6)     1 2 3 4 120x x x x     ; 
7) 
2
2 2
10 15 3
6 15 8 15
x x x
x x x x
 

   
; 8)  
2
2
24
2 18
4
x
x x
  

; 
9)    
4 4
3 5 2x x    ;  10)    2 23 8 50x x x x      ; 
11)    
22 2 2 43 7 2 5 3 7 2 24 0x x x x x x       ; 
12) 2
2
33
6 16
6 8
x x
x x
  
 
. 
IV. Solve the absolute value equations. 
1) 2x x  ;    2) 2 2 1x x    ; 
3) 1 5 20x x    ;  4) 2
5 9
6 7
3
x
x x

   ; 
5) 2 6 4 8 0x x x     ;  6) 2 3 5x x    ; 
7) 2 1 3 4x x x     ;  8) 2 1 3 2 4 1x x x       . 
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V. Solve the irrational equations. 
1) 1 8 3 1x x    ; 2) 4 2 4x  ; 3) 3 9x  ; 
4) 3 3x  ; 5) 2 210 25 6 9 8x x x x      ; 
6) 2 24 6 2 8 12x x x x     ;  7) 
5 5
30
x x
x x
 
  ; 
8)   21 3 2 4 4x x x x     ;  9) 3 32 4 3 1x x    ; 
10)       
2 2
9 2 11 9 11 10x x x x       ; 
11) 23 3 2 4x x x    ;   12)  3 3 36 3 2x x x    ; 
13) 3 3 35 2 3 6 7 2 0x x x      ; 14) 4 418 5 64 5 4x x    ; 
15) 3 376 76 8x x    ;  16) 41 6 1 16x x     ; 
17) 2 24 6 6 4 6 6 6x x x x x      ; 18) 23 62 2x x x    ; 
19) 
35 5
5
2
2 3 2 3
12 12 2 3
x x x x
x x
 
  

; 20) 33 3 5x x   ; 
21) 
25 5
5
2
2 2
4 2
x x x
x x
 
 

; 22) 2 24 4 6 9 1x x x x      ; 
23) 3 38 4 8 4 2x x    ; 24) 2 23 6 9 0x x x x     ; 
25) 2 1 3 4 1 1x x x x       . 
4.9. Systems of the Algebraic Equations 
A system of equations is a collection of two or more equations 
with the same set of unknowns.  
To solve system of the equations means to find values for each 
of the unknowns that will satisfy equation in the system or to prove 
that there are no solutions. 
The system is called compatible one if it has at least one solution 
and incompatible one if it has no one solution. 
Two systems are called equivalent ones if they have the same set 
of solutions. 
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4.9.1. Solving Systems of Linear Equations 
The system of linear equations is a collection of linear equations 
involving the same set of variables.  
If the system of the n  linear equations contains n unknown terms 
then three cases are possible: 
1) the system has no solutions; 
2) the system has only one solution; 
3) the system has infinite set of solutions. 
To investigate system means to define values where the system 
has the unique solution; or no solutions; or infinite set of solutions. 
Let's analyze the system of linear equations with two unknowns: 
 1 1 1
2 2 2
a x b y c
a x b y c
 
 
, where x  and y are unknown terms; 1a , 2a , 1b , 2b  are 
coefficients; 1c , 2c are constants. 
A determinant of the second order is often used for solving 
systems of linear equations. 
The determinant of the second order (main determinant of the 
system) consists of coefficients at variables: 
 1 1 1 2 2 1
2 2
.
a b
a b a b
a b
     
Numbers 1a , 2a , 1b , 2b  are called determinant elements.  
Elements 1a , 2a or 1b , 2b  located on vertical, form determinant 
columns. 
Elements 1a , 1b  or 2a , 2b , located on rows, form determinant 
rows.  
Elements 1a , 2b  form the main diagonal of determinant. 
Elements 2a , 1b form an auxiliary diagonal of determinant. 
The auxiliary determinant consists of coefficients at variable 
and constants: 1 1 1 2 2 1
2 2
x
c b
c b c b
c b
    , 1 1 1 2 2 1
2 2
y
a c
a c a c
a c
    . 
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REMEMBER! 
Cramer's rule. If the main determinant of the system is not 
equal to zero then this system has the unique solution:  
xx



,   yy



. 
In this case: 1 1
2 2
a b
a b
 , 0  . 
Example 40. Solve the system 5 4 02 7 27x yx y   . 
Solution. Calculate the system determinants: 
5 4
27
2 7

   

, 
0 4
108
27 7x

  

, 
5 0
135
2 27y
   , 
108
4
27
x   

,   
135
5
27
y   

. 
Answer.  4, 5  . 
 
REMEMBER! 
If the main determinant is equal to zero, and at least one 
auxiliary determinant is not equal to zero, then the system has no 
solutions (incompatible). The incompatibility condition can be written 
down as:      1 1 1
2 2 2
a b c
a b c
  ,  0  ,  0x  ,  0y  . 
Example 41. Solve the system 
9 6 3
3 2 2
x y
x y
 
  
. 
Solution. Calculate the main determinant of the system: 
9 6
0
3 2

  

. 
Constants are not proportional to coefficients at variables:  
9 6 3
3 2 2

 

.       
3 6
6 0;
2 2x

   

    
9 3
9 0.
3 2y
     
Answer. The system has no solutions (incompatible). 
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REMEMBER! 
If the both main determinant and auxiliary determinants are 
equal to zero, then the system has infinite set of solutions. It can be 
written down as:   1 1 1
2 2 2
a b c
a b c
  ,  0x y      . 
Example 42. Solve the system 3 2 16 4 2x yx y   . 
Solution. Calculate the system determinants:  
3 2
0,
6 4

  

 
1 2
0,
2 4x

  

 
3 1
0.
6 2y
    Let's calculate relations 
between coefficients at variables and constants: 
3 2 1
6 4 2

 

.  
Relations are equal. Therefore, the system has infinite set of solutions. 
Answer. The system has infinite set of solutions.  
Example 43. Investigate the system 
   
   
1 2 3 2
1 3 3 1
a x a y a
a x a y a
    

    
. 
Solution. Coefficients depend on parameter a . Write down the main determinant 
of the system:  1 2 3 31 3
a a
a a
a a
 
    
 
. 
1) The main determinant is equal to zero, if 0a   and 3a  . Therefore, if 0a   
and 3a  , the system has the unique solution. 
2) If 0,a   then, having substituted this value in system, we obtain  3 23 1x yx y   .  
Let us find determinants of this system:  
1 3
0,
1 3
    
2 3
9 0,
1 3x

      
1 2
3 0.
1 1y

      
Therefore, if 0a  , the system has no solutions (incompatible). 
3) If 3,a   then, having substituted this value in system, we obtain  
2 3 54 6 10x yx y      5 23 xy  , therefore, if 3a   the system has infinite set of 
solutions: 
5 2
,
3
x
x
  
  
  
, where x R . 
Answer. If 0a   and 3a  , then the system has the unique solution;  
if 0a  , then the system has no solutions (incompatible);  
if 3a  , then the system has infinite set of solutions   5 2, 3 xx  , where x R . 
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Let’s investigate the linear system of equations with three 
variables. Here x , y , z  are variables; 1a , 2a , 1b , 2b , 1c , 2c are 
coefficients at variables; 1d , 2d , 3d  are constants. 
It is often used determinants of the third order 
1 1 1
2 2 2
3 3 3
a b c
a b c
a b c
 for the 
solving systems with three variables. 
It is possible to calculate a determinant of the third order in 
different ways. We consider some of them. 
1. Multiply elements of the main diagonal by the elements 
formed a triangle with the bases parallel to the main diagonal. Add 
obtained products. Multiply elements of auxiliary diagonal by the  
elements lied at tops of triangles with the bases parallel to auxiliary 
diagonal. Subtract obtained products (Fig. 4.2). 
a
1
a
2
a
3
b
1
b
2
b
3
c
1
c
2
c
3
+   
a
1
a
2
a
3
b
1
b
2
b
3
c
1
c
2
c
3
 
Figure 4.2 
For example, 
       
       
1 2 3
2 3 4 1 3 5 2 2 3 2 4 3
3 2 5
3 3 3 2 4 1 2 2 5 58.

              
 
              
 
2. The determinant of the third order can be calculated another 
way as it is shown at the Figure 4.3.  
+ + +
a
1
a
2
a
3
b
1
b
3
c
1
c
2
c
3
a
1
a
2
a
3
b
1
b
2
b
3
b
2
 
Figure 4.3 
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For example, 
6 2 3
20 3 4
6 2 5

 
 
6 2 3 6 2
20 3 4 20 3
6 2 5 6 2
  
 

  
  
  6 3 5     
             2 4 6 3 20 2 6 3 3 2 4 6 5 20 2 464.                         
3. Multiply each entry of row 1 and column 1 by their minors 
and add them, using alternative signs:  
1 1 1
2 2 2 2 2 2
2 2 2 1 1 1
3 3 3 3 3 3
3 3 3
2 2 1 1 1 1
1 2 3
3 3 3 3 2 2
a b c
b c a c a b
a b c a b c
b c a c a b
a b c
b c b c b c
a a a
b c b c b c
      
     
 
For example, 
3 2 2
5 8 1 8 1 51 5 8 3 2 2
2 1 4 1 4 24 2 1
             
     3 5 16 2 1 32 2 2 20 11.            
The system of three linear equations with three variables can be 
solved, using Cramer's rule: 
xx



, yy



, zz



, if 0  , 0x  , 0y  , 0z  . 
Example 44. Solve the system of equations: 
7 3 5 32
5 2 11
2 3 14
x y z
x y z
x y z
  

  
   
. 
Solution. Calculate determinates of the system: 
7 3 5
5 2 1 43,
2 1 3

  

  
32 3 5
11 2 1 86
14 1 3
x

  

, 
7 32 5
5 11 1 43
2 14 3
y    , 
7 3 32
5 2 11 129.
2 1 14
z

  

 
Then 
86
2
43
xx

  

, 
43
1
43
yy
 
   

, 
129
3
43
zz

  

. 
Answer.   2, 1, 3 . 
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For solving the system of linear algebraic equations with more 
than two variables, the Gauss method is used. This method consists in 
variables elimination. 
Let us analyze with some examples how to use this method.  
Example 45. Solve the system of equations 
6
2 3 13
3 8
x y z
x y z
x y z
  

  
   
. 
Solution. Multiply the first equation of the system by 2 and subtract it from the 
second equation of system. Multiply the first equation of system by 3 and 
subtract it from the third equation of system. Obtain system of the equations 
which is equivalent to the original one 
6
1
5
x y z
y z
y z
  

  
  
. 
Subtract the second equation of the system from the third one and obtain 
6
1
3
x y z
y z
z
  

  
 
. 
From the third, second and first equations it can be found:  
3,z    1 2,y z     6 1.x y z     
Answer.   1, 2, 3 . 
Example 46. Solve the system of equations: 
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4
2 3 2 1
2 2 3 2
3 2 3 2 5
2 3 2 11
x x x x
x x x x
x x x x
x x x x
   
    
     
   
. 
Solution. Using the first equation of system, eliminate the variable from the 
second, third and fourth equations. For this purpose:  
– subtract the first equation multiplied by 2 from the second equation; 
– subtract the first equation multiplied by 3 from the third equation;  
– subtract the first equation multiplied by 2 from the fourth equation.  
Obtain the system of equations that is equivalent to the original one: 
1 2 3 4
2 3 4
2 3 4
2 3 4
2 3 2 1
5 8 0
2 5 4 4
7 4 5 9
x x x x
x x x
x x x
x x x
   
   
   
   
. 
Use the second equation of system and eliminate 2x from the third and fourth 
equations of the system. For this purpose from the third equation subtract the 
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second one, multiplied by 
2
5
 , and from the fourth equation subtract the 
second one, multiplied by 
7
.
5
 Obtain the system:  
1 2 3 4
2 3 4
3 4
3 4
2 3 2 1
5 8 0
9 18 20
4 2 5
x x x x
x x x
x x
x x
   
   
  
 
. 
Eliminate 3x from the fourth equation. For this purpose subtract from it the 
third equation multiplied by 
4
9
 and obtain the system: 
1 2 3 4
2 3 4
3 4
4
2 3 2 1
5 8 0
9 18 20
7
2
9
x x x x
x x x
x x
x
   
   

 


. 
Solve the obtained triangular system:  
4
7
,
18
x     3 4
20 13
2 ,
9 9
x x    2 3 4
8 1 43
,
5 5 18
x x x      
1 2 3 4
2
1 2 3 2 .
3
x x x x      
Answer. 
2 43 13 7
, , ,
3 18 9 18
  
   
  
. 
4.9.2. Solving Nonlinear Equations  
We have analyzed some ways of solving the systems of linear 
equations.  
To solve nonlinear systems of algebraic equations are used the 
same methods as for solving the systems of linear equations:  
1) method of substitution;  
2) method of algebraic addition.  
Example 47. Solve the system  2 2 7 25x yx y    by substituting. 
Solution. Find 7y x   from the first equation. For this substitute  7 x  
instead of y  in the second equation. 
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Then obtain:  
 
22
7
7 25.
y x
x x
 
   
 
Find x  from the second equation:  
22 7 25x x     
2 2 2 249 14 25 2 14 24 0 7 12 0x x x x x x x             
1 23, 4x x    . 
The system has two solutions:  
а)  1 1 1
1 1
7 4
3 3
y x y
x x
  

 
;   b)  2 2 2
2 2
7 3
4 4
y x y
x x
  

 
. 
Answer.     3, 4 , 4, 3 . 
Example 48. Solve the system 
2 2
2 2
4 7 148
3 11
x y
x y
  

 
 with the method of algebraic 
addition. 
Solution. Multiply the second equation by 7 and add it to the first one. Obtain 
225 225x  , e.g. 2 9x  , 1,2 3x   . 
Substitute 3x    in the equation of the system and find: 4y   . 
Answer.     3, 4 , 3, 4  . 
Example 49. Solve the equation 
4 5 5
0
1 2 3 2
3 1 7
0
1 2 3 5
x y x y
x y x y

      

   
   
 by substituting. 
Solution. If 
1
1
t
x y

 
, 
1
2 3
z
x y

 
. Then for t  and z  we obtain the 
system: 
8 10 5 0
16 5 7 0
t z
t z
  
   
. 
Multiply the second equation by 2 and add it to the first one. We obtain: 
1
38 19
2
t t     . Then, 
1
10
z  .  
We find x  and y  from the system:  
1 1
1 21 2
1 1 2 7 3.
2 3 10
x y xx y
x y y
x y

       
       
 
 
Answer.   2, 3 . 
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4.9.3. Homogeneous Systems of Equations  
The system of equations is called homogeneous, if the left sides 
of its equations are homogeneous polynomials of degreen  and right 
sides of the equations are numbers.  
Polynomial   1 1 1 2 2 21 2, ... ... ... ...
k l q k l qP x y z A x y z A x y z    is 
called a homogeneous polynomial of degreen , if all its terms have the 
same power equals :n  1 1 1 2 2 2... ... ...k l q k l q n         . 
For example, 2 23 9x xy y   is a homogeneous polynomial of 
the second power; 4 3 2 2 3 47 3 3 5x x y x y xy y     is a homogeneous 
polynomial of the fourth power. 
Homogeneous systems are solved with methods of algebraic 
addition and substitution.  
Example 50. Solve the system of equations 
2 2
2 2
3 4 0
2 19
x xy y
x y
   

 
. 
Solution. Check the solution, if 0x  . For this substitute 0x   in the first 
equation and find the value of :y  
 2 2 23 0 4 0 0 0 0y y y y          . 
However, if 0x   and 0y   (from the first equation), therefore: 2 20 2 0 19    
(from the second equation), i.e. 0 19  is false equality. Consequently, 0x   
is not the root of the system.  
Divide the first equation by and obtain: 
2
2
3 4 0
y y
x x
    .  
Substitute 
y
t
x
  and obtain the system: 
 
2
2 2
4 3 0
1 2 19
t t
x t
   

 
. 
Find from the first equation: 1 1t  , 2 3t  . Substituting these values into the 
second equation: 
а) if 1 1t     1,2
19
3
x   , and y t x     1,2
19
3
y   ; 
b) if 2 3t     3,4 1x   , and y t x     3,4 3y   . 
Answer.    19 19 19 19, , , , 1, 3 , 1, 3
3 3 3 3
    
       
    
. 
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Example 51.  Solve the system 
3 2 2
2 2
3 4 0
2
x x y xy
x y
   

 
. 
Solution. Check the solution, if 0x  . Substitute 0x  to the second equation of 
the system and find: 2 1,22 2y y    .  
Hence, we have two solutions:  0; 2  and  0; 2 .  
Let us analyze the solutions of system, if 0x  . Divide the first equation of 
system by 3x  and denote 
y
t
x
 . We obtain the system:  
2
2 2
4 3 0
1 2.
t t
x t
   
   
 
From the first equation we find: 1 1t  , 2 3t  . Substitute these values into the 
second equation and obtain: 1x    and 0,2x   . We find the appropriate 
value y . 
Answer.             0, 2 , 0, 2 , 1, 1 , 1, 1 , 0.2, 3 0.2 , 0.2, 3 0.2 .      
Example 52. Solve the system 
2 2
2 2
3 1
3 3 13
x xy y
x xy y
    

  
. 
Solution. Multiply the first equation by 13 and add to the second equation. Obtain: 
2 2
2 2
2 2
13 39 13 13
3 3 13
16 40 16 0
x xy y
x xy y
x xy y

   
  
  
 
We divide both sides of the obtained equation by 8 and obtain: 
2 22 5 2 0.x xy y    We obtain a system of equations that is equivalent to the 
original system: 
2 2
2 2
3 1
2 5 2 0.
x xy y
x xy y
    

  
 
From the second equation it is shown that if 0x  , then 0y  , but the couple 
 0; 0  does not satisfy the first equation of the system. Therefore, the second 
equation of the latter system can be divided by 2 0x  . We obtain 
2
2 2 22 5 2 0, 0 2 5 2 0.
y y
x xy y x
x x
   
           
   
 
If 
y
t
x
    22 5 2 0t t      1 2,t   2
1
.
2
t    
Then 2 2
y
y x
x
    or 
1
2
2
y
x y
x
   .  
The original system is equivalent to the systems:  
2 23 1
2
x xy y
y x
    


   and   
2 23 1
2
x xy y
x y
    


. 
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The solutions of the first system:    1, 2 , 1, 2  . 
The solutions of the second system:    2, 1 , 2, 1   
Answer.         1, 2 , 1, 2 , 2, 1 , 2, 1    . 
Example 53. Solve the system 
 
 
22 2
2 2
19
7
x xy y x y
x xy y x y
     

    
. 
Solution. Reduce the system to homogeneous one. Rewrite the first equation: 
2 2 2 2 2 219 38 19 18 39 18 0x xy y x xy y x xy y         .  
We obtain the homogeneous equation. Check the solution, if 0x  . For this 
substitute 0x   to the equation of the system and find the value y :  
if 0 0y x   . Thus, the system has solution:  0, 0 .  
If 0y  , then divide this equation by 2y . We obtain: 
2
18 39 18 0
x x
y y
   
      
   
. 
2
1 2
3 2
18 39 18 0 , .
2 3
xx tt yy
t t t t
  
 
      
 
Let us solve two systems and find the set of solutions.  
 
1
2 2 2 1
3 3
3
a) 2 2
27 2
y y
x
x x
yx xy y x y y y
     
         
, 
 
2
2 2 2 2
2 2
2
3 3b)
3
7 3
x x
x
y y
y
x xy y x y y y
      
           
. 
Answer.       0, 0 , 2, 3 , 3, 2  . 
4.9.4. Symmetric Systems of Equations  
The expression  ,P x y  is called symmetric one if it does not 
change with the replacement x  to y  or y  to .x  For example, 
  2 2, ,P x y x xy y      2 2, ,P x y x y     3 3,P x y x y   are 
symmetric expressions.  
All symmetric expression with two variables can be expressed 
through the basic symmetric polynomials, such as  x y  and xy . 
Expressions  x y  and xy  are called the standard symmetric 
polynomials with two variables.  
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All symmetric expressions with two variables can be expressed 
through the standard symmetric polynomials, such as:   
 
22 2x xy y x y xy     ,  
22 2 2x y x y xy    , 
           2 33 3 2 2 3 3 .x y x y x xy y x y x y xy x y x y xy               
Symmetric system of equations is a system with symmetric 
equations.  
Symmetric system can be solved by introducing new variables – 
standard symmetric polynomials, e.g.  x y  and xy . 
Example 54. Solve the system 
 2 2 2 2
6
x y xy
x y
   

 
. 
Solution. Make substitution: ,u x y   .v xy  Transform the polynomial 
2 2x y  and obtain  
22 2 2x y x y xy    . 
We obtain a new system for v  and u : 
2 2 2 4
36 2 2 4 8
6
u v v
v v v
u
   
     

. 
Therefore, 1 1
2 2
2, 4,6
4, 2.8
x yx y
x yxy
  
  
 
Answer.     2, 4 , 4, 2 . 
Example 55. Solve the system 
4 2 2 4
3 3
6 136
30
x x y y
x y xy
   

 
. 
Solution. Make some transformations: 
а)       
22 2 24 2 2 4 2 2 2 26 4 2 4x x y y x y x y x y xy xy         ; 
b)     23 3 2 2 2x y xy xy x y xy x y xy      . 
Make substitution: ,u x y   v xy  and obtain a new system 
 
 
 
 
22 2
2
2 4 136 a
b2 30
u v v
v u v
   

 
. 
From the equation (b) of the latter system: 
30
v
.  
Substitute  2
30
2u v
v
   in the equation (a) and obtain 
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2
2 2
2
30 900
4 136 4 136v v
v v
 
      
 
 
4 2 4 24 136 900 0 34 225 0 5; 3.v v v v v v              
From the equation (b): 2 2
30 30
2 2u v u v
v v
     .  
Substitute the values of v  and obtain  
if 25 16 4v u u      ,  
if 23 16 4v u u      , 
if 5v    or 3v   , then there are no real values of u . 
Therefore: 1
1
4
5
u
v



, 2
2
4
5
u
v
 


, 3
3
4
3
u
v



, 4
4
4
3
u
v
 


. 
The original system is equivalent to the sum of four systems: 
4
5
x y
xy
 


, 
4
5
x y
xy
  


, 
4
3
x y
xy
 


, 
4
3
x y
xy
  


. 
The first and second systems do not have any solutions. Solutions of the third 
system are  1, 3 ,  3,1 . Solutions of fourth system are  1, 3 ,  3, 1  . 
Answer.         1, 3 , 3,1 , 1, 3 , 3, 1    . 
 
 
Answer the questions 
1. What is the system of equations?  
2. What does it mean: “To solve the system of equations”?  
3. Which systems of equations are called as equivalent ones?  
4. Which systems of equations are called linear ones?  
5. What are the main methods of solving systems of equations?  
6. How many solutions have a system of linear equations?  
7. What elements are composed the main and auxiliary 
determinants of linear equations?  
8. What is a homogeneous system of equations?  
9. What is a symmetrical system of equations? 
 
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Tasks № 11 
I. Calculate the determinants of third order. 
1) 
1 2 3
2 3 1
3 1 2
;  2) 
9 4 1
36 48 30
6 8 6
;  3) 
5 7 2
9 1 3
4 1 6

; 
4) 
3 1 1
2 2 5
1 1 3
;  5) 
1 3 2
4 7 11
5 10 13
;   6) 
5 0 0
3 2 1
7 4 5
. 
II. Solve the systems of equations with the determinant. 
1) 5 2 6 07 5 4 0x yx y     ;  2) 9 3 2 010 6 4 0x yx y     ;     3) 4 3 78 6 14x yx y   ; 
4) 
4 3 7
3 2 18 0
x y
x y
 
   
; 5) 
2 3 7
2 9
4 2 11
x y z
x y z
x y z
  

  
   
;     6) 
1
2 3 1
4 5 1
x y z
x y z
x y z
  

  
   
; 
7) 
2 0
2 0
2 0
x y z
x y z
x y z
   

  
   
; 8) 
5 3 2
4 3 2 10
2 3 17
x y z
x y z
x y z
   

  
   
;    9) 
2 3 6
2 3 4 20
3 2 5 6
x y z
x y z
x y z
  

  
   
. 
III. Investigate the systems of equations. 
1) 
 
1 0
3 2 3 0
x ay
ax ay a
  
    
;  2) 
   
   
5 2 3 3 2
3 10 5 6 2 4
a x a y a
a x a y a
      

      
; 
3)  
22 9 2 3
1
x a y a
x y
    

 
;  4) 
 1 2
3
x a y a
ax y a
    

  
; 
5) 
 
 
3 4 5 3
2 5 8
m x y m
x m y
    

   
; 6) 
 
 
1 8 4
3 3 1
a x y a
ax a y a
  

   
. 
IV. Solve the system of equations with Gauss method. 
1) 
3
3 7
2 3 0
x y z
x y z
x y z
  

  
   
; 2) 
2
2 4 1
6 3 5
x y z
x y z
x y z
  

  
   
; 3) 
2 3 8
3 6
2 2 6
x y z
x y z
x y z
  

  
   
; 
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4) 
2 5
3 2 2 7
5 2 6 17
x z
x y z
x y z
 

  
   
; 5) 
1 2 3 4
1 2 3 4
1 2 3 4
1 2 3 4
2 4 5 2
4 7 8 5
10 18 2 23 3
2 3 0
x x x x
x x x x
x x x x
x x x x
   
     

   
    
. 
V. Solve the systems of equations using the substitution method 
or the method of algebraic addition. 
1) 
2 7
3 2
x y
x y
 

  
;  2) 
6 5 8
4 7 2
x y
x y
  

 
;  3) 
3
8
x xy
y xy
  

 
;  
4) 
2
3
2
1
x
x y
y
x y
  
 

  

; 5) 
2 3 5
2 0
x xy y
y x
   

 
; 6) 
3 3
3
2 24
3 23
x yx
y yx
  

  
; 
7) 
2 23 3
3 2 2
x xy y
y x
    

 
; 8) 
2 2
4 4
3
17
x y
x y
  

 
. 
VI. Solve the systems of equations. 
1) 
2 2
2 2
3 2 11
12
4 3 2
3
x xy y xy
x xy y xy

   

   
  
;  2) 
2 2
10
3
2 27
x y x y
x y x y
x y
 
 
 
  
; 
3) 
1 1
2 2
2 14
41
x y
x y
 
 
  

 
;    4) 
2
2
5 3 88 6 19
3 3 88 1 2 6
x y x y
x y x y
     

    
; 
5) 
2 2
2 2
3 2
5 2
x y x y
x y x y
    

   
;  6) 
3 2 1
2
1 3 2
11
x y
y x
x y
  
 
 
  
. 
VII. Solve the systems of homogeneous equations. 
1) 
2 2
2 2
3 4 2 17
16
x xy y
x y
   

  
;  2) 
3 3
2 2 3
1
2 2
x y
x y y x y
  

  
; 
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3) 
  
  
2 2
2 2
16
40
x y x y
x y x y
   

  
;   4) 
2 2
2 2
5 6 5 29
7 8 17 43
x xy y
x xy y
   

  
; 
5) 
 
2 2
2 2
2 3 12
1
7
2
x y xy
x y y
   


  
;  6) 
3 2
2 3
3 158
3 185
x xy
x y y
  

  
. 
VIII. Solve the symmetric systems. 
1) 
2 2 34
2 38
x y
x y xy
  

  
;    2) 
2 2
3 9
7
x xy y
x y xy
  

  
; 
3) 
  
  
2 2 3
1 1 8
xy x y
x y
   

  
;   4) 
  
3 3 7
5 3
x y
xy x y
  

  
; 
5) 
3 34 4
5
3
5 6
x y
y x xy
x y xy

   


 
; 6) 
2 2
4 2 2 4
3
21
x xy y
x x y y
   

  
. 
IX. Solve the system of equations using different methods. 
1) 
7 9 2
7 9 2
x y
y x
    

   
;    2) 
4
3 2 2 34
4
3
x y x y
x x y xy y
    

   
; 
3) 
  
  
2 2 3
2 2 3
1
1
x xy y x y y
x xy y x y y
     

    
; 4) 
3
3
8 3
3 8
x x y
y x y
  

 
; 
5) 
  
3 3 19
8 2
x y
xy x y
  

  
;   6) 
3
2
9
x y
y x
x y xy

 

   
; 
7) 
  
  
2 2
2 2
16
40
x y x y
x y x y
   

  
;    8) 
 2 2 2 2
6
x y xy
x y
   

 
; 
9) 
4 4
2 2
17
5
x y
x y
  

 
. 
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FUNCTION 
 
Vocabulary section 
algebraic function алгебраическая функция 代数函数 
argument  аргумент 论据 
asymptote of graph of 
function 
асимптота графика 
функции 
渐近线的函数图象 
closed interval замкнутый интервал 封闭的区间 
compression сжатие 压缩，挤压 
constant function постоянная функция 常数的函数 
constant value постоянная величина 常数 
continuous function непрерывная функция 连续函数 
critical point критическая точка 临界点 
decreasing function  убывающая функция 下降函数 
dependent value зависимая величина 依附型价值(因变量) 
discontinuous function разрывная функция 不连续函数 
domain of definition of 
function  
область определения 
функции 
领域的作用 
even function четная функция 偶函数 
exponential function показательная функция 指数函数 
fractional rational 
function 
дробно-рациональная 
функция 
合理线性作用 
function  функция 功能，函数 
graph of concave 
function  
график функции 
вогнутый 
函数图象（凹） 
graph of convex function график функции 
выпуклый 
函数图象（凸） 
graph of function график функции  函数图像 
increasing function  возрастающая функция 上升函数 
independent value независимая величина 独立型价值 
intersect пересекать 相交 
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interval интервал 区间 
inverse function обратная функция 反函数 
irrational function иррациональная функция 无理函数 
linear function линейная функция 线性函数 
logarithmic function логарифмическая 
функция 
对数函数 
monotonous function  монотонная функция 单调函数 
odd function нечетная функция 奇函数 
open interval открытый интервал 打开的区间 
parallel параллельный 平行 
power function степенная функция 指数函数 
range of definition of 
function  
область значений 
функции 
价值的范围作用 
rational function рациональная функция 有理函数 
stretching растяжение 伸展，拉长 
transcendental function трансцендентная функция 超自然函数 
value величина 大小，价值 
variable value переменная величина 变量值 
whole rational function целая рациональная 
функция 
整体的有理函数 
           
5.1. The Concept of Function. Basic Properties of Functions. 
Elementary functions  
5.1.1. Definition of Function 
A function is a relation between a set of inputs X  and a set of 
permissible outputs Y  with the property that each input is related to 
exactly one output (Fig. 5.1). It is denoted as follows: ( )y f x= . 
Variable " x " is called the independent variable or argument. Variable 
" y " is called the dependent variable or function. The symbol f  is 
the law which denotes that each " x " value of function is related to 
its " y " value. 
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Figure 5.1 
The domain of definition of function is all the possible input 
values " x " for which the function is defined. Domain of definition of 
function is denoted by ( )D f . 
The range of definition of function ( ( )E f ) is the set of all 
possible output values (usually the variable" "y , or sometimes 
expressed as ( )f x ), which result from using a particular function.  
5.1.2. Determining Functions  
Function is given, if we know ( )D f  and ( )E f  sets and the 
type of their relation.  
There are three basic methods for determining functions: 
analytical, tabular and graphical.  
1. The analytical method consists in the fact that the function is 
imposed by a formula, for example 2y x= , 8 ,y mx=  5sin3y x= .  
2. The tabular method consists in the fact that the function is 
imposed in tabular form.  
For example, there are tables of numbers of cubes, squares of 
numbers, trigonometric functions, logarithmic functions etc.  
3. Graphical method consists in the fact that the graph of the 
( )y f x=  function shows in the ,x y -Plane (or “Cartesian” plane).  
Each point on a number line is assigned a number. In the same 
way, each point in a plane is assigned a pair of numbers. These 
numbers represent the placement of the point relative to two 
1x  
2x  
3x  
4x  
nx  
1y  
2y  
3y  
ny  
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intersecting lines. In coordinate graphs, two perpendicular number 
lines are used and are called coordinate axes (Fig. 5.2).  
 
Figure 5.2 
One axis is horizontal and is called x -axis. The other is vertical 
and is called the y -axis. The point of intersection of the two number 
lines is called the origin and is represented by the coordinates ( )0, 0O . 
It is chosen positive direction and the unit of measurement (scale) on 
each axis. 
A unique ordered pair of numbers that are called the coordinates 
locates each point on the coordinate plane. For example, the 
abscissa Mx  (or x-coordinate) and ordinate My  (or y-coordinate) for 
the point M.  
Graph of the function ( )y f x=  is the collection of all ordered 
pairs ( )( ),x f x  (Fig. 5.3). 
 
Figure 5.3 
If a xÎ  and the function ( )y f x=  is defined for x a= , then the 
value of function is written as: ( )y f a=   or  ( )x ay f a= = ,  or  ( )y a . 
( )y f x=  
x  
ix  
iy  
y  
0  
My  
y  
1  
2  
0  
1-  
1-  2-  x  Mx  1  2  
( ),M MM x y  
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When a function is given analytically, it is considered that the 
function is defined for all (real) numbers for which the expression 
defining the function can be evaluated. The set of all such values is 
called the natural domain of definition of functions and is denoted as 
( )D f .The natural domain of definition does not always the same as 
the real (physical) values of the argument.  
For example, x RÎ  is the natural domain for the function 
2y xp=  but if y  is the range of definition for a circle of x  radius, 
therefore, x  can be only positive.  
 
REMEMBER! 
To find ( )D f , it is necessary to consider the following 
conditions. 
1. If 2ny A= , then 0A ³ . 3. If logay A= , then 0A > . 
2. If Ay
B
= , then 0B ¹ . 4. If arcsin
arccos
Ay
A
ì ü= í ý
î þ
, then 1A £ . 
If an analytical expression of the function contains these 
expressions, then the range of definition of the analytical expression 
can be found as the intersection of the ranges of definition.  
For example, for the function 32
xy x
-=
+
 domain of definition 
of functions ( )D f  is expressed with the following condition: 
3 02
x
x
- ³
+
. It means that 2 3x x< - ³U  or ( ) ( ) [ ), 2 3,D f = -¥ - +¥U . 
5.1.3. Monotonicity of Functions 
A function ( )y f x=  is said to be monotonically increasing (or 
non-decreasing) on the ( ),a b  interval if its values are only rising and 
never falling with increasing values of x  ( ( ) ( )1 2f x f x£  with 1 2x x< ). 
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It is strictly increasing if values always become larger and cannot be 
constant ( ( ) ( )1 2f x f x<  with 1 2x x< ) (Fig. 5.4 a, b). 
    
Figure 5.4 
    
Figure 5.5 
Likewise, it is said to be monotonically decreasing (or non-
increasing) on the ( ),a b  interval are only falling and never rising 
( ( ) ( )1 2f x f x³  with 1 2x x< ). It is strictly decreasing when it is only 
falling without being constant ( ( ) ( )1 2f x f x>  with 1 2x x< ) (Fig. 5.5 a, b). 
Only increasing and decreasing functions at the interval are 
called (strictly) monotonic on this interval.  
x  1x  
1y  
y  
0  2x  a  b  
2y  
by  
ay  
b) 
x  1x  
2y  
y  
0  2x  a  b  
1y  
ay  
by  
b) 
x  1x  
2y  
y  
0  2x  a  b  
1y  
ay  
by  
а) 
x  1x  
1y  
y  
0  2x  a  b  
2y  
by  
ay  
а) 
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5.1.4. Even and Odd Functions  
Even functions and odd functions are functions that satisfy 
particular symmetry relations, with respect to taking additive inverses. 
For example, if ( )x D fÎ , then ( )x D f- Î . 
A function ( )y f x= , defined on a symmetric set ( )D f , is 
called even one, if for ( )x D fÎ  the equality ( ) ( )f x f x- =  is 
performed (Fig. 5.6). 
  
Figure 5.6 Figure 5.7 
For example, 2y x=  is an even function because ( )D f R=  and 
( ) ( )f x f x- = . If ( )y f x=  is even, therefore if " x " has two opposite 
values ( a+ , a- ) the value of " y " is the same. The graph of this 
function is symmetric with respect to the у-axis.  
A function ( )y f x=  defined on a symmetric ( )D f  set is called 
an odd function, if for ( )x D fÎ  the equality ( ) ( )f x f x- = -  is 
performed (Fig. 5.7).  
For example, 3y x=  is an odd function, because ( )D f R=  and 
( ) ( )3f x x f x- = - = - . The graph of this function is symmetric with 
respect to the origin.  
a-  
0  
c-  
a  
( ) ( )f x f x- = -  
x  
y  
c  
c  
d  
b-  a-  b  a  0  
y  
x  
( ) ( )f x f x- =  
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REMEMBER! 
A function is even or odd one if: 
1. its domain of definition is symmetric; 
2. one of these equations is being performed ( ) ( )f x f x- = ± . 
In fact, most functions are neither even nor odd.  
For example, 2y x= +  is neither even nor odd function 
because ( ) ( )f x f x- ¹ ± , lny x=  is neither even nor odd function 
because the domain of its definition is asymmetric ( ( )D f R+= ). 
5.1.5. Periodic and Limited Functions  
A periodic function is a function that repeats its values in regular 
intervals or periods. The function ( )y f x=  is called periodic one if 
there is a number 0T ¹  that the numbers ( )x T-  and ( )x T+  also 
belong to the domain of definition for any x  and the following 
equality ( ) ( ) ( )f x T f x T f x- = + =  is performed. The number T  is 
called the period of ( )y f x=  function. For example, siny x=  is a 
periodic function with period 2T p=  (Fig. 5.8).  
 
Figure 5.8 
The numbers 4p , 6p , 8p , ... 2n p×  are also periods of the 
function siny x= . The smallest positive period is called the basic 
(fundamental) period of the ( )y f x=  function. The period 2T p=  is 
the basic period for the siny x=  function. 
1 4T p=  
x  p  
1  
1-  
0  
2T p=  2T p=  
y  
p-  3
2
p-  2p-  3
2
p
 
2p   
2
p
-  
2
p
 
siny x=  
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Example 1. Find the period of functions: a) 5sin 2 2cot3y x x= + ; 
b) ( )3sin 8tan 5y x xp= + + . 
Solution. a) The period of function 5sin 2y x=  is 1
2
2
T p p= = , and the period of 
function 2cot3y x=  is 2 3
T p= . In this case p  is the smallest number which 
is divided by 1T  and to 2T  without remainder. Therefore, the period of this 
function is equal to T p= . 
b) The period of the function 3siny xp=  is 1
2 2T p
p
= = , and the period of the  
function ( )8tan 5y x= +  is equal to 2 1T
p
p= = . The period of original 
function does not exist, because it is not a number, which can be divided by 2 
and by p  without remainder.  
Answer. а) T p= ;   b) period T does not exist. 
A function ( )y f x=  defined on some set X with real or 
complex values is called bounded, if the set of its values is bounded. 
For example, the function siny x=  does not have values that are 
more than 1 or less than 1- .   ( ) [ ]sin 1, 1E x = - . 
The function ( )y f x=  is called bounded in the domain of 
definition ( )D f , if there is a real number 0c > , that ( )f x c£  for 
all ( )x D fÎ . 
5.1.6. Intervals of Constant Sign, the Zeros and Extremes of 
Functions. Asymptotes  
A “zero” (roots) of a function is an input value ( )x D fÎ  that 
produces an output of zero ( ) 0y f x= = .  
For example, for the function siny x=  the zeros are the 
following points: x kp= , k ÎZ  (Fig. 5.8).  
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A function changes sign if it passes through zero. Numeric 
intervals where the function preserves the sign are called intervals of 
constant sign. 
For example, intervals of positivity of the function siny x=  
( )0y >  are intervals ( )2 , 2x k kp p pÎ + , and intervals of negativity 
( )0y <  are intervals ( )2 , 2x k kp p pÎ - +  (Fig. 5.8). 
The value of the variable 0x x=  of the domain of function 
( )y f x=  is called a minimum point, if there is a d -neighborhood of 
this point ( )0 0,x x xd dÎ - +  that for all 0x x¹  the inequality 
( ) ( )0f x f x<  will be true. The function value ( )0y f x=  at this point 
is the minimum value of function (minimum of function).  
For example, points 2
2
x kp p= - + , k ÎZ  are the minimum 
points of the function siny x= . The minimum value of function is: 
min 1y = -  (Fig. 5.8).  
The value of the variable 0x x=  of the domain of function 
( )0y f x=  is called the maximum point, if there is a d -neighborhood 
of this point ( )0 0,x x xd dÎ - +  that for all 0x x¹  the inequality 
( ) ( )0f x f x>  will be true. The function value at this point ( )0y f x=  
is called the maximum value of function (maximum of function).  
For example, points 2
2
x kp p= + , k ÎZ  are maximum points for the 
function siny x= . The maximum value of function is: max 1y =  (Fig. 5.8).  
Points of maximum and minimum are points of extremes. The 
values at these points are called extremes of function (maximum and 
minimum of function). 
Asymptote of a curve is a line such that the distance between the 
curve and the line approaches zero as they tend to infinity. Asymptotes 
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may be: vertical ( x a= ) (Fig. 5.9, 5.10), horizontal ( y b= ) (Fig. 5.9) 
and slope ( y kx b= + ) (Fig. 5.10).  
The rule for the asymptotes constructing will be given in chapter 10. 
      
Figure 5.9 Figure 5.10 
 
REMEMBER! 
The basic properties of function 
1. The domain of definition of the function ( )D f .  
2. The range of definition of the function ( )E f .  
3. Even, odd or neither function.  
4. Periodic or aperiodic function.  
5. The zeros (roots) of function.  
6. Intervals of constant sign.  
7. Monotonicity of function (intervals of increasing or decreasing).  
8. Extremes of function (maximum, minimum).  
9. Bounded or unbounded function.  
10. Asymptotes of function.  
5.1.7. Inverse Functions  
Inverse function is a function that reverses to another function: 
if the function ( )y f x=  applied to an input x  gives a result of y , 
then applying the inverse function j  to y gives the result x , and vice 
versa, e.g. ( )f x y=  and ( )y xj = .  
a  x
y  
b  
x  a0
y  
( )y f x=  
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An even function does not have the inverse function.  
 
REMEMBER! 
The domain of the inverse function coincides with the range of 
definition of the original function ( ) ( )( )D E fj = , and range of 
definition of the inverse function coincides with the domain of the 
original function ( ) ( )( )E D fj = .  
For example, for the function 3y x=  ( ( )D f R=  and ( )E f R= ) 
the inverse function 3y x=  can be determined from the equality 
( )D Rj =  or ( )E Rj = .   
Therefore, there is the inverse function 3y x=  for the function 
3y x= , we have ( ( ) ( )D E f Rj = =  and ( ) ( )E D f Rj = = ).  
Let’s analyze the graphs of line (I) and of inverse functions (II)  
(Fig.5.11). The curve I is a graph of function 3y x= , and curve II is a 
graph of function 3y x= . Figure 5.11 shows the graph of the function 
y x= .  
Comparing graphs, we can make conclusion: graphics of inverse 
functions ( 3y x=  and 3y x= ) are symmetrical with respect to y x= .  
 
Figure 5.11 
3y x=  
I  
II  
y x=  3y x=  
y  
0  1 
1 
1-  
1-  x  
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5.1.8. Elementary Functions 
Table 5.1 – The basic elementary functions  
№ Name of function Formula 
1.  Power function  ,ny x= x RÎ  
2.  Exponential functions  xy a=  or xy e=  
logay x= , 0, 1a a> ¹  
lgy x= , 10a =  3.  Logarithmic functions  
lny x= , a e=  
siny x=  or cosy x=  
tany x=  or coty x=  4.  Trigonometric functions  
secy x=  or cscy x=  
arcsiny x=  
arccosy x=  
arctany x=  5.  Inverse trigonometric functions  
arccoty x=  
Elementary functions are functions of one variable built from a 
finite number of exponentials, logarithms, constants, and n-th roots 
through composition and combinations using the four arithmetic 
operations. 23 5y x x= + , 5 23
x
y x
-= , ( )23log 1y x x= + + , 
2arctan 1y x= - , cosy x=  are elementary functions. 
Elementary functions can be divided into two parts (Fig. 5.12). 
 
Figure 5.12 
Elementary functions 
Algebraic functions 
 
Fractional rational 
Whole rational 
Irrational 
Exponential  
Trigonometric and 
inverse trigonometric 
Logarithmic 
Transcendental functions 
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Answer the questions 
1. What is the function?  
2. What does ( )y f x=  mean?  
3. Which variable is called the argument?  
4. What is the dependent variable?  
5. What is the domain of functions?  
6. What is the range of the function? 
7. What methods of determining functions do you know?  
8. What is a graph of function? 
9. What functions are monotone increasing (decreasing)? 
10. What functions are called even and odd ones? 
11. What is the inverse function?  
12. What are the basic properties of functions? 
13. What is the period of the function? 
14. Define asymptotes of graph of function. 
15. Which of these functions is the power function?    
a) xy a= ; b) ny x=  c) logay x= ; d) arctany x= . 
16. Which of these are exponential functions? 
а) siny x= ; b) xy e= ; c) lny x= ; d) y x= . 
17. What are the basic elementary functions? 
18. How can we divide elementary functions? 
19. Give examples of whole and fractional rational functions.  
20. What function is called irrational one?  
 
Tasks № 12 
I. Find the domain of functions: 
1) 7 6 35 8 13 18 7y x x x x= + + - - ; 2) 225y x= - ; 3) 5
2
xy
x
-
=
-
; 
4) 2
2
1
xy
x
+
=
-
; 5) 1y x= - ; 6) 11y
x
= - ; 
7) ( )lg 1y x= - ; 8) 2logy x= ;  9) 
1
32 xy -= . 
s 
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II. Find the range of the functions: 
1) 3 5y x= - ; 2) 22 1y x= + ; 3) 22 3y x= - ;  
4) 
1
xy
x
=
-
; 5) 1 1y x= - + ; 6) 4y x= - ; 
7) 5 5xy = - ; 8) ( )lg 1y x= - ; 9) 
1
5xy = . 
III. Find out if a function is even, odd or neither: 
1) 23 2y x= + ; 2) 35 2y x= + ; 3) 2y x x= + ;  
4) 52y x= ; 5) 3 8y x= + ; 6) y x= . 
IV. Find out a function which is inverse to given one: 
1) 2 2y x= + ; 2) 3y x= - ; 3) 5y x= ;  4) 11y
x
= + ; 
5) 3y x= ; 6) 1y x= - ; 7) lgy x= ; 8) 1xy e -= . 
V. Find out the domain ( )D f  and range ( )E f  for inverse to given 
function. 
1) 2y x= - ; 2) 2 1y x= + ; 3) 2xy = . 
VI. Find out zeros and intervals of constant sign for given 
functions. Which of these functions have asymptotes? 
  
  
0  
2
2
xy +=
1 
2-  x  
y  1)  
2 4y x= -  
2-  2  
4-  
0  x  
y  2)  
2 1y x= - +  
1-  1 0  
1 
x  
y  3)  1y
x
=  
0  x  
y  4)  
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VII. Find out the intervals of increasing and decreasing of 
functions given below. Which of these functions have asymptotes?  
  
  
  
VIII. Find out the periods of functions. 
1) sin 2 ;y x=    2) 3sin ;
2
y x=    3) 3cos ;
5
y x=   
4) sin ;y x=    5) cos ;y x=    6) tan 4 .y x=  
( )22y x= -  
4  
0  2  x  
y  1)  
4  
2  
2y x= -  
0  2  x  
y  2)  
0  
( )21 2y x= - +  
3  
x  
y  3)  
2  
2  1 
( )22 1y x= - -  
3  2  1 0  x  
y  4)  
2  
2-  
5)  
1-  
2-  x  2  
3 4y x x= -  
1 
y  
2 3
3
 
2 3
3
-  
3  
2  
1-  
12y
x
= +  
0  x  
y  6)  
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5.2. Algebraic Functions 
An algebraic function is a function that can be defined as the 
root of a polynomial equation. Algebraic functions can be classified 
by the formula with which they are given (Table 5.2).   
Table 5.2 – Classification of algebraic functions 
Name of 
function 
Formula Example of 
function 
Algebraic 
operations 
Whole 
rational 
function 
Function is given by 
polynomial 
( ) 10 1
1
n n
n
n n
P x a x a x
a x a
-
-
= + +
+ + +K  
3 2 5y x x= - +  Addition, 
subtraction, 
multiplication, 
raising to power 
Fractional 
rational 
function  
Function is given by  
ratio of two 
polynomials  
( ) ( )( )
P x
R x
Q x
=  
2 8 12
5
x xy
x
- +
=
-
 Addition, subtraction, 
multiplication, 
raising to power, 
division. 
The variable is in 
denominator  
Irrational 
function  ( )
1
ny P x= é ùë û  
23 7y x= -  The variable is 
under the radical 
5.2.1. Linear Function  
Let’s analyze a whole rational function, which is given by 
polynomial ( ) 10 1 1n nn n nP x a x a x a x a- -= + + + +K . 
A polynomial of the first degree 0 1y a x a= +  will be at the right 
side of the equation, if 1n = . This is a linear function. The formula of 
this function is: y kx b= + , where k  and b  are constants.  
The graph of a linear function is a straight line. If we know the 
coordinates of two points in the Coordinate Plane, then a graph of this 
function can be plotted.  
Let’s plot a point ( )0, AA y  and the point ( ), 0BB x . We obtain 
that Ay b=  and B
bx k= - , 0k ¹  from the formula y kx b= + .  
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Plot the points ( )0,A b  and , 0bB k
æ ö-ç ÷
è ø
 on the x -axis and y -
axis. Then connect the points A and B  with a straight line.  
The resulting line AB  is the graph of the function y kx b= +  
(Fig. 5.13, if 0k >  and Fig. 5.14, if 0k < ).  
   
Figure 5.13 Figure 5.14 
Properties of linear function y kx b= + . 
1. The domain of the linear function is the real axis: ( )D f R= . 
2. The range of this function: ( ) ( ),E f = -¥ + ¥ . 
3. The function increases monotonously, if 0k >  (Fig. 5.13) and 
decreases monotonously, if 0k <  (Fig. 5.14).  
4. Zeros of the function: 0y = , if bx k= - . 
5. If 0k > , then 0y >  with bx k>- , 0y <  with 
bx k< - . 
If 0k < , then 0y >  with bx k< - , 0y <  with 
bx k>- . 
6. The function is neither even, nor odd. 
7. The function has no extremum. 
8. Graph of the function has no asymptotes.  
   
Figure 5.15 Figure 5.16 Figure 5.17 
y
 
x
 
( )0;A b  
, 0bB
k
æ ö-ç ÷
è ø
 
y  
x  
0k <  
( )0;A b  , 0bB
k
æ ö-ç ÷
è ø
 
y  
x  
0k >  
b  
y  
x  
y b=  
( )0k =  
y  
x  
0y =  
( )0k =  
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If we put 0k =  in formula y kx b= + , we obtain a straight 
line y b=  that is parallel to the x -axis (Fig. 5.15). This graph is a 
graph of constant functions.  
If we put 0k =  and 0b =  in the formula y kx b= +  we obtain a 
straight line ( 0y = ) which directly coincides with the x -axis 
(Fig. 5.16).  
If you put 0b =  and 0k ¹  in the formula y kx b= +  we obtain 
y kx= . This function is called direct proportionality. Graph of this 
function y kx=  is a straight line contains the origin (Fig.5.17).  
Let’s analyze the properties of two functions y x=  and y x= - . 
These functions are obtained from the formula y kx= , if 1k = ± .  
Graphs of functions y x=  (Fig.5.18) and y x= -  (Fig.5.19) are 
straight lines contains the origin. 
    
Figure 5.18     Figure 5.19 
Properties of function y x=  Properties of function y x= -  
1. ( )D f R= , ( ) ( ),D f = -¥ + ¥ , 
or x RÎ . 
1. ( )D f R= , ( ) ( ),D f = -¥ + ¥ , 
or x RÎ . 
2. ( )E f R= , ( ) ( ),E f = -¥ + ¥ , 
or y RÎ . 
2. ( )E f R= , ( ) ( ),E f = -¥ + ¥ , 
or y RÎ . 
3. Zero of function: 0y= , if 0x = . 3. Zero of function: 0y= , if 0x= . 
4. 0y < , if ( ), 0x Î -¥ ; 
0y > , if ( )0,x Î + ¥ . 
4. 0y < , if ( )0,x Î + ¥ ; 
0y > , if ( ), 0x Î -¥ . 
5. Function increases at all domain 
of function. 
5. Function decreases at all 
domain of function. 
y  
x  1 
1 
y  
x  
1 
1-  
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6. Function is odd:  
( ) ( )y x y x- = - . 
The graph of function is 
symmetric with respect to the 
origin. 
6. Function is even:  
( ) ( )y x y x- = - . 
The graph of function is 
symmetric with respect to the 
origin. 
7. Function has not an extremum.  7. Function has not an extremum. 
8. The graph of function has no 
asymptotes. 
8. The graph of function has no 
asymptotes. 
5.2.2. Power Function  
If 0a k=  and 1 2 0na a a= = = =K  in the expression 
1
0 1 1
n n
n ny a x a x a x a
-
-= + + + +K , therefore we obtain 
ny kx= . The 
function ny kx=  ( ,k n RÎ ) and x is variable is called a power 
function. 
If 1n = , we have a direct proportionality y kx=  (k is a 
coefficient of direct proportionality). If 1n = - , we have an inverse 
proportionality 1ky
x
=  ( 1k  is a coefficient of inverse proportionality). 
If 2n =  in formula ny x= , then the graph of function is a 
parabola 2y x=  (Fig. 5.20).  
If 3n = , then the graph of function is cubic parabola 3y x=  
(Fig. 5.21). 
  
Figure 5.20  Figure 5.21 
1 
2-  1-  2  1 0  
4  
y  
x  
2y x=  
2  
c-  
3y x=  
x  
y  
8  
1 
1 
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Properties of function 2y x=  Properties of function 3y x=  
1. ( )D f R= . 1. ( )D f R= . 
2. ( ) ( )0,E f R+= = ¥ ,  
y  is a positive number. 
2. ( )E f R= . 
3. Function has one zero  
( 0y = , if 0x = ). 
3. Function has one zero  
( 0y = , if 0x = ). 
4. 0y > , if ( ) ( ), 0 0,x Î -¥ + ¥U . 4. 0y > , if ( )0,x Î + ¥  and  
0y < , if ( ), 0x Î -¥  
5. Function decreases on the 
interval ( ), 0x Î -¥  and 
increases on the interval 
( )0,x Î + ¥ . 
5. Function increases 
monotonously at all domain of 
function. 
6. Function has minimum,  
if 0x = , ( )min 0 0y = . 
6. Function has not extrema. 
7. Function is even:  
( ) ( )y x y x- = .  
The graph of function is 
symmetric with respect to y -
axis. 
7. Function is odd: 
( ) ( )y x y x- = - . 
The graph of function is 
symmetric with respect to the 
origin. 
8. The graph of function has not 
asymptotes. 
8. The graph of function has not 
asymptotes. 
Let’s analyze another function 2y ax bx c= + + , namely, a 
quadratic function, obtained from a polynomial of n  degree, if 2n = .  
The domain of the function 2y ax bx c= + + is: ( )D y R= .  
The graph of the function is a parabola. The graph of a parabola 
either opens upward like 2y x= , if 0a >  (Fig. 5.22) or opens 
downward like the graph of 2y x= - , if 0a <  (Fig. 5.23).  
The line of symmetry of the parabola is a straight line: 
2
bx
a
= - . 
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REMEMBER! 
Coordinates of vertex of the parabola are given with formulas: 
0 2
bx
a
= - ,            
2
0
4
4
ac by
a
-
= . 
 
Figure 5.22 Figure 5.23 
To sketch the graph of the function let us transform the following 
expression: 
( )
2 2
2 2 2 2
2
2
2 22 2
2
0 0
2
2 2 2 2 4
4 .
2 4 2 4
b cy ax bx c a x x
a a
b b b c b c ba x x a x
a a a a a a a
b b b ac ba x c a x a x x y
a a a a
æ ö= + + = + × + =ç ÷
è ø
é ù é ùæ ö æ ö æ ö= + × × + - + = + + - =ê ú ê úç ÷ ç ÷ ç ÷
è ø è ø è øê ú ê úë û ë û
-æ ö æ ö= + + - = + + = + +ç ÷ ç ÷
è ø è ø
 
5.2.3. Fractional Rational Function  
Fractional rational function ( )y x  is determined by the ratio of 
two polynomials and is written in the form:  
( )
( )
1
0 1
1
0 1
...
....
n n
n
m m
m
P xa x a x ay
b x b x b Q x
-
-
+ + +
= =
+ + +
. 
( )0 0,A x y  
( )0 0,A x y  
1x  2x  
c  
0  
y  
x  
0x  
0y  
y  
2x  
c  
0  x  
a branch of 
parabola 
0x  
0y  
1x  
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The domain of these functions will be all values x , except those 
when the denominator is equal to zero. Values ix  ( )i m£ , if ( ) 0Q x =  
are called points of discontinuity.  
Fractional rational function is the function of the form: ky x=  
(inverse proportionality).  
If 1k =  the function ky x=  has the form 
1y x=  (Fig.5.24). 
If 1k = -  it has the form 1y x= -  (Fig.5.25). Let us analyze the 
properties of these functions.  
         
Figure 5.24 Figure 5.25 
Properties of function 1y x=  Properties of function 
1y x= -  
1. ( )D f R= , except 0x =   
( ( ) ( ) ( ), 0 0,D f = -¥ + ¥U ). 
1. ( )D f R= , except 0x =   
( ( ) ( ) ( ), 0 0,D f = -¥ + ¥U ). 
2. ( )E f R= , except 0y =  
( ( ) ( ) ( ), 0 0,E f = -¥ + ¥U ). 
2. ( )E f R= , except 0y =  
( ( ) ( ) ( ), 0 0,E f = -¥ + ¥U ). 
3. Function has no zeroes. The 
graph of function does not 
intersect the x -axis. 
3. Function has no zeroes. The 
graph of function does not 
intersect the x -axis. 
4. 0y < , if ( ), 0x Î -¥ ;  
0y > , if ( )0,x Î + ¥ . 
4. 0y < , if ( )0,x Î + ¥ ;  
0y > , if ( ), 0x Î -¥ . 
y  
x  0  1  
1  
1y
x
=  
y  
x  
0  1  
1-  
1y
x
= -  
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5. Function monotone decreases 
on the intervals  
( ), 0x Î -¥  and ( )0,x Î + ¥ . 
5. Function monotone increases on 
the intervals  
( ), 0x Î -¥  and ( )0,x Î + ¥ . 
6. Function has no extrema. 6. Function has no extrema. 
7. Function is odd one: 
( ) ( )f x f x- = - .  
The graph of function is 
symmetric with respect to the 
origin. 
7. Function is odd one: 
( ) ( )f x f x- = - .  
The graph of function is 
symmetric with respect to the 
origin.  
8. The graph of function does not 
intersect coordinate axes. x -
axis and y -axis are the 
asymptotes of hyperbola. 
8. The graph of function does not 
intersect coordinate axes. x -
axis and y -axis are the 
asymptotes of hyperbola.  
The graph of the function ky x=  is a hyperbola. Ordinates of its 
graph are greater than ordinates of 1y
x
=  (Fig. 5.26) or 1y x= -  (Fig. 
5.27) in k  times.  
      
Figure 5.26 Figure 5.27 
y  
x  0  1  
k  
, 0ky k
x
= >
y  
x  0  
k  
1-  
, 0ky k
x
= <  
Chapter 5 
 154
The ratio of two linear functions is a fractional linear function 
ax by cx d
+=
+
.  
Fractional linear function can be written as ax by cx d
+=
+
, where 
0c ¹ . Let us make some transformations:  
( )
ax b ax b acx by cx d cx d cx d cx dc cx d
+= = + = + =
+ + + ++
( )
( )
( )
a cx d adacx ad ad b b
cx d cx dc cx d c cx d
+ -+ -= + = + =
+ ++ +
 
( ) ( )
a ad b a bc ad
c cx d cc cx d c cx d
-= - + = + =
++ +
 
2
2
bc ad
a bc ad a kc mc c d x nd xc x cc
-
-= + = + = +
-æ ö ++ç ÷
è ø
. 
Obtain: ky m x n= + - , where 
am
c
= , 2
bc adk
c
-=  and dn
c
= - .  
If we move the graph ky
x
=  to n  units along the x -axis and then 
we move it to m  units along the y -axis, we plot the graph of function 
ax b ky m
cx d x n
+
= = +
+ -
 (Fig. 5.28). 
 
Figure 5.28 
( )1 ,O n m  
1y  
1x  
( )0,0O  x  
y  
n  
m  
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The equation of vertical asymptote has the form: a
dx c= - , and the 
equation of a horizontal asymptote has the form: a
ay c= . 
Example 2. Sketch the graph of function 3 21
xy x
-=
+
. 
Solution. In fractional linear function ax by cx d
+=
+
 the coefficients are:  
3a = , 2b = - , 1c =  and 1d = .  
Let’s calculate the values: 3am c= = , 1
dn c= - = -  and 2 5
bc adk
c
-= = -  and 
write down the transformed formula of function: 
3 2 531 1
x ky mx x n x
-= = + = -
+ - +
. 
We also can obtain the same formula of original function:  
( )3 1 13 2 3 2 2 1 23 11 1 1 1 1 1 1
3 2 53 31 1 1
xx xy x x x x x x x
x x x
+ -- æ ö= = - = - = - - =ç ÷+ + + + + + +è ø
= - - = -
+ + +
 
Let us construct the graph of function 5y x= -  (Fig. 5.29) and 
53 1y x= - +  
(Fig. 5.30). 
      
 Figure 5.29 Figure 5.30 
Answer. We have obtained the graph of function 3 2
1
xy
x
-
=
+
 by 5y
x
=-  translating 
1 unit to the left and 3 units upward. 
1-  
y  
x  
5  
5y
x
= -  
5-  
1  
y  
3  
53
1
y
x
= -
+
 
1-  x  
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5.2.4. Irrational Function  
If 0 1n< < , then function ny x=  can be written as ny x= . Let 
us analyze the properties of functions: y x=  (square root function) 
and 3y x=  (cube root function). Their graphs are shown at 
Figures 5.31 and 5.32. 
    
 Figure 5.31 Figure 5.32 
Properties of functions y x=  Properties of functions 3y x=  
1. ( ) [ )0,D f R+= = + ¥ . 1. ( ) ( ),D f R= = -¥ + ¥ . 
2. ( ) [ )0,E f R+= = + ¥ . 2. ( ) ( ),E f R= = -¥ + ¥ . 
3. Zero of function 0y = , if 0x = . 3. Zero of function 0y = , if 0x = . 
4. 0y > , if ( )0,x Î + ¥ . 4. 0y > , if ( )0,x Î + ¥ ; 
0y < , if ( ), 0x Î -¥ . 
5. Function monotone increases,  
if ( )0,x Î + ¥ . 
5. Function increases monotone, if 
( ),x Î -¥ + ¥ . 
6. Function has minimum,  
if 0x = , ( )min 0 0y y= = . 
6. Function has not extrema. 
7. Function is neither even, nor 
odd: ( ) ( )y x y x- ¹ ± . 
7. Odd function: ( ) ( )y x y x- = - . 
8. Function has no asymptotes. 8. Function has no asymptotes. 
Function ny x=  has the same properties as y x= , if n  is 
even and the same properties as 3y x= , if n  is odd one. 
1 
2  
1 0  
y  
x  
y x=  
4  2-  
8-  
2  
3y x=  
x  
y  
8  1 
1 
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5.2.5. Absolute Value Function  
Let us analyze the function y x= . This function is denoted by 
formula: 
,  if 0;
,  if  0.
x x
x
x x
³ì
= í- <î
 The graph of this function is shown at the 
Figure 5.33. 
  
Figure 5.33 
Properties of function y x=  
1. The domain of function ( ) ( ),D f = -¥ + ¥  or x RÎ . 
2. The range of function ( ) [ )0,E f = + ¥  or y R+= . 
3. Function is equal to zero, if 0x = . 
4. Function is positive at the domain of function: 0y >  , if x RÎ . 
5. Function increases on the interval ( ), 0-¥  and decreases on the 
interval ( )0, + ¥ . 
6. Function has an extremum (the minimum point): if 0x = , 
( )min 0 0y y= =  
7. Function is even one: ( ) ( )y x y x= - . 
8. Function has no asymptotes. 
For the function ( )y f x=  it can be written down: 
( ) ( ) ( )( ) ( )
,  if  0,
,  if  0.
f x f x
f x
f x f x
ì ³
= í- <î
 
y x=  
1 0  2  2-  1-  x  
1 
2  
y  y x=  
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For example, the function 3 1y x= -  can be written as follows: 
3 3
3
3 3
1, if 1 0 or  11
1, if 1 0 or  1
x x xy x
x x x
ì - - ³ ³
= - = í- + - < <î
. The graph of function is 
shown at the Figure 5.34. 
 
Figure 5.34 
 
Answer the questions 
1. What is a linear function? 
2. What is a direct proportionality? 
3. Which properties of function y x=  do you know? 
4. What does the point 0x =  mean for the graph of function 1y x= ? 
5. What are the graphs of functions y kx= , 2y ax= , ky x= ? 
6. What are the intervals of increasing or decreasing of function 
2y x= ? 
7. Give the examples for the whole rational function. 
8. What is a fractional rational function? 
9. What is an irrational function? 
10. Which properties has the function y x= ? 
1-
1
1 
3 1y x= -  
x  
y  
s 
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Tasks № 13 
I. Write down formulas of direct and inverse proportionality with 
the coefficient 2k = . 
II. Find out the axis of symmetric and coordinates of the vertex of 
the parabola. 
1) 2 7 6y x x= - + ; 2) 22 8 9y x x= - + - ; 3) 2 7 10y x x= + + . 
III. Write the equation of vertical asymptote of the graph of 
function 2 3y x= - . 
IV. Find out ( )1f x + , if ( ) 2 2
xf x x
-=
-
. 
V. Transform the formula of function 3
2
xy
x
+
=
-
 to ky m
x n
= +
-
. 
VI. Sketch graphs of functions.  
1) 3y x= - ; 2) 3y x= + ; 3) 2 5 6y x x= - + . 
VII. Write down the basic properties of function 7 1y x= - . 
5.3. Transcendental Functions  
5.3.1. Exponential Function  
Function, given by the formula xy a= , where 0a > , 1a ¹  is 
called exponential. 
Let’s analyze the properties and the graph xy a= , if 1a >  and 
0 1a< < . 
Properties of function xy a=  
1a >  0 1a< <  
1. The domain of function: x RÎ . 1. The domain of function: x RÎ . 
2. The range of function: 
( )0,y Î + ¥ . 
2. The range of function: 
( )0,y Î + ¥ . 
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3. Function is neither even, nor 
odd. 
3. Function is neither even, nor 
odd. 
4. Function monotone increases at 
the domain of function (Fig. 
5.35). 
4. Function monotone decreases at 
the domain of function (Fig. 
5.36). 
 
Figure 5.35 
 
Figure 5.36 
5. Function has no zeroes. The 
graph of function does not 
intersect the x -axis.  
5. Function has no zeroes. The 
graph of function does not 
intersect the x -axis.  
6. Function is positive at the 
domain of function. 
6. Function is positive at the 
domain of function. 
7. Function has no extrema. 7. Function has no extrema. 
8. Function has no asymptotes. 8. Function has no asymptotes. 
5.3.2. Logarithmic Function  
Function, given by formula logay x=  ( 0a > , 0a ¹ ) is called 
logarithmic.  
 
REMEMBER! 
Logarithm of positive number x  (with the base a  
( )0, 0a a> ¹ ) is called such exponent to which we need to raise 
number a  to obtain the number x , where yx a= . 
1
xy a
a
=
>
 
1 
x  
y  
1 
x  
y  
0 1
xy a
a
=
< <
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The logarithmic function logay x=  is the inverse one for the 
exponential function xy a= . Graphs of these functions are symmetric 
with respect to the line y x=  (Fig. 5.37, 5.38).  
Let’s analyze the properties and the graph of the function 
logay x= , if 1a >  and 0 1a< < . 
   
 Figure 5.37 Figure 5.38 
Properties of function logay x=  
1a >  0 1a< <  
1. The domain of function: 
( )0,x Î + ¥ . 
1. The domain of function: 
( )0,x Î + ¥ . 
2. The range of function: y RÎ . 2. The range of function: y RÎ . 
3. Function is neither even, nor 
odd one. 
3. Function is neither even, nor 
odd one. 
4. Function increases, if 0x > . 4. Function decreases, if 0x > . 
5. Zeroes of function 0y = , if 1x = . 5. Zeroes of function 0y = , if 1x = . 
6. 0y > , if 1x >   
0y < , if 0 1x< < . 
6. 0y > , if 0 1x< <   
0y < , if 1x > . 
7. Function has no extrema. 7. Function has no extrema. 
8. Function has no asymptotes. 8. Function has no asymptotes. 
y  
x  
1 
1 
xy a=  
log
1
ay x
a
=
>
 
log
0 1
ay x
a
=
< <
 
xy a=
1 
y  
x  
1 
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5.3.3. Basic Trigonometric Functions  
The basic trigonometric functions are: sin ;y x=  cos ;y x=  
tan ;y x=  coty x= . 
Properties and graph of function siny x=  
1. The domain of function: x RÎ  or ( )D f R= . 
2. The range of function: [ ]1,1y Î -  or ( ) [ ]1, 1E f = - . 
3. Function is odd, because ( )sin sinx x- =- . The graph of function 
is symmetric about the origin ( )0, 0O . 
4. Function is periodic, the basic period: 2T p= . 
5. Zeroes of function: sin 0x = , if ,x k kp= ÎZ . 
6. Function increases on intervals 2 , 22 2x k k
p pp pé ùÎ - + +ê úë û
 and 
decreases on intervals 32 , 22 2x k k
p pp pé ùÎ + +ê úë û
, k ÎZ . 
7. Extrema of function: а) max 1y = ,   if 2 ,2x k k
p p= + Î Z ; 
b) min 1y = - , if 2 ,2x k k
p p= - + Î Z . 
8. Function has no asymptotes. 
9. 0y > , if ( )( )2 , 2 1x k kp pÎ + ;  
0y < , if ( )( )2 1 , 2x k kp pÎ - . 
10. Function is bounded: [ ]1,1y Î - . 
The graph of function siny x=  is shown at the Figure 5.39. It is 
called sinusoid.  
 
Figure 5.39 
0  
1 
3p  5
2
p  2p  
3
2
p  
2
p  p  p-  2
p
-  
1-  
y  
x  
siny x=  
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The properties of function cosy x=  
1. The domain of function: x RÎ  or ( )D f R= . 
2. The range of function: [ ]1,1y Î -  or ( ) [ ]1, 1E f = - . 
3. It is even function, because ( )cos cosx x- = . The graph of 
function is symmetric with respect to y -axis. 
4. Function is periodic, the basic period: 2T p= . 
5. Zeroes of function: cos 0x = , if ,2x k k
p p= + Î Z . 
6. Function increases on the intervals [ ]2 , 2x k kp p pÎ - + , k ÎZ  
and decreases on the intervals [ ], 2x k kp p pÎ + , k ÎZ . 
7. Extrema of functions: а) max 1y = , if 2 ,x k kp= ÎZ ; 
b) min 1y = - , if 2 ,x k kp p= + ÎZ . 
8. Function has no asymptotes. 
9. 0y > , if ( )( )2 , 2 1x k kp pÎ + ;  
0y < , if ( )( )2 1 , 2x k kp pÎ - . 
10. Function is bounded: [ ]1,1y Î - . 
The graph of function cosy x=  is shown at the Figure 5.40. It is 
called the cosine curve. 
 
Figure 5.40 
x  3
2
p
-  0  
1 
1-  
y  
5
2
p  2p  3
2
p  
2
p  p  p-  
2
p
-  
cosy x=  
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Properties and graph of function tany x=  
1. The domain of function: ,2x k k
p p¹ + ÎZ  or 
( ) { }{ }| \ ,2D f x x R k k Zp p= Î + Î . 
2. The range of function: y RÎ  or ( )E f R= . 
3. It is an odd function, because ( )tan tanx x- = - . The graph of 
function is symmetric with respect to the origin. 
4. Function is periodic, the basic period: T p= . 
5. Zeroes of function:  
sintan 0 0 sin 0 ,cos
xx x x k kx p= Þ = Þ = Þ = ÎZ . 
6. Function increases on the intervals ,2 2x k k
p pp pæ öÎ - + +ç ÷
è ø
, 
kÎZ. 
7. Function has not extrema.  
8. The lines 2x k
p p= + , k ÎZ  are the vertical asymptotes. 
9. 0y > , if , 2x k k
pp pæ öÎ +ç ÷
è ø
;  0y < , if ,2x k k
p p pæ öÎ - +ç ÷
è ø
. 
10. Function is unbounded. 
Graph of the function tany x=  is shown at the Figure 5.41. It is 
called the tangent curve. 
 
Figure 5.41 
3
2
p
-  
p-
 
3
2
p  
2
p
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y  tany x=  
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Properties and graph of function coty x=  
1. The domain of function: ,x k kp¹ ÎZ  or  
( ) { }{ }| \ ,D f x x R k k Zp= Î Î . 
2. The range of function: y RÎ  or ( )E f R= . 
3. It is an odd function, because: ( )cot cotx x- = - . Graph of 
function is symmetric with respect to the origin. 
4. Function is periodic, the basic period: T p= . 
5. Zeroes of function:  
coscot 0 0 cos 0 ,
sin 2
xx x x k k
x
p
p= Þ = Þ = Þ = + Î Z . 
6. Function decreases on the intervals: ( ),x k kp p pÎ + , k ÎZ . 
7. Function has no extrema.  
8. The lines x kp= , k ÎZ  are the vertical asymptotes. 
9. 0y > , if ,
2
x k kpp pæ öÎ +ç ÷
è ø
;  0y < , if ( ), 1
2
x k kp p pæ öÎ + +ç ÷
è ø
. 
10. Function is unbounded. 
Graph of function coty x=  is shown at the Figure 5.42. It is 
called the cotangensoid. 
 
Figure 5.42 
coty x=  
2p  p-
 
3
2
p  
2
p
-  x  0  
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p  
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5.3.4. Inverse Trigonometric Functions  
Functions inversed to the functions siny x= , cosy x= , 
tany x= , coty x=  on appropriate intervals, are called the inverse 
trigonometric functions.  
They are: arcsiny x= , arccosy x= , arctany x= , arccoty x= . 
Trigonometric functions siny x=  and cosy x=  are not 
monotone in the range of their definition. Therefore, for plotting 
inverse trigonometric functions it is necessary to determine the 
intervals of monotonicity.  
Function arcsiny x=  
The function siny x=  is increasing on the interval ,
2 2
p pé ù-ê úë û
 
and takes all values from 1-  to 1. Therefore, there is an inverse 
function for the function siny x= , if 
2 2
xp p- £ £ . This function is 
arcsiny x= . 
 
REMEMBER! 
Arcsine of number x is a number from the interval ,
2 2
p pé ù-ê úë û
 
which sine is x .  
( )arcsin sin arcsiny x x x= Þ = ,  2 2y
p p- £ £ ,  1 1x- £ £ . 
For example: 1arcsin
2 6
p=  (because 1sin
6 2
p = , 
2 6 2
p p p- £ £ ), 
arcsin 0 0= , arcsin1
2
p= , ( )arcsin 1 2
p- = - , 3arcsin
2 3
p= . 
Graph of the function arcsiny x=  is shown at the Figure 5.43. 
This graph is symmetric to the graph of function siny x= , 
,
2 2
x p pé ùÎ -ê úë û
 with respect to the line y x= . 
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 Figure 5.43 
The basic properties of function arcsiny x=  
1. The domain of function: ( ) [ ]1, 1D f = - . 
2. The range of function: ( ) ,2 2E f
p pé ù= -ê úë û
. 
3. It is an odd function, because ( )arcsin arcsinx x- = . 
4.  Zeroes of function: 0y =  if 0x = . 
5. 0y > , if ( ]0,1x Î  and 0y < , if [ ]1, 0x Î - . 
6. Function increases at the domain of function. 
7. Function has not extrema. 
8. Function has no asymptotes. 
9. ( )sin arcsin x x= , if [ ]1, 1x Î - . 
10. Function is aperiodic.  
Function arccosy x=  
Function cosy x=  decreases on the interval [ ]0, p  and takes all 
values from 1-  to 1. Therefore, there is an inverse function for the 
function cosy x= , 0 x p£ £ . This function is denoted as 
arccosy x= .  
 
REMEMBER! 
Arccosine of number x  is a number y  from the interval [ ]0, p , 
which cosine is x . 
( )arccos cos arccosy x x x= Þ = ,  0 y p£ £ ,  1 1x- £ £ . 
1 1-  0  x  
arcsiny x=  2
p  
2
p
-  
y  
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For example, 1arccos
2 3
p
=  (because 1cos
3 2
p
= , 0
3
p
p£ £ ), 
arccos1 0= , ( )arccos 1 p- = , 1 2arccos
2 3
pæ ö- =ç ÷
è ø
. 
It is necessary to remember, that:  
( )arccos arccosx xp- = - . 
We can prove this statement with the graph of function 
arccosy x=  (Fig. 5.44). This graph is symmetric to the graph 
cosy x= , [ ]0,x pÎ  with respect to the line y x= . 
 
Figure 5.44 
The basic properties of function arccosy x=  
1. The domain of function: ( ) [ ]1, 1D f = - . 
2. The range of function: ( ) [ ]0,E f p= . 
3. Function is neither even, nor odd: ( )arccos arccosx xp- = - . 
4. Zeroes of function: 0y = , if 1x = . 
5. 0y > , if [ ]1, 1x Î - . 
6. It is a decreasing function. 
7. Function has not extrema. 
8. Function has no asymptotes. 
9. ( )cos arccos x x= , if [ ]1, 1x Î - . 
10. Function is aperiodic. 
2
p  
y  
p  
1 1-  0  x  
arccosy x=  
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Function arctany x=  
Function tany x=  is increasing on the interval ,
2 2
p pæ ö-ç ÷
è ø
 and 
takes all values, because: ( )E f R= . Therefore, there is an inverse 
function for the function tany x=  on the given interval. This function 
is denoted arctany x= . 
 
REMEMBER! 
Arctangent of number x  is a number y  from the interval 
2 2
,p p-æ öç ÷
è ø
 which tangent is equal to x . 
( )arctan tan arctany x x x= Þ = ,  
2 2
yp p- < < ,  x-¥ < < +¥ . 
For example, arctan 3 3
p=  (because: tan 3 3
p= , 2 3 2
p p p- < < ), 
arctan0 0= , arctan1 4
p= , ( )arctan 3 3
p- = - , 3arctan
3 6
p
= , ( )arctan 1
4
p
- =- . 
Graph of function arctany x=  is shown at the Figure 5.45. 
This graph is symmetric to the graph of function tany x= , 
,2 2x
p pæ öÎ -ç ÷
è ø
 with respect to the line y x= . The lines 2y
p= ±  are the 
horizontal asymptotes of the graph of function arctany x= . 
 
Figure 5.45 
x  
y  
0  
arctany x=  
2
p  
2
p
-  
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The basic properties of function arctany x=  
1. The domain of function: ( ) ( ),D f = -¥ + ¥ . 
2. The range of function: ( ) ,2 2E f
p pæ ö= -ç ÷
è ø
. 
3. It is an odd function: ( )arctan arctanx x- = - . 
4. Zeroes of function: 0y = , if 0x = . 
5. 0y > , if 0x >  and 0y < , if 0x < . 
6. Function increases.  
7. Function has not extrema. 
8. Asymptotes of function: 2y
p= -  and 2y
p= . 
9. ( )tan arctan x x= , if ( ),x Î -¥ + ¥ .  
10. Function is aperiodic. 
Function arccoty x=  
The function coty x=  decreases on the interval ( )0, p  and 
takes all numerical values, such as ( )E f R= . Therefore, there is an 
inverse function for the function coty x=  on the given interval. This 
function is denoted: arccoty x= .  
 
REMEMBER! 
Arccotangent of number x  is a number y  from the interval 
( )0, p  which cotangent is equal to x . 
( )arccot cot arccoty x x x= Þ = , 0 y p< < , x-¥ < < +¥ . 
For example, arccot0 2
p=  (because cot 02
p = , 0 3
p p< < ),  
arccot1 4
p= , arccot 3 6
p= , ( ) 3arccot 1 4
p- = , 3arccot 3 3
p= , 
( ) 5arccot 3 6
p- = - . 
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It is necessary to remember, that:  
( )arccot arccotx xp- = - . 
Graph of function arccoty x=  is shown at the Figure 5.46. 
 
Figure 5.46 
Graph of function arccoty x=  is symmetric to the graph of 
function coty x= , ( )0,x pÎ  with respect to the line y x= . The lines 
0y =  and y p=  are the horizontal asymptotes of the graph of 
function arccoty x= . 
The basic properties of function arccoty x=  
1. The domain of function: ( ) ( ),D f = -¥ + ¥ . 
2. The range of function: ( ) ( )0,E f p= . 
3. Function is neither even, nor odd: ( )arccot arccotx xp- = - . 
4. There are no zeroes of function. 
5. 0y > , if ( ),x Î -¥ + ¥ . 
6. Function decreases. 
7. Function has no extrema. 
8. Asymptotes of function: y p=  and 0y = . 
9. ( )cot arccot x x= , if ( ),x Î -¥ + ¥ . 
10. Function is aperiodic. 
2
p  
x  
p  y  
0  
arccoty x=  
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Answer the questions 
1. What are the properties of graphs of trigonometric functions: 
а) siny x= ; b) cosy x= ; c) tany x= ; d) coty x= . 
2. What are the properties of graphs of inverse trigonometric 
functions: a) arcsiny x= ; b) arccosy x= ; c) arctany x= ; 
d) arccoty x= . 
 
Tasks № 14 
I. Calculate. 
1) 2log 8y = ;     2) 5log 1y = ;     3) 1
2
log 4y = ;     4) 3
1log
243
y = . 
II. Find the domain of functions. 
1) 
1
2 xy = ; 2) 
2 91
2
x
y
-
æ ö= ç ÷
è ø
; 3) 13 xy -= . 
III. Find the values of trigonometric functions, if 390x = o , 
420x = o , 330x = o . 
1) siny x= ;     2) cosy x= ;     3) tany x= ;     4) coty x= . 
IV. Find the values of inverse trigonometric functions. 
1) arcsin 0; 2) 1arcsin
2
æ ö-ç ÷
è ø
; 3) 2arcsin
2
;  
4) arccos0 ; 5) 3arccos
2
æ ö
-ç ÷
è ø
; 6) arccos1; 
7) arctan1; 8) arctan 3 ; 9) arctan 0; 
10) ( )arccot 1- ; 11) 3arccot
3
; 12) arccot 0. 
s 
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5.4. Transformations  
All alteration of a function is called transformation. If the 
transformation produces the graph of the function without changing its 
size or shape and without rotating it, then such transformation is called 
a translation.  
1. Graph of the function ( )y A f x= ×  is obtained with the 
graph ( )y f x= . If 1A > , the graph is stretched vertically and if 
0 1A< < , the graph is shrunk vertically (Fig. 5.47).  
 
Figure 5.47 
Example 3. Sketch the graph of function 22y x= . 
Solution. Let’s plot the graph of function 2y x= .  
Increase all ordinates twice and obtain the 
graph of function 22y x=  (Fig. 5.48). 
Answer. The graph of function 22y x=  is shown 
at the Figure 5.48 with solid line. 
 
Figure 5.48 
2. Graph of the function ( )y f xa= ×  is obtained from the graph 
( )y f x=  with its stretching or shrinking along the x -axis 
horizontally. If 1a > , the graph is stretched horizontally and if 
0 1a< < , the graph is shrunk horizontally. 
0  
y  
x  
( ) , 1y A f x A= × <  
( )y f x=  
( ) , 1y A f x A= × >  
1 
2-  1-  2  1 0  
y  
x  
2y x=  
2  
22y x=  
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Example 4. Sketch the graph sin 2y x=  and sin
2
xy = . 
Solution. Let us make the table of function’s values  (Table 5.3). 
Table 5.3 – Values of functions siny x= , sin 2y x= , sin
2
xy =  
x  2p±  
3
2
p
-  p-  
2
p
-  0  
2
p  p  
3
2
p  
sin
2
xy =  0  2
2
-  1-  2
2
-  0  2
2
 1 2
2
 
siny x=  0  1 0  1-  0  1 0  1-  
sin 2y x=  0  0 0  0 0  0 0  0 
2T p=  is the basic period of the function siny x= . Then the basic period of 
the function sin 2y x=  is 1
2
2
T p p= = , and the basic period of the function 
sin
2
xy =  is 2
2 41
2
T p p= = . 
According to Table 5.3, plot the graphs of all three functions (Fig. 5.49).  
 
Figure 5.49 
Conclusion. We obtain the graph sin 2y x=  by shrinking the graph siny x=  
horizontally. We obtain the graph sin
2
xy =  by stretching the graph siny x=  
horizontally.  
Answer. Graphs of functions sin 2y x=  and sin
2
xy =  are shown at the Figure 
5.49 with dotted lines.  
3
2
p
 
p
 2
p
 
2
p
-
 
3
2
p-
 
2p-
 
2p
 
p-
 
sin 2y x=
 
siny x=
 sin 2
xy =
 
x
 
y
 
0
 
1-
 
1
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3. The graph of function ( )y f x b= +  is obtained with the graph 
( )y f x=  moving by the value x b=  to the left along the x -axis (in 
the negative direction of the x -axis, if 0b > ), and to the right (in the 
positive direction of the x -axis if 0b < ). 
Example 5. Sketch the graph of functions ( )22y x= +  and ( )22y x= - . 
Solution. Let us make the Table of function’s values ( )22 ,y x= -  2y x=  and 
( )22y x= +  (Table 5.4). 
Table 5.4 – Values of functions ( )22y x= - , 2y x= , ( )22y x= +  
x  –4 –3 –2 –1 0 1 2 3 4 
( )22y x= -  36 25 16 9 4 1 0 1 4 
2y x=  16 9 4 1 0 1 4 9 16 
( )22y x= +  4 1 0 1 4 9 16 25 36 
We plot the graphs of these functions according to Table 5.4 (Fig. 5.50).  
 
Figure 5.50 
Conclusion. The graph of function ( )22y x= +  is obtained with moving the 
graph 2y x=  by 2 units to the left along the x -axis (in negative direction 
along the x -axis).  
The graph of function ( )22y x= -  is obtained with moving the graph 2y x=  by 
2 units to the right along the x -axis (in positive direction along the x -axis). 
Answer. The graphs of functions ( )22y x= +  and ( )22y x= -  are shown at the 
Figure 5.50 with dotted lines.  
( )22y x= +  
1 
4  
4-  3-  2-  1-  2  
2y x=  
4  1 x  0  
y  
( )22y x= -  
3  
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Example 6. Sketch the graph of function 1 3y x= + . 
Solution. Let’s plot the graph of function 1y x= . Then we move it by 3 units to 
the left. The vertical asymptote of hyperbola 1y x= also moves by 3 units to 
the left.  
Therefore, the graph of function 1y x=  has two asymptotes: 3x = -  and 
0y = . Let’s find the points of intersection of this graph with the y -axis: 
0x = ; 13y = . 
 
Figure 5.51 
Answer. The graph of function 1
3
y
x
=
+
 is shown with a solid line (Fig. 5.51).  
4. Graph of function ( )y f x M= +  is obtained with the graph 
( )y f x=  by vertical translation at the value y M=  upward, if 
0M >  and downward, if 0M < . 
Example 7. Sketch the graph of functions 2 2y x= +  and 2 2y x= - . 
Solution. Let’s make the Table of some values of functions (Table 5.5). 
Table 5.5 – Values of functions 2 2y x= - , 2y x= , 2 2y x= +  
x  –3 –2 –1 0 1 2 3 
2 2y x= -  7 2 -1 -2 -1 2 7 
2y x=  9 4 1 0 1 4 9 
2 2y x= +  11 6 3 2 3 6 11 
3  
1
3  
0  1 
1 
y  
x  
1
3
y
x
=
+
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Let us plot the graphs of functions according to the Table 5.5 (Fig. 5.52). 
Conclusion. Graph of function 2 2y x= -  is obtained with vertical translating 
the graph 2y x=  by 2 units downward. The graph of function 2 2y x= +  is 
obtained with vertical translating the graph the function 2y x=  by 2 units 
upward. 
 
Figure 5.52 
Answer. The graphs of functions 2 2y x= -  and 2 2y x= +  are shown at the 
Figure 5.52 with dotted lines.  
Example 8. Sketch the graph of function 1 2y x= - . 
Solution. Plot the graph of function 1y x= . Then move it by 2 units down. The 
horizontal asymptote of hyperbola 1y x=  also moves by 2 units downward. 
 
Figure 5.53 
1-  
2-  
2  
2 2y x= +  
1 
4  
2-  1-  2  
2y x=  
1 x  0  
y  
2 2y x= -  
3  
2-  
1
2  
0
 
1
 
y
 
x  
1 2y
x
= -  
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Therefore, the graph of function 1 2y x= -  has two asymptotes: 0x =  and 
2y = - . The graph of function intersects the x -axis.  
If 0y =  we obtain: 1 2 0x - = , e.g. 
1
2x =  (Fig. 5.53). 
Answer. The graph of function 1 2y x= -  is shown at the Figure 5.53 with a solid line.  
5. The graph of function ( )y f x= -  is obtained with reflecting 
the graph of function ( )y f x=  across the x -axis. 
Example 9. Sketch the graph of functions ( )23 2y x= - +  and ( )23 2y x= - - - . 
Solution. Let us make the Table of some values of functions (Table 5.6). 
Table 5.6 – Values of functions ( )23 2y x= - +  and ( )23 2y x= - - -  
x  1 2 3 4 5 
( )23 2y x= - +  6 3 2 3 6 
( )23 2y x= - - -  -6 -3 -2 -3 -6 
Let us plot the graphs of functions according to the Table 5.6 (Fig. 5.54). 
 
Figure 5.54 
Conclusion. The graph of function ( )23 2y x= - - -  is obtained with reflecting 
the graph of function ( )23 2y x= - +  across the x -axis. 
5-  
4-  
0  5  4  3  
2-  
1-  
1 
4  
3-  
2  
( )23 2y x= - +  
1 x  
y  
( )23 2y x= - - -  
2  
3  
6-  
5  
6  
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Answer. The graph of function ( )23 2y x= - +  is shown at the Figure 5.54 with 
a solid line. The graph of function ( )23 2y x= - - -  is shown at the Figure 
5.54 with a dotted line.  
Example 10. Sketch the graph of function 2cos3y x= - . 
Solution. Let us plot one half-wave graph of function cosy x= . We make its 
shrinking along the x -axis with the coefficient 3 and stretching along the  
y -axis with the coefficient 2. Then we make reflection across the x -axis and 
obtain the graph 2cos3y x= -  (Fig. 5.55 а). 
    
Figure 5.55 
It is shown one-half wave of the graph at Figure 5.55 (а) and at Figure 5.55(b) 
the whole graph is shown. 
Answer. The graph of function 2cos3y x= -  is shown at Figure. 5.55 (b) with a 
solid line.  
6. Graph of function ( )y f x= -  is obtained with reflection the 
graph of function ( )y f x=  across the y -axis. 
Example 11. Sketch the graphs of functions 2xy =  and 2 xy -= . 
Solution. Let us make the Table of some values of functions (Table 5.7). 
Table 5.7 – Values of functions 2xy =  and 2 xy -=  
x  –3 –2 –1 0 1 2 3 
2xy =  
1
9
 1
4
 1
2
 1 2 4 9 
2 xy -=  9 4 2 1 1
2
 1
4
 
1
9
 
y  
2cos3y x= -  
0  
2-  
1-  
6
p-  6
p  
2
p-  x  
1 
2  
2
p  
a) 
0  
1-  
2-  
2
p  
3
p-  
2cos3y x= -  
6
p-  6
p  
2
p-  x  
y  
1 
2  
3
p  
b) 
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Let us plot the graphs of these 
functions according to the Table 5.7 
(Fig. 5.56). 
Conclusion. The graph of function 
2 xy -= is obtained with reflection 
the graph of function 2xy =  across 
the y -axis. 
Answer. The graph of function 2xy =  
is shown at Figure 5.56 with a solid 
line. The graph of function 2 xy -=  
is shown at Figure 5.56 with a 
dotted line. 
 
Figure 5.56 
 
Example12. Sketch the graph of 
function y x= - . 
Solution. Let us plot the graph of function 
y x=  and makes its reflection across 
the y -axis. 
Answer. The graph of function 
y x= -  is shown at Figure 5.57 
with a solid line.  
 
Figure 5.57 
7. Graph of function ( )y f x=  is obtained from the graph of 
function ( )y f x=  with reflection across the x -axis. We make the 
reflecting the part of graph below the x -axis, ( ) 0f x < . The part of 
graph above the x -axis ( ( ) 0f x > ) is without changing. 
Example 13. Sketch the graph of function 2 4 3y x x= - + . 
Solution. Let us make the Table of some values of functions (Table 5.8). 
Table 5.8 – Values of function 2 4 3y x x= - +  
x  0 1 2 3 4 
2 4 3y x x= - +  3 0 -1 0 3 
From the solution of the equation 2 4 3 0x x- + = , we find that the zeros of 
function will be two values: 1x =  and 3x = .  
1 
3  
2  
4  
0  3-  3  2-  1-  2
 
1
 
2 xy -=  2xy =  
x  
y  
y  
y x= -  
0  1-  1 4-  x  4  
1 
2  
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Let us find the coordinates of the vertex of the parabola:  
0
4 2
2 2
bx
a
= - = = ;  
2
0
4 4 1 3 16 1
4 4
ac by
a
- × × -
= = = - . 
According to the results, we plot a graph of the function 2 4 3y x x= - +  
(Fig.5.58).  
 
Figure 5.58 
Intervals of positivity ( )0y >  for this function will be intervals: 
( ) ( ),1 3,xÎ -¥ + ¥U . Interval of negativity are: ( )1, 3xÎ .  
From the definition of absolute value, it can be written:  
( ) ( )
( ) ( )
2
2
2
4 3,   ,1 3,
4 3
4 3 ,   1, 3
x x if x
x x
x x if x
ì - + Î -¥ + ¥ï- + = í- - + Îïî
U
 
On the interval ( )] [ ( ),1 3,xÎ -¥ + ¥U  values of function 2 4 3y x x= - +  and 
2 4 3y x x= - +  are coincided in value and in sign, and on the interval 
( )1, 3xÎ  function values are equal in value but opposite in sign.  
Conclusion. Graph of the function 2 4 3y x x= - +  is obtained from the graph of 
function 2 4 3y x x= - +  with a symmetric reflection across the x -axis.  
We make the symmetric mapping of the part of graph below the x -axis, 
( ) 0f x < .  
Answer. Graph of the function 2 4 3y x x= - +  is shown in Figure 5.58 with a 
solid line.  
2 4 3y x x= - +
 
y
 
3
 
4
 
1-
 
1
 
1
 
x  0
 
2
 
3
 
2 4 3y x x= - +
 
2
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8. Graph of function ( )y f x=  is obtained from the graph 
( )y f x= : the graph of function ( )y f x=  is saved only if 0x ³ , and 
it reflects symmetrically across the y -axis  (Fig.5.59). 
 
Figure 5.59 
Example 14. Sketch the graph of function 2 2 1y x x= - + . 
Solution. According to the definition of absolute value, it can be written down 
the function: ( ]( )
2
2
2
2 1,  if , 0 ,
2 1
2 1,  if 0, .
x x x
y x x
x x x
ì - + Î -¥
= - + = í + + Î + ¥î
 
Let’ make the Table of values of function using those formulas on the 
intervals (Table 5.9). 
Table 5.9 – Values of function 2 2 1y x x= - +  
x  -3 -2 -1 0 1 2 3 
y  4 1 0 1 0 1 4 
We plot the graph of function according to the Table 5.9 (Fig. 5.60). 
 
Figure 5.60 
( )y f x=  
x  0  
y  
( )y f x=  
x  0  1  2  3  1-  2-  3-  
1  
4  
2  
3  
y  
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Conclusion. As we see from Fig. 5.60 graph of the function 2 2 1y x x= - +  is 
obtained from the graph 2 2 1y x x= - +  with a symmetric mapping of the part 
of this graph across the y -axis, if 0x ³ .  
 Answer. Graph of the function 2 2 1y x x= - +  is shown in Fig. 5.60 with a 
solid line.  
Example 15. Sketch the graph of function 2 2 3y x x= - - . 
Solution. The given function contains absolute value of argument and absolute 
value of function.  
Rewrite the formula of given function: 
( )21 4y x= - - . 
Firstly, we plot the parabola ( )21 4y x= - -  
without absolute value of the argument. It will be 
the graph of function 2y x= , moved by 1 to the 
right along the x -axis and by 4 downward along 
the y -axis. The axis of symmetric will be the 
line 1x = . Coordinates of the vertex of the 
parabola will be 0 1x =  and 0 4y = -  (Fig. 5.61). 
 
Figure 5.61 
Graph of the function ( )21 4y x= - -  will be obtained from the graph 
( )21 4y x= - -  with a symmetric reflection of the part of graph across the y -
axis, if 0x ³  (Fig. 5.62).  
 
Figure 5.62 
The graph of function with absolute value ( )21 4y x= - -  is obtained with 
symmetrical reflection across the x -axis. We make this symmetrical 
reflection of the part of function below the x -axis (Fig.5.63).  
4-  
3  
1-  
2-  
3-  
x  0  1 2  1-  
y  
4-  
3  3-  
1-  
2-  
3-  
x  0  1 2  1-  2-  
y  
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Figure 5.63 
Answer. The graph of function 2 2 3y x x= - -  is shown at the Figure 5.63 
with a solid line.  
 
Answer the questions 
1. How can we plot the graphs of functions: a) ( )y A f x= × ; 
b) ( )y f xa= × ; c) ( )y f x a= + ; d) ( )y f x A= + , if it is 
known the graph of function ( )y f x= ? 
2. How can we plot the graphs of functions ( )y f x= -  and 
( )y f x= - , if it is known the graph of function ( )y f x= ? 
3. How can we plot the graphs of functions ( )y f x=  and 
y f x= , if it is known the graph of function ( )y f x= ? 
 
Tasks № 15 
I. Sketch the graphs of functions. 
1) 1 3y x= - ; 2) 3 2 6x y+ = ; 3) 2 2y x= - ; 
4) ( )22y x= - ; 5) 3y x= ; 6) 
5y
x
= - ; 
7) 53y x= - ; 8) 
3
5
xy x
-=
+
; 9) 1y x= + ; 
10) 1 2y x= + ; 11) 5xy e -= ; 12) ( )3log 2y x= + ; 
13) sin2y x= ; 14) sin 3
xy = ; 15) ( )cos 2xy p= + . 
x  0  1 2  3  1-  2-  3-  
1 
4  
2  
3  
y  
5  
s 
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ALGEBRAIC INEQUALITIES 
 
Vocabulary section 
angle of coordinates координатный угол 角度 
coincide  совпадать 一致，相符 
contain содержать 包含 
definition of absolute value определение модуля 绝对值得绝对性 
eliminate исключить 排除 
graphic solution  графическое решение 曲线图解 
graphically графически 曲线图 
hatch заштриховать 画（曲线）图 
have sense иметь смысл 有含义 
higher than выше, чем 比...大  
in whole в общем виде 以公共形式 
inequality неравенство 不等式 
inside the circle  внутри окружности 圆内 
irrational inequality иррациональное неравенство 无理不等式 
linear inequality линейное неравенство 一次不等式 
lower than ниже, чем 比...小 
method of intervals метод интервалов 求区间的方法 
negative отрицательный 负的 
opposite противоположный 相反的，对立的 
origin исходный 基础 
outside the circle вне окружности 圆外 
plane плоскость 平面 
point отметить 标出 
positive положительный 正的 
quadratic inequality квадратное неравенство 二次不等式 
satisfy удовлетворять 符合，适应 
separately отдельно 分离的 
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the greatest number наибольшее число 最大值 
unit совокупность 最小整数；基数 
           
6.1. Inequalities. The Basic Theorems of Inequalities  
An inequality is a relation that holds between two values when 
they are different.  
If two expressions are not equal, they can contain following 
signs: “greater than” (> ), “less than” (< ), “greater than or equal to” 
(³ ), “less than or equal to” (£ ). 
( ) ( ) ,f x g x>  ( ) ( ),f x g x<  ( ) ( ) ,f x g x³  ( ) ( )f x g x£  are 
called inequalities.  
Solution of inequality is the value of a variable that makes an 
inequality true.  
To solve an inequality means to find all its solutions or to prove 
that there are not any ones.  
Two inequalities with one variable are called the equivalent 
ones, if the solutions of these inequalities coincide.  
Inequalities can be solved with the same theorems (given below) 
that are used in solving equations.  
Theorem 1.  We may add any positive or negative number to 
both sides of an inequality and obtain an equivalent inequality to the 
original one (the sense will not change).  
( ) ( ) ( ) ( ) ( ) ( )P x Q x P x T x Q x T x> Û ± > ± . 
For example, 2 27 7 0 0x x x x x+ < Û < Û < . 
Theorem 2. We may move any term of inequality to another side 
with the opposite sign and obtain an equivalent inequality to the 
original one (the sense will not change). 
( ) ( ) ( ) ( ) ( ) ( )P x T x Q x P x Q x T x+ > Û > - . 
For example, 2 24 3 4 3 0x x x x- > - Û - + >  
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Theorem 3.  We may multiply or divide both sides of an 
inequality by any positive number and obtain an inequality equivalent 
to the original one.  
( ) ( ) ( ) ( ) ( ) ( ) ( ), 0,P x Q x T x x R P x T x Q x T x> > Î Û × > ×  
For example, 1 5 30
6
x x³ - Û ³ - .  
Theorem 4. If we multiply or divide both sides of an inequality 
by a negative number, we should reverse the direction of the 
inequality sign.  
( ) ( ) ( ) ( ) ( ) ( ) ( ); 0;P x Q x T x x R P x T x Q x T x> < Î Û × < × . 
For example, 7 21 3x x- £ Û ³ - . 
6.2. Linear and Quadratic Inequalities 
ax b> , ax b< , ax b£ , ax b³  are linear inequalities with a 
single variable. 
Example 1. Solve the inequality: ( ) ( ) ( )3 2 4 6 2 5x x x+ - - > - . 
Solution. Open the parentheses and make some transformations: 
( ) ( ) ( )3 2 4 6 2 5 3 6 4 24 2 10 30 2 10x x x x x x x x+ - - > - Û + - + > - Û - + > - Û  
40 40 402 30 10 3 40 ,3 3 3x x x x x x
- æ öÛ - - > - - Û - > - Û < Û < Û Î -¥ç ÷- è ø
. 
Answer. 40, 3x
æ öÎ -¥ç ÷
è ø
. 
Example 2. Solve the inequality: 4.2 2 1.5 1.13
x x+ > - . 
Solution. Multiply both sides of the inequality by 3 and make some 
transformations:  
( )4.2 2 1.5 1.1 4.2 2 3 1.5 1.1 4.2 2 4.5 3.3
3
x x x x x x+ > - Û + > × - Û + > - Û  
7.52 4.5 3.3 4.2 2.5 7.5 3
2.5
x x x x x-Û - > - - Û - > - Û < Û <
-
. 
Answer. ( ), 3xÎ -¥ . 
Inequalities 2 0,ax bx c+ + >  2 0,ax bx c+ + ³  2 0ax bx c+ + <  or 
2 0ax bx c+ + £ , where 0a ¹  are called quadratic inequalities. 
Chapter 6 
 188 
If there is 0a <  in an inequality, we need to multiply both sides 
of the inequality by ( )1-  and reverse the direction of the inequality 
sign. Therefore, we obtain an inequality equivalent to the original 
( 0a > ). 
In solving quadratic inequality, we need consider the properties 
of a square function, which graph is a parabola.  
Let us analyze three cases. 
I. If 0D < , 0a > , therefore inequality 2 0ax bx c+ + >  is true 
( x RÎ , parabola is above the x -axis), the inequality 2 0ax bx c+ + <  
does not have solutions ( x ÎÆ , parabola is above the x -axis).  
Example 3. Solve the inequality: 23 4 0x x+ + > . 
Solution. Find the discriminant: 47 0D = - <  and 3 0a = > Þ the expression 
23 4x x+ +  has a positive value on the x -axis: x RÎ . 
Answer. ( ),xÎ -¥ + ¥ . 
II. а) If 0D > , 0a > , therefore inequality 2 0ax bx c+ + >  can be 
written as follows: 
( )( ) ( )( ) ( ) ( )1 2 1 2 1 20 0 , ,a x x x x x x x x x x x- - > Û - - > Þ Î -¥ + ¥U . 
Parabola crosses the x -axis at two points 1x  and 2x , its branches 
are directed upwards. The solutions of this inequality are intervals, 
where parabola is above the x -axis.  
b) If 0D > , 0a > , therefore inequality 2 0ax bx c+ + <  can be 
written as follows: 
( )( ) ( )( ) ( )1 2 1 2 1 20 0 , .a x x x x x x x x x x x- - < Û - - < Þ Î  
Parabola crosses the x -axis at two points 1x  and 2x , its branches 
are directed upwards. The solutions of this inequality are intervals, 
where parabola is below the x -axis.  
Example 4. Solve the inequality: 2 2 3 0x x- - > . 
Solution. There are 1 0a = >  and 16 0D = >  in the quadratic trinomial 
2 2 3x x- - . Therefore, its roots are: 1 21, 3.x x= - =  Write the left side of 
inequality as a product ( )( ) ( ) ( )1 3 0 , 1 3, .x x x+ - > Þ Î -¥ - + ¥U  
Answer. ( ) ( ), 1 3, .xÎ -¥ - + ¥U  
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II. а) If 0D = , 0a > , therefore an inequality 2 0ax bx c+ + >  can 
be written as follows: 
( ) ( ) ( ) ( )2 20 0 0 00 0 , ,a x x x x x x x× - > Û - > Þ Î -¥ + ¥U . 
Parabola has a common point 0x  with the x -axis. Its branches 
are directed upwards. The x -axis, except a common point 0x , will be 
the solution of this inequality.  
III. b) If 0D = , 0a > , therefore an inequality 2 0ax bx c+ + <  can 
be written as follows: 
( ) ( )2 20 00 0a x x x x x× - < Û - < Þ ÎÆ . 
Parabola has a common point 0x  with the x -axis, its branches 
are directed upwards. The left side of the inequality has only 
nonnegative values. Therefore, the inequality does not have any 
solutions. 
Example 5. Solve the inequality 24 12 9 0x x- + - > . 
Solution. Multiply both sides of the inequality by ( )1-  and obtain 
24 12 9 0.x x- + <  Then: 4 0,a = > 1 2
30 .2D x x= Þ = =   
Therefore, 
2
2 34 12 9 0 02x x x x
æ ö- + < Û - < Þ ÎÆç ÷
è ø
. 
Answer. x ÎÆ . 
6.3. Solving Rational Inequalities with Method of Intervals 
The rational inequality is an inequality that includes only the 
rational functions (expressions).  
The rational inequalities: ( ) 0nP x >  (or ( ) 0,nP x <  ( ) 0,nP x ³  
( ) )0 ,nP x £  ( )( ) 0
n
m
P x
Q x
>  (or ( )
( )
0,n
m
P x
Q x
<  ( )
( )
0,n
m
P x
Q x
³  ( )
( )
0n
m
P x
Q x
£ ) are 
usually solved with method of intervals.  
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( )nP x , ( )mQ x , ( )
( )
( )
n
m
P x
R x
Q x
=  are rational functions (polynomials 
of n  and mdegrees, e.g.
 ( ) 1 20 1 2 1...n n nn n nP x a x a x a x a x a- - -= + + + + + , 
 ( ) 1 20 1 2 1...m m mm m mQ x b x b x b x b x b- - -= + + + + + . 
Method of intervals is based on an important property of rational 
function: rational function takes either only positive or only negative 
values, e.g. preserves sign (in the interval between two adjacent 
endpoints).  
If we consider the binomial ( ),x a-  then point x a=  divides 
number line into two parts: binomial ( ) 0x a- >  to the right of the 
point a  and binomial ( ) 0x a- <  to the left of the point a  (Fig. 6.1).  
 
Figure 6.1 
There are 5 steps in solving quadratic inequalities using method of 
intervals.  
1. Transform the inequality into the standard form: 
( )
( )
0n
m
P x
Q x
>  or ( )
( )
0n
m
P x
Q x
<  (if an inequality is a strict inequality),  
( )
( )
0n
m
P x
Q x
³  or ( )
( )
0n
m
P x
Q x
£  (if an inequality is non-strict inequality). 
2. Factor the numerator and denominator at the left side of the 
inequality. 
3. Find all critical values of rational functions. These values will 
create intervals on the number line. 
4. Divide the number line with critical values (test points) into 
intervals. 
x  
0x a- >  
a  
0x a- <  
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5. Determine the sign of the left side of inequality in each interval: 
put sign "+"in the interval to the right of the maximum value of the 
endpoint; put sign "–" in the next interval; then put sign "+"; then put 
sign "–" again and so on. Remember, that all these rules are used only 
for polynomials in standard form: when sign "+" is before the 
variable. For example, ( )ix a-  is standard form of polynomial, 
otherwise: ( )i xa -  is non-standard form of polynomial.  
If polynomial ( )i xa -  is the polynomial in non-standard form, 
then it will not necessarily be a sign "+" to the right of the test point. 
The inequality of non-standard form can be solved as follows: 1) find 
the sign of the left side of the inequality in any interval (not 
necessarily in the last interval on the right); 2) further there will be 
opposite signs in the next intervals.  
6. Write the solution-set of the inequality in form of intervals. The 
set of all solutions of the inequalities ( )( ) 0
n
m
P x
Q x
>  or ( )( ) 0
n
m
P x
Q x
³  will be 
the union of all intervals with sign "+". The set of all solutions of the 
inequalities ( )( ) 0
n
m
P x
Q x
<  or ( )( ) 0
n
m
P x
Q x
£  will be the union of all intervals 
with sign "–". 
However, if inequality is non-strict, plot the test points 
corresponding to factors of the numerator, with solid circles. Plot the 
test points corresponding to factors of the denominator, with open 
circles. If inequality is strict, then plot all the test points with open 
circles.  
 
REMEMBER! 
When we solve inequalities, it is necessary to find the domain of 
inequality values (D) and verify the obtained results. 
(D) of an inequality is the set of all variables where both sides of 
the inequality make sense. 
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Let us consider the method of intervals for solving rational 
inequalities with one variable.  
Any rational inequality of degree n  with one variable can be led 
to a standard (or canonical) form:  
1 2
0 1 2 1... 0
n n n
n na x a x a x a x a
- -
-+ + + + + > , 
1 2
0 1 2 1... 0
n n n
n na x a x a x a x a
- -
-+ + + + + ³ , 
or 1 20 1 2 1... 0
n n n
n na x a x a x a x a
- -
-+ + + + + < , 
1 2
0 1 2 1... 0
n n n
n na x a x a x a x a
- -
-+ + + + + £ . 
Let us analyze how 1 20 1 2 1... 0
n n n
n na x a x a x a x a
- -
-+ + + + + >  can 
be solved using method of intervals.  
1. Factor left side of the inequality:  
( ) ( ) ( )1 20 1 2 ... 0k
m m m
ka x x x x x x- × - × × - > . 
2. Write left side of the inequality multipliers with odd powers as 
multipliers of the first degree. Multipliers with even powers can be 
dropped, because they do not change the inequality sign.  
Remember, if multipliers with even powers are equal to zero, 
then these values must be written. Then the inequality becomes:  
( ) ( ) ( )1 20 ... 0nj j ja x x x x x x- × - × × - > , 
if 0 0a > , it can be written as ( ) ( ) ( )1 2 ... 0- × - × × - >nj j jx x x x x x ,  
if 0 0a < , it can be written as ( ) ( ) ( )1 2 ... 0- × - × × - <nj j jx x x x x x . 
3. Plot 
1 2
, , ,
nj j j
x x xK  values on the number line (
nj
x  is the largest 
number) (Fig. 6.2).  
 
Figure 6.2 
4. Put sign "+" on the right from 
nj
x  and draw the “curve of signs” 
through the every 
nj
x  (Fig. 6.3). 
 
Figure 6.3 
1j
x  
2j
x  
nj
x  x  
– – 
+ + 
1j
x  
2j
x  
nj
x  x  
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5. Select the sign (in this case the sign "+") and write the answer in 
the form of intervals (Fig. 6.4). Exclude values of multipliers with 
even powers, equal zero, from the left side of the inequality.  
  
Figure 6.4 
The answer can be written as: ( ) ( )1 2, ,nj j jx x x xÎ + ¥U . 
Example 6. Solve the inequality: ( )( )1 5 0x x+ - > . 
Solution. (D): .x RÎ  Find zeros of the expression: ( )( )1 5 0x x+ - = , they will 
be: 1x = -  and 5x = . Plot these values on the number line (with (D) and 
determine the sign of expression on each interval. The sign of original 
inequality is "+", therefore the solution of inequality will be the unit of two 
intervals ( ) ( ), 1 5,xÎ -¥ - + ¥U  (Fig. 6.5). 
  
Figure 6.5 
Answer. ( ) ( ), 1 5,xÎ -¥ - + ¥U . 
Example 7. Solve the inequality: ( ) ( )( )3 1 4 0x x x- + - £ . 
Solution. Change the sign before x  in the first parentheses: 
( ) ( )( )3 1 4 0x x x- + - ³ . Divide number line into three intervals (according 
to the values in critical points): 3,x =  1,x = -  4x = . Determine the sign in 
each interval. The sign of original inequality is "–", therefore the solution of 
inequality will be the unit of two intervals [ ] [ )1, 3 4,xÎ - + ¥U  (Fig. 6.6). 
  
Figure 6.6 
Answer. [ ] [ )1, 3 4,xÎ - + ¥U . 
Example 8. Solve the inequality: ( ) ( )3 52 1 2 0x x x× - × - < . 
Solution. The factor 2x  does not change the sign of the inequality 2 0x ³ , if 
x RÎ . Then the original inequality can be written as ( ) ( )1 2 0x x- × - < . 
1j
x  
2j
x  
nj
x  x  
+ + 
– 1-  5  x  
+ + 
– – 1-  3  4  x  
+ + 
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Divide the number line into two intervals (according to the values in critical 
points) 1x = , 2x =  and determine the sign in each interval. The sign of 
original inequality is "+", therefore the solution of inequality will be the unit 
of two intervals ( )1, 2xÎ  (Fig. 6.7) 
 
Figure 6.7 
Answer. ( )1, 2xÎ . 
Example 9. Solve the inequality: ( ) ( ) ( ) ( )5 3 2 22 1 1 2 7 0x x x x x- × + × - × + + < . 
Solution. 1. The discriminant of the quadratic trinomial 2 2 7x x+ +  is equal to: 
22 4 1 7 24 0,D = - × × = - <  the first coefficient is 1,a =  then 2 2 7 0x x+ + > , if 
x RÎ . It does not change the sign of inequality. 
2. The expression ( )21 0x - ³ , if x RÎ . Therefore, this expression does not 
change the sign of inequality. 
3. Change the sign before x  in the first parentheses. For this, multiply both sides 
of inequality by ( )1-  and write all multipliers as factors of the first degree. 
The expression ( )21 0x - ³  does not change the sign of inequality, so it can be 
dropped, but check whether the point 1x =  is a solution of the original 
inequality. Obtain: ( ) ( ) ( ) ( )5 3 2 22 1 1 2 7 0x x x x x- × + × - × + + >  (Fig. 6.8). 
  
Figure 6.8 
The point 1x =  does not belong to (D) of original inequality. Therefore, this 
point is not a solution.  
Answer. ( ) ( ){ }, 1 2,xÎ -¥ - + ¥U . 
In order to solve the fractional rational inequalities it is useful to 
use following statements. 
1. The inequalities ( )
( )
0n
m
P x
Q x
>  and ( )
( )
0n
m
P x
Q x
<  are equivalent to the 
inequalities ( ) ( ) 0n mP x Q x× >  and ( ) ( ) 0n mP x Q x× < . 
+ + 
2  1 0  x  – 
1 1-  2  x  
+ + 
– 
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2. The inequalities ( )
( )
0n
m
P x
Q x
³  and ( )
( )
0n
m
P x
Q x
£  are equivalent to the 
systems of inequalities ( ) ( )( )
0
0
n m
m
P x Q x
Q x
× ³ì
í ¹î
 and ( ) ( )( )
0
0
n m
m
P x Q x
Q x
× £ì
í ¹î
. 
Solving fractional rational inequalities and rational inequalities is 
very similar, except for one small but important detail: you should 
write fractional rational inequality in form of rational inequality or 
system of rational inequalities.  
Example 10. Solve the inequality: ( )( )
2 0
2 3
x
x x
<
+ -
. 
Solution. D: 2,x ¹ -  3.x ¹  We write the original inequality in the form: 
( )( )2 2 3 0x x x+ - < . Zeros of this inequality: 0,x = 2,x = - 3.x =  Let us put 
these points on the number line (with D) and find the sign of expression for 
each interval (Fig. 6.9).   
  
Figure 6.9 
Answer. ( ) ( ), 2 0, 3xÎ -¥ - U . 
Example 11. Solve the inequality: 
2
2
3 2 1
3 2
x x
x x
- +
³
+ +
. 
Solution. (D): 2,x ¹ -  1.x ¹ -  Make some transformations: 
2 2 2 2
2 2 2
3 2 3 2 3 2 3 21 1 0 0
3 2 3 2 3 2
x x x x x x x x
x x x x x x
- + - + - + - - -
³ Û - ³ Û ³ Û
+ + + + + +
 
( )( ) ( )( )
6 60 0
1 2 1 2
x x
x x x x
-
Û ³ Û £
+ + + +
.  
Write the original inequality as:  ( )( )6 1 2 0.x x x+ + £   
Zeros of this inequality are: 0,x =  2,x = -  1.x = -  Plot these values on the 
number line (with (D)) and determine the sign for each interval (Fig. 6.10).   
  
Figure 6.10 
Answer. ( ) ( ], 2 1, 0xÎ -¥ - -U . 
+ + 
2-  0  3  x  – – 
+ + 
2-  1-  0  x  – – 
Chapter 6 
 196 
Method of intervals is used for solving inequalities 
 ( ) ( ) ( ) ( )1 2 11 2 1 0,n n
k k k k
n nx x x xa a a a
-
-- × - × × - × - >K   
and ( ) ( ) ( )
( ) ( ) ( )
1 2
1 2
1 2
1 2
0
k
p
n n n
k
mm m
p
x x x
x b x b x b
a a a- × - × × -
>
- × - × × -
K
K
. 
Example 12. Solve the inequality: ( ) ( )
( ) ( )
2
4
6 2
0
1 5
x x x
x x
- × - ×
³
+ × +
. 
Solution. The powers of expressions ( )41x +  and ( )26x -  are even numbers, so 
( )41 0x + > , ( )26 0x - ³ , if x RÎ . Consequently, these expressions do not 
change the inequality sign (Fig.6.11). Rewrite the original inequality as: 
( )( )2 5 0x x x× - + ³ . 
  
Figure 6.11 
Values 1x = -  and 5x = -  cannot be a solution of the inequality, so they 
should be excluded from the solution-set.  
Answer. ( ) ( ] [ ){ }5, 1 1, 0 2,xÎ - - - + ¥U U . 
6.4. Solving Systems of Inequalities  
The system of inequalities with one variable may consist of two or 
more inequalities. The values of variables when each inequality of the 
system is a true numerical inequality are called solutions of the system.  
To solve the system of inequalities means to find the set of all 
solutions or to prove that there are no solutions. 
To solve the system of inequalities with one variable, we need to 
solve each inequality separately and find the intersection of solutions.  
Example 13. Solve the system of inequalities: 
2 10 25 0
5 0
x x
x
ì - + >
í + <î
. 
Solution. { 2 10 25 05 0x xx - + >+ <  Û  ( )
25 0
5
x
x
ì - >í < -î
 Û  ( ) [ )( )
, 5 5,
, 5
x
x
Î -¥ + ¥ì
í Î -¥ -î
U
 Þ  
– – 5-  0  2  x  1-  6  
+ + 
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Þ  ( ), 5xÎ -¥ -  (Fig. 6.12). 
  
Figure 6.12 
Answer. ( ), 5xÎ -¥ - . 
Example 14. Solve the system of inequalities: 
2
2 2
2 3 0
2 1 3
2 3 0
x x
x x
x
ì - - >
ï - < +í
+ ³ïî
. 
Solution. 
2
2 2
2 3 0
2 1 3
2 3 0
x x
x x
x
ì - - >
ï - < + Ûí
ï + ³î
 
( )( )
2
1 3 0
4 0
3
2
+ - >ì
ï - < Ûí
ï ³ -
î
x x
x
x
 
( ) ( )
( )
)
, 1 3,
2, 2
3 ,2
x
x
x
Î -¥ - + ¥ì
ï Î -
í
éï Î - + ¥êëî
U
 
Þ  3 , 12x
é öÎ - - ÷êë ø
 (Fig. 6.13).  
 
Figure 6.13 
Answer. 3 , 12x
é öÎ - - ÷êë ø
. 
6.5. Absolute Value Inequalities 
To solve absolute value inequalities we need to consider the 
definition of absolute value function:  
( ) ( ) ( )( ) ( )
, 0
, 0.
³ì
= í- <î
f x if f x
f x
f x if f x
 
Therefore, inequality with absolute value is equivalent to two 
systems of inequalities that can be written as intersection or union of 
two inequalities. 
1. If ( ) ( )f x g x> , then 
( )
( ) ( )
( )
( ) ( )
( ) ( )
( ) ( )
0
0
é ³ì
íê > >éîê Û êê < -<ì ëíê - >îë
f x
f x g x f x g x
f x g xf x
f x g x
. 
x  2-  1-  2  32-  3  
5  5-  x  
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2. If ( ) ( )f x g x< , then 
( )
( ) ( )
( )
( ) ( )
( ) ( )
( ) ( )
0
0
f x
f x g x f x g x
f x g xf x
f x g x
é ³ì
íê < <ìîê Û íê > -<ì îíê - <îë
. 
We use the method of intervals for solving absolute value 
inequalities.  
Example 15. Solve the inequality: 3 2 2x - > - . 
Solution. According to the definition of absolute value: 3 2 0x - ³ , that is why 
the inequality 3 2 2x- >-  has the solution for any real number ,x  e.g. 
( ),xÎ -¥ +¥ . 
Answer. ( ),xÎ -¥ +¥ . 
Example 16. Solve the inequality: 3 2 7x - > . 
Solution. ( )
33 2 7 53 2 7 , 3,5 33 2 7
3
xxx xx x
>é- >é æ öê- > Û Û Û Î -¥ - + ¥ç ÷ê - < - < - è øë êë
U . 
Answer. ( )5, 3,3x
æ öÎ -¥ - + ¥ç ÷
è ø
U . 
Example 17. Solve the inequality: 3 61 1x + < - . 
Solution. According to the definition of absolute value: 3 61 0,x + ³  that is why 
the inequality 3 61 1x + < -  has no solutions. 
Answer. Æ. 
Example 18. Solve the inequality: 2 4 1x x- < - . 
Solution.  { { 32 4 1 32 4 1 52 4 1 3 5 .3
xx x xx x x x x x
<ìï- < - <- < - Û Û Û í- > - > >ïî
 
Answer. 5 , 3
3
x æ öÎç ÷
è ø
. 
Example 19. Solve the inequality: 2 5 6x x> + . 
Solution. It is known that 
65 6, 55 6 65 6, 5
x if x
x
x if x
ì + ³ -ï+ = í
- - < -ïî
, so we can write the 
original inequality as union of two systems:  
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2
6
a) 5
5 6
x
x x
ìï ³ -
í
> +ïî
 and 
2
6
b) 5
5 6
x
x x
ìï < -
í
> - -ïî
. 
2
6 6 6a) 1, 65 5 51, 65 6
x x x x
x xx x
ì ìï ï³ - ³ -Û Û - £ < - >í í
< - >> + ïï îî
. 
2
6 6 6b) 3, 25 5 53, 25 6
x x x x
x xx x
ì ìï ï< - < -Û Û < - - < < -í í
< - > -> - - ïï îî
. 
Answer. ( ) ( ) ( ), 3 2, 1 6,xÎ -¥ - - - + ¥U U . 
Example 20. Solve the inequality: 2 2 6x x+ + - < . 
Solution. Let us analyze three cases (open absolute values on the intervals): 
1) ( ) ( ) { ( )2 2 3, 22 2 6 3x x xx x x< -ì < -Û Û Î -í- + - - < > -î ; 
2) ( ) { [ ]2 2 2 2 2, 22 2 6 4 6x x xx x- £ £ì - £ £Û Û Î -í + - - < <î ; 
3) { { ( )2 2 2, 32 2 6 3x x xx x x> >Û Û Î+ + - < < . 
Combining the solutions, we obtain: 3 3x- < < . 
Answer. ( )3, 3xÎ - . 
Example 21. Solve the inequality: 32 2 2x x- + - > . 
Solution. Make substitution: 2 ,x t- =  0.t ³    
( )( )23 3 1 2 0 1 0 12 2 0
0 00 0 0
t t t t tt t t t
t tt t t
ì - + + > - > >ì ì ï+ > + - > ì ìÛ Û Û Û Ûí í í í í³ ³³ ³ ³ î îî î ïî
 
1tÛ > . Then: ( ) ( )2 1 32 1 ,1 3,2 1 1
x xx xx x
- > >é é- > Û Û Û Î -¥ + ¥ê ê- < - <ë ë
U . 
Answer. ( ) ( ),1 3,xÎ -¥ + ¥U . 
6.6. Irrational Inequalities 
Inequalities that contain a variable under the radical are called 
irrational inequalities. 
For example, 5x x+ > , 23 5 7x x+ < -  are irrational 
inequalities. 
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There are two possible cases in solving irrational inequalities. 
1. ( ) ( )P x Q x< . 
This inequality makes sense, if ( ) 0P x ³ . If ( ) 0P x ³ , then 
( ) 0Q x > . Therefore, both sides of inequality can be squared, e.g. get 
rid of irrationality and obtain the following system of inequalities:  
( ) ( )
( )
( ) ( )
( )
2
0
0
P x
P x Q x P x Q x
Q x
³ì
ï< Û < é ùí ë û
ï >î
. 
The solution of this system is the solution of original inequality.  
2. ( ) ( )P x Q x> . 
This inequality makes sense, if ( ) 0P x ³ . The right side ( )Q x  may 
be positive, negative or may be equal to zero. Solution of irrational 
inequality ( ) ( )P x Q x>  is the union of solutions of two systems: 
( ) ( )
( )
( )
( )( ) ( )( )
( )
( )
2 2
0
0
0
0
Û>
éì ³êï
³íê
ïê >îê
³ìê
íê <îë
P x Q x
P x
Q x
P x Q x
P x
Q x
. 
Example 22. Solve the inequality: 31 1x x+ < + . 
Solution. 
( ) ( )2 2 2
31 0 31
1 031 1 1
31 1 31 2 1
x x
xx x x
x x x x x
+ ³ ³ -
+ >+ < + Û Û > - Û
+ < + + < + +
ì ìï ï
í í
ïï îî
 
( ) ( )2
31 31 31 31
1 1 1 1
6 5 6 56 5 030 0
x x x x
x x x x
x x x xx xx x
³ - ³ - ³ - ³ -
Û > - Û > - Û > - Û > -
< - > < - >+ - >+ - >
ìì ì ìï ï ï ï
í í í í
ï ïï ï î îî î U U
 
Find the intersection of the solutions graphically (Fig. 6.14): 
  
Figure 6.14 
Answer. ( )5,xÎ + ¥ . 
5  1-31-  6-  x  
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Example 23. Solve the inequality: 12
2
x x+ > + . 
Solution. ( ) ( )2 22
22 0 2
1 11 ( )0 2 221 72 7 712 2 4 2 22 2 22 0 1 ( )11 0 2 22
xx x
x x ax
x x x xx x
x xx
bx xx
³ -+ ³ ³ -
³ - ³ -+ ³
+ > + Û Û Û< - < <+ > +
³ - ³ -+ ³
< - < -+ <
é éì ìéìê êï ïêïï ï ïê êêí í íê êêï ï ïê êêï ï ïîê êîî êìê êìì êíê êíí êîëê êîî ëë
 
The solution of the system (а): 1 7
2 2
x- £ <  (Fig. 6.15). 
  
Figure 6.15 
The solution of the system (b): 12
2
x- £ < -  (Fig. 6.16). 
  
Figure 6.16 
The solution of the original inequality is the union of (a) and (b) solutions: 
1 7 1 7, 2, 2,
2 2 2 2
é ö é öé ö- - - = -÷ ÷ê ê÷êë øë ø ë ø
U . 
Answer. 72,
2
x
é ö
Î - ÷ê
ë ø
. 
6.7. Solving Inequalities and Systems of Inequalities 
Graphically 
There are endless solutions for inequalities. In light of this fact, it 
is best to find a solution set for inequalities by solving the system 
graphically.  
x  1
2
-  7
2
-  
2-  7
2
 
x  2- 1
2
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If the graph of function ( )y f x=  is above the graph of function 
( )y g x=  ( ) ( )( )f x g x> , the solution of inequality is shown at 
Figure 6.17 ( )( ),x aÎ + ¥  and Figure 6.18 ( ) ( )( ), ,x c dÎ -¥ + ¥U .  
    
 Figure 6.17 Figure 6.18 
Let us analyze how to solve the inequality with two variables 
( ) ( ), ,f x y g x y>  with examples. 
Example 24. Solve the inequality graphically:  
1 0x y+ - > . 
Solution. Write the inequality 1 0x y+ - >  in the 
form 1.y x> - +  Plot the graph 1y x= - + .  
Answer. The solution of inequality is a set of 
points in the shaded area (above parabola) 
(Fig. 6.19).  
 
Figure 6.19 
Example 25. Solve the inequality: ( )2 3x x y- £ - . 
Solution. Write the inequality ( )2 3x x y- £ -  in 
the form 2 2 3y x x³ - +  and graph parabola 
2 2 3y x x= - + . 
Answer. The solution of inequality is a set of 
points in the shaded area (on the parabola and 
inside parabola) (Fig. 6.20).  
Figure 6.20 
Example 26. Solve the inequality: 2 0x y- > . 
Solution. Write the inequality 2 0x y- >  in the 
form 2y x<  and graph parabola 2y x= . 
Answer. The solution of inequality is a set of 
points in the shaded area (below parabola) 
(Fig. 6.21).  Figure 6.21 
1 
y  
x  1y x= - +  
1 
x  
2y x=  y  
2 2 3y x x= - +  
3  
1 
2  
1 0  
y  
x  
a  
( )y f x=  y  
x  
( )y g x=  
d  c  
( )y f x=  
y  
x  
( )y g x=  
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REMEMBER! 
Solving systems of inequalities with two variables is similar to 
solving systems of inequalities with one variable. First, graph each 
inequality, lightly shading their respective regions. The area that is 
shaded in the graphs of both inequalities – the intersection of the two 
– is the solution to the system of inequalities.  
 
 
Example 27. Solve the system of inequalities 
graphically: 
2 2 4 0;
0;
0.
x y
y
x
ì + - >ï >í
>ïî
 
Solution. The solution of the first inequality is 
a set of points outside the circle 2 2 4.x y+ =  
The solution of the second inequality is a set 
of points above the x -axis (upper half). The 
solution of the third inequality is a set of 
points to the right of the y -axis (right-half 
plane).  
 
Figure 6.22 
The solution of the original system of inequalities is the intersection of 
solutions of these three inequalities.  
Answer. Solution of the system of inequalities is a set of points in the shaded 
area (Fig. 6.22). 
Example 28. Solve the system of inequalities  
{ 21 ; 5 .y xy x x³ -£ - +  
Solution. The solution of the first inequality is the 
set of points above 1 .y x= - The solution of the 
second inequality is a set of points inside the 
parabola 2 5y x x= - + . The solution of the 
original system is the intersection of these two 
solutions of inequalities .  
  
Figure 6.23 
Find the points of intersection of these graphs of functions 2 5y x x= - +  and 
1y x= - :  
2 2
1,2
6 32 6 4 25 1 6 1 0 3 2 22 2x x x x x x
± ±- + = - Þ - + = Þ = = = ± . 
Answer. Solution of the systems of inequalities is a set of points in the shaded 
area (Fig. 6.23).  
2 2 4 0x y- - =  
2  
2-  
0x =  
2-  
y  
x   2  
0  
1x  
1y x= -  
2 5y x x=- +  
2x  
y  
x  
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Example 29. Solve the system of inequalities 
0
0
4
5
x
y
xy
x y
³ì
ï ³
í >ï + <î
 
Solution. The solution of the first and second inequalities is a set of points at the 
first quadrant (Fig. 6.24). The solution of the third inequality 4y x>  is the set 
of points above the branch of hyperbola 4y x=  (Fig. 6.25). 
     
 Figure 6.24 Figure 6.25  Figure 6.26 
The solution of the fourth inequality 5y x< -  
is the set of points below 5y x= -  (Fig. 6.26).  
Answer. Solution of the system is a set of points 
below 5y x= -  and above the hyperbola 4y
x
=  
(Fig.6.27).  
 
Figure 6.27 
 
 
Answer the questions 
1. Which inequalities are called equivalent?  
2. What theorem of the equivalent inequalities do you know?  
3.  What kinds of inequalities do you know?  
4.  What method is usually used to solve rational inequalities?  
5.  Write examples of rational inequalities.  
6.  What does it mean to solve the system of inequalities?  
7. How do we solve absolute values inequalities?  
8. What is an irrational inequality?  
9. How do we solve irrational inequalities? 
y  
x  
5  
5  
5y x< -  
0  x  
y  
1 
2  
3  
4  
5  
1 2  3  5  4  
4y
x
>  
0  0  
y  
x  
0x ³  
0y ³  
y  
x  1 
1 
2  
2  
3  
3  
4  
5  
5  4  0  
s 
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Tasks № 16 
I. Solve the inequalities. 
1) 1 3 14 2 6
x x x- ++ > - ; 2) 2 2 1 2 314 10 6
x x x- - -+ < - ;   3) 23 8x < ; 
4) 1 22
xx x+ < < + ; 5) 2 1 3 3 76 12 18
x x x- + +< < ; 6) 24 9x ³ ; 
7) 6 3 79 4 24
x x x- - +£ < ;  8) ( )21 16x - < ; 9) ( )24 3 0x + ³ ;  
10) 2 6 0x x- + < ; 11) 2 2 8 0x x- + + £ ;  12) 24 4 0x x- < - £ ; 
13) 22 6x x£ + < ;  14) ( )20 6 7 3x< - £ ; 15) 23 2 0x x+ - ³ ;  
16) 20 5 7 1x x< - £ . 
II. Solve the inequalities with method of intervals. 
1) ( )( )1 4 0x x- - > ;  2) ( )( )3 2 4 3 0x x+ + ³ ; 3) ( )( )3 2 0x x- + £ ; 
4) ( )( )4 5 2 3 0x x+ - < ; 5) 2 03
x
x
- <
+
;  6) 2 4 06
x
x
- £
-
;  7) 2 09
x
x
³
+
;  
8) 2 18
x
x
- £
-
; 9) ( )( )( )1 3 4 0x x x- + - < ;  10) ( )( )2 23 3 0x x- + < ; 
11) ( )( )( )( )4 1 1 2 0x x x x+ + - - > ;  12) 4 33 2x x+ >+ ; 
13) 3 3 23
x x
x x
- +- <
-
;  14) 
2
2
5 6 0
2 8
x x
x x
- + £
+ -
;  15) 
2
2
8 3
4
x
x
+ < -
-
; 
16) 3 26 11 6 0x x x- + - < ; 17) 3 23 1 0x x x- + + ³ ; 
18) ( ) ( )7 31 3 0x x x× + × + £ ; 19) ( ) ( )5 34 6 9 0x x x× + × - ³ ;  
20) 
( )
( ) ( )
5
3 6
2
0
1 3
x x
x x
× +
£
- × -
; 21) 
( ) ( )
( )
8 52
3
5 2 4
0
2
x x x
x
× - × -
<
+
; 
22) 
( ) ( ) ( )
( ) ( )
3 42
5 3
2 5 2 3
0
4 1
x x x x
x x
- + - × + × -
>
+ × -
; 
23) 
( ) ( )
( ) ( )11
52 2
2
9 12 4 4 3
0
2 8 3
x x x x
x x x
- + × - -
³
+ - × +
;  24) 
( )52
2
7 12
0
2 3
x x
x x
- -
<
- -
. 
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III. Solve the systems of inequalities. 
1) 
1 2 1 9
1 1 4
x
x
< - <ì
í- £ - £î
; 2) 2
9 1
1 02
x
x
ì ³ï
í
£ï
-î
;   3) 
( )2
2
0 2 25
4 4 01
x
x x
x
ì < - <ï
í + + ³ï +î
; 
4) 
21 0
1 1 02 2
x
x
x
ì - >ï
-í + >ï -î
;  5) 
2 5 6 0
4 0
x x
x
ì - + <
í
- >î
;  6) 
1 3 2 4
3 4 5 1
x
x
< - £ì
í- < + <î
. 
IV. Solve the absolute values inequalities. 
1) 2 0x - < ;  2) 3 0x- £ ;  3) 2 9 0x x- > ; 
4) 1 2 1 7x- < - < ;  5) 2 6 0x x+ £ ;  6) 2 21 3 4x x x x- + ³ - + ; 
7) 2 2 0x x- - ³ ;  8) 1 1 4x x- + + < ; 9) 22 12 13 3x x- + ³ ; 
10) 2 5 14 1
x
x
+ <
+
; 11) 2 26 6x x x x+ - ³ - - + ; 12) 3 1 1x x- £ - . 
V. Solve the irrational inequalities. 
1) 6 0x- < ; 2) 3 2 0x < ; 3) 2 4x+ ³ ; 4)  6 7 0x- < ; 5) 2 4 2x - £ - ; 
6) 3 6x- > - ; 7) 2 4 3 3x x+ + - ³ - ;   8) 1 0x x+ - ³ ; 
9) ( )3 0x x- > ;    10) ( )1 3 0x x+ - £ ; 
11) 43 9x x- - £ + ;    12) 2 3 10 8x x x- - < - ; 
13) 2 2 8 1x x x+ - > - ;   14) 2 3 4 1x x x- - + > + ; 
15) ( )22 1 5x x+ < + ;   16) ( ) 24 6 0x x x+ + - ³ ; 
17) 22 3 5 1x x x- - < - ;   18) 2 26 5 1 2 4x x x x+ + < + + + ; 
19) 46 12 122 02 2 2
x x x
x x x- - × >- - - ;  20) 2
7 0
4 19 12
x
x x
- <
- +
; 
21) ( ) 2 22 1 2x x x- + < + ;   22) 1 13 41 1
x x
x x
+ -+ <
- +
; 
23) 
2
2
2 2
1
x
x
+ ³
+
;     24) 1 8 3 14
x
x
- - ³ . 
VI. Solve the inequalities graphically. 
1) 2 2 1x y+ £ ; 2) 2 2 4x y+ > ; 3) ( )( )2 3 0x y- - > . 
VII. Solve the systems of inequalities graphically. 
1) {3 4 12 02 0x yx y- + >+ - < ;  2) { 23 23y x xx y+ ³ ++ £ . 
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EXPONENTIAL AND LOGARITHMIC 
EQUATIONS AND INEQUALITIES  
 
Vocabulary section 
application применение 运用，请求 
base of logarithm основание логарифма 底数 
basic logarithmic 
identity 
основное логарифмическое 
тождество 
对数恒等性 
belong принадлежать 属于 
case случай 事件 
check up проверить 检查 
decimal logarithm десятичный логарифм 以十为底的对数 
division of both sides деление обеих частей 两部分的分割 
equal to zero равно нулю 归零 
equation уравнение 方程式 
evaluation преобразование 变换 
exponential equation показательное уравнение 方程式指数 
exponentiation потенцирование 求幂 
go on to … перейти 走过 
in dependence on в зависимости от 与...独立 
interval интервал, промежуток 区间 
logarithm логарифм 对数 
logarithm of "a " to 
base "b" 
логарифм числа "a " по 
основанию "b" 
以 b 为底的 a 
的对数 
logarithmic equation логарифмическое уравнение 对数方程式 
mean (signify) обозначать 表示 
natural logarithm натуральный логарифм 以e为底的对数 
possible  (case) возможный (случай) 可能性 
property of monotonous свойство монотонности 单调性 
simplify упростить 简化 
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substitute  подставить  将y换元 
substitution method  метод замены  换元法 
           
7.1. Logarithm Definition. Basic Logarithmic Identity  
The logarithm of number b  on the base a  is denoted as loga b , 
( )0, 1a a> ¹ . The logarithm of a number is the exponent by which 
another fixed value, the base, must be raised to produce that number. 
The logarithm is denoted " logb x " (pronounced as "the logarithm of x 
to base b" or "the base-b logarithm of x"). 
The logarithm of a number x with respect to base b is the 
exponent by which b must be raised to yield x. In other words, the 
logarithm of x to base b is the solution y to the equation yb x=  . 
For example, the logarithm of 1000 to base 10 is 3, because 1000 
is 10 to the power 3, e.g. 3100 10 10 10 10= × × = . More generally, if yx b= , 
then  y is  the  logarithm  of x  to  base b, and  is  written logby x= , so 
10log 1000 3= , 2log 8 3= , because 
32 8= ; 3
1log 2,9=-  because ( )
2 13 9
- = . 
 
REMEMBER! 
1. Basic logarithmic identities:  
logb xb x= , because ( )antilog logb b x x= . 
log xb b x= , because ( )log antilogb b x x= . 
2. Common logarithm: 10log lgb b= . 
3. Natural logarithm:    log lne b b= . 
( 2.718281828...e =  is the base of natural logarithms). 
For example, using the basic logarithmic identity, it can be 
written: 5log 35 3= ; 7log 97 9= ; ( ) 0.25log 70.25 7= . 
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Example 1. Calculate, using the logarithm definition:  
а) 2log 64 ;    b) 3log 3;    c) 3
1log 27 ;    d) ln e ;    e) 
1lg100 . 
Solutions and answers. 
a) 2log 64 6= , because 
62 64= ;   b) 3log 3 2= , because ( )
2
3 3= ; 
c) 3
1log 327 = - , because 
3 13 27
- = ;  d) 1ln 2e = , because 
1
2e e= ; 
e) 1lg 2100 = - , because 
2 110 100
- = . 
Example 2. Calculate, using the basic logarithmic identity.  
a) 5log 75 ;    b) 3log 227 ;   c) 3log 7 23 - ;    d) 3lg210 ;    e) 2,4log 10 12,4 + ;    f) 5ln 6e . 
Solutions and answers. The basic logarithmic identity is: loga ba b= , then: 
a) 5log 75 7= ; b) ( ) ( )33 3 3log 2log 2 log 23 327 3 3 2 8= = = = ; c) 33
log 7
log 7 2
2
3 73 93
- = = ;  
d) ( )33lg2 lg2 310 10 2 8= = = ; e) 2,4 2,41 log 10 log 102.4 2.4 2.4 10 2.4 24+ = × = × = ;  
f) ( ) ( )5 55ln 6 ln 6 56 6 36 6e e= = = = . 
7.1.1. Basic Properties of Logs (Algebraic Identities or Laws) 
1) loga ba b=  (Basic logarithmic identity or reciprocal property); 
2) log 1a a =  (Trivial identity or reciprocal property); 
3) log 1 0a =  (Trivial identity or reciprocal property); 
4) log log loga a abc b c= + , if 0b > , 0c >  (The log of a product is 
equal to the sum of the logs of the factors); 
5) log log loga a a
b b cc = - , if 0b > , 0c >  (The log of a quotient is 
equal to the difference between the logs of the numerator and 
denominator); 
6) log logpa ab p b= × , if 0b >  (The log of a power is equal to the 
power times the log of the base); 
7) loglog
log
c
a
c
bb
a
= , if 0b >  (Changing the base); 
7 а) if c b= , then log 1log
log log
b
a
b b
bb
a a
= = ; 
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8) log log p pa ab b=  (Using simpler operations); 
9) 
1 1log log logk ka a am m mk
= = ×  (Using simpler operations); 
10) 1log loga ab b
= -  (Using simpler operations);  
11) log logc cb aa b= . 
Example 3. Simplify: a) 4log 9 12 + ;    b) 
3 lg5
lg255
-
;     c) 
( )log log
log
b b
b
a
aa ;  
d) 2 3 4 8 9log 3 log 4 log 5 log 9 log 10× × × × ×K . 
Solution.  
а) Transform the exponent: 
2
24 4 2 2
log 3log 9 1 log 9 log 32 2 2 2 2 2 2 3 2 6+ = × = × = × = × = . 
b) Transform the exponent: 
3
3 103 lg5 lg10 lg5 lg lg2005
æ ö- = - = =ç ÷
è ø
, 
25 525
1 log 10 log 10 log 10
lg25
= = = , then: 
( ) ( )
1
2
5 5
lg2003 lg5 lg 2001 1lg200 lg200 lg200log 10 lg200 log 10lg25 2 25 5 5 10 10 10 10
æ ö
- ç ÷
ç ÷× è ø
æ ö
= = = = = = =ç ÷
è ø
 
lg 20010 200 10 2= = = . 
c) Use identity 1 log
log ab
b
a
=  and obtain:  
( )
( ) ( ) ( ) ( )
log log
log loglog log log log loglog log log
b b
b ba b b b bb a
a
ab a aa b
ba a a b a
×= = = = . 
d) Change all factors to the base "10" and obtain:  
2 3 4 8 9log 3 log 4 log 5 log 9 log 10× × × × × =K  
2
lg3 lg4 lg5 lg9 lg10 lg10 1 log 10
lg2 lg3 lg 4 lg8 lg9 lg2 lg 2
= × × × × × = = =K . 
Answer. a) 4log 9 12 6+ = ;    b) 
3 lg5
lg255 10 2
-
= ;    c) 
( )log log
log log
b b
b
a
a
ba a= ; 
d) 2 3 4 8 9 2log 3 log 4 log 5 log 9 log 10 log 10× × × × × =K . 
Example 4.  a) Find 5log 12 , if 5log 2 a= ; 5log 3 c= ;  
b) Find lg56 , if lg2 a= ; 2log 7 b= . 
Solution. a) Make some transformations:  
( )2 25 5 5 5 5 5log 12 log 2 3 log 2 log 3 2log 2 log 3= × = + = + ;  
if 5log 2 a= ; 5log 3 c= , then 5 52log 2 log 3 2a c+ = + . 
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b) Make some transformations:  
( )3 3 2 2
2
log 7lg56 lg 2 7 lg2 lg7 3lg2 3lg2 log 7 lg2
log 10
= × = + = + = + × ;  
if lg2 a= ; 2log 7 b= , then 23lg2 log 7 lg2 3 3a ba ab a+ × = + = + . 
Answer. а) 2a c+ ; b) 3ab a+ . 
Example 5. Simplify: 2 2log log 2 2 2 A= . 
Solution. Using the property of logarithm, let us make some transformations:  
73 3 7
82 4 42 2 2 2 2 2 2 2 2= = × = = , then: 
7
8
2 2 2 2 2 2
7log log 2 log log 7 log 8 log 7 3
8
A
æ ö æ ö= = = - = -ç ÷ ç ÷
è øè ø
. 
Answer. 2log 7 3A = - . 
Example 6. Calculate 3 3
1 12
log 2 2log 52 25 1 A
+
+ + = . 
Solution. Make some transformations:  
2
3
1 log 3
log 2
= , 5
3
1 1 log 3
2log 5 2
= , then 3 3
1 12
log 2 2log 52 25 1A
+
= + + =  
5
5
52 2
log 31 1log 3 log 32 log 3 log 322 22 25 1 2 2 25 1 4 3 5 1+
æ ö
= + + = × + + = × + + =ç ÷
è ø
 
12 3 1 16 4= + + = = . 
Answer. 4A = . 
7.1.2.  Logarithms and Exponentiation  
The logarithm of a number x with respect to base b is the 
exponent by which b must be raised to yield x. In other words, the 
logarithm of x to base b is the solution y to the equation yb c= . 
Example 7. Find lg A, if 
3 8
31
a bA
c
= , 0a > , 0b > , 0c > . 
Solution. Evaluate the expression:  
( )
3 8
3 8 31 3 8 31
31lg lg lg lg lg lg lg 3lg 8lg 31lg
a bA a b c a b c a b c
c
æ ö= = - = + - = + -ç ÷
è ø
. 
Answer. lg 3lg 8lg 31lgA a b c= + - . 
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Finding an antilog is the inverse operation of finding a log, so is 
another name for exponentiation.  
Example 8. Find X , if 5 5 5 5
1log 1 log 3 log 3 2log 23X = + - - . 
Solution. Evaluate the right side of the equality: 5 5 5
11 log 3 log 3 2log 23+ - - =  
( ) ( ) ( )
1 3
2 233
5 5 5 5 5 5 5
5 3log 5 log 3 log 3 log 2 log 5 3 log 3 2 log ,12
æ ö×= + - + = × - × = ç ÷
è ø
 
then 
3
5 5
5 3log log 12X
æ ö×= Þç ÷
è ø
35 3
12X
×= . 
Answer. 
35 3
12X
×= . 
Example 9. Find X , if ( ) ( )2lg lg lg lg3X a b a b= - - - . 
Solution. Evaluate the right side of the equation:  
( ) ( ) ( ) ( ) ( ) ( )
2 2
3 3
2
32 lg lg lg lg lg lg lg lg3
a a
b baa b a b a b Xb a b a b- - - = - - = Þ =- - . 
( ) ( ) ( )
2
3
2 23
31 1
a
b a aX a b a b b a b b= = × = ×- - -
. 
Answer. ( )231 aX a b b= ×- . 
7.2. Exponential Equations. Techniques for Solving 
Exponential Equations 
Exponential equations are the equations in which variables 
occur in the exponents. 
For example, 12 3x x-= , 
2 85 2 0x - - = , ( ) ( )f x xa aj=  are exponential 
equations.  
For example, 
3
2 2 1x x+ +  is an exponential expression while 
2 3x +  is not an exponential expression. Similarly, 3 27x =  is an 
exponential equation while 2 29x + =  is not an exponential equation.  
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Solving exponential equations is based on the properties of the 
exponential function. There are different techniques for Solving 
Exponential Equations. 
I. Same Base Problems 
When the unknown is in the exponent, it may require rewriting 
the equation so each side has the same base. If, on each side of the 
equation, there is only the same constant base with different 
exponents, a new equation can be written equating the exponents from 
the two sides. 
 а) ( ) ( )f x xa aj= , 0a > , 1a ¹ . 
If the same powers with the same positive bases (not equal to 
"one") are equal, then the exponents are also equal, e.g. ( ) ( )f x xj= . 
 b) ( ) 1f xa = , 0a > , 1a ¹ . 
If 0 1a = , and if ( ) 0f xa a= , it means ( ) 0f x = . 
Example 10. Solve the equation ( )2 3
2560.25
2
x
x
-
-= . 
Solution. Write both sides of the equation with common base "2" and solve the 
equation: ( ) ( )
2 8
2 2 8 3 2 4 11
3
1 2 2 2 2 2 2 4 11 5
4 2
x
x x x x
x x x x
-
- - - - - -
-
æ ö = Þ = Þ = Þ - = - Þ =ç ÷
è ø
. 
Answer. { }5 . 
Example 11. Solve the equation 3 33 1x- = . 
Solution. ( ) ( )3 1 03 3 3 1 0 1x x x- = Þ - = Þ = . 
Answer. { }1 . 
II. Dividing Both Sides of the Equation ( ) ( )f x f xa b= , 0a > , 0b > , 1a ¹ , 
1b ¹  by ( )f xa  or ( )f xb . 
Example 12. Solve the equation 3 19x x= . 
Solution. 3 19 33 19 1 0
19 19 19
xx x
x x
x x x
æ ö= Û = Û = Û =ç ÷
è ø
. 
Answer. { }0 . 
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III. Making the Same Base of the Logarithms of Both Sides of the 
Equation     ( ) ( )f x g xA a B b× = × , 0a > , 0b > , 1a ¹ , 1b ¹ . 
Example 13. Solve the equation 12 5 3 7x x-× = × . 
Solution. Evaluate the equation: 1 5 7 5 72 5 3 7 3 2 3 63
xx
x x
x
- Û Û æ ö× = × = =ç ÷× è ø
.  
Logarithm of both sides of the equation with the base 53 : 
5 5 5
3 3 3
5 7 7log log log3 6 6
x
xÛæ ö æ ö æ ö= =ç ÷ ç ÷ ç ÷
è ø è ø è ø
. 
Answer. 5
3
7log 6
ì üæ öç ÷í ý
è øî þ
. 
Example 14. Solve the equation 
2 4 27 8x x- = . 
Solution. Logarithm both sides of the equation with the base "7" (it is possible to 
logarithm with the base "8" or other positive base, which is not equal to "1"). 
( ) ( ) ( )2 4 2 2 27 7 7 7 7log 7 log 8 4 log 7 2 log 8 4 2 log 8 0x x x x x x- = Û - = Û - - = Û  
( )2 72 log 8 4 0x xÛ - × - = . Solve this equation and find its roots: 
( )21,2 7 7log 8 log 8 4x = ± + . These are the roots of original equation. 
Answer. ( ){ }27 7log 8 log 8 4± + . 
IV. Factoring Exponential Equations 
Example 15. Solve the equation 1 15 3 5 6 5 10 0x x x+ -+ × - × + = . 
Solution. Evaluate the equation: 1 2 1 15 5 3 5 6 5 5 10 0x x x- - -× + × - × × + = . 
( ) ( )1 2 1 15 5 3 6 5 10 0 5 2 10 0 5 5 1 1 2.x x x x x- - -× + - × + = Û × - + = Û = Û - = Û =  
Answer. { }2 . 
V. Evaluating to the Quadratic Equation 
a) Evaluate the form ( ) ( )2 0f x f xA a B a C×× + × + =  ( 0a > , 1a ¹ ) to 
a quadratic equation 2 0Ay By C+ + =  with substitution ( )f xa y= . 
Example 16. Solve the equation 
2 223 12 3 27 0x x- × + = . 
Solution. If 
2
3x y= , then ( )2 2 22 23 3x x y= = . Substitute these values into original  
equation and obtain: 
2
1 212 27 0 3, 9y y y y- + = Û = = Þ  
2
2
2
2
13 3 1
223 9
x
x
xx
xx
é = ±é é= =Û Ûê ê ê = ±== ëëë
 
Answer. { }1, 2± ± . 
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b) Use substitution ( )xn a b y- =  or ( )xn a b y+ =  and 
evaluate equation ( ) ( )x xn nM a b N a b p× - + × + = , ( 2 1a b- = ) to 
the quadratic equation. 
Example 17. Solve the equation ( ) ( )2 3 2 3 4x x+ + - = . 
Solution. Make substitution: ( )2 3 x y+ = . Obtain: 
( ) ( )
1 1 1 12 3
2 3 2 3 2 3
xxx
x y
æ öæ ö
- = = = =ç ÷ç ÷ ç ÷+è ø +è ø +
.  
The original equation is equivalent to the following equations: 
2
1,2
1 4 4 1 0 2 4 1 2 3y y y y
y
+ = Û - + = Û = ± - = ± Û  
( )
( )
( )
( ) ( )
2
1
2
12 3 2 3 2 3 2 3 22
212 3 2 3 2 3 2 3 2
x x
x x
x
x
x x-
éé é =+ = + + = +êê ê =éÛ Û Û Ûêê ê = -êë= -+ = - êê ê+ = + ëë ë
 
Answer. { }2, 2- . 
VI. Inserting a New Variable 
The equation ( ) 0m n xmx nx mxa p a b q b-+ × × + × = , if 0a > , 1a ¹ , 0b > , 
1b ¹  and the sum of exponents in each term is equal to mx , can be  
solved by dividing each term by mxb  ( 0mxb ¹ ): 
( ) ( ) ( ) ( )0 0mx mx mxm n xnx mxmx mxa a b b a ap q p qb b bb b
- ××+ × + × = Þ + × + = . 
Insert a new variable ( )xay b=  and obtain equation 
0m ny py q+ + = , which roots are: 1y , 2y , …, ky . Solve the equations: 
( )1 xay b= , ..., ( )
x
k
ay b=  and obtain k  values for x . 
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Example 18. Solve the equation 27 12 2 8x x x+ = × . 
Solution. Write the original equation as: 3 2 23 2 3 2 3 0x x x x+ × - × = . 
Divide each term of the equation by 32 x  and obtain: 
33 3 2 02 2
x x
æ ö æ ö+ - =ç ÷ ç ÷
è ø è ø
.  
If 32
x
yæ ö =ç ÷
è ø
, 0y > , then ( ) ( )3 32 0 1 1 0y y y y+ - = Þ - + - = Þ  
( )( )2 11 2 0 1y y y yÞ - + + = Þ = .  
The equation 2 2 0y y+ + =  has no real roots, because its discriminant is less 
than zero ( )7 0D = - < . That’s why: 3 1 0
2
x
xæ ö = Þ =ç ÷
è ø
. 
Answer. { }0 . 
The equations ( )( ) ( ) ( )( ) ( )x g xf x f xj =  are also called 
exponential equations. 
Solving these equations it is necessary to verify cases whether 
the base is equal to: ( ) 1f x = - , ( ) 0f x = , ( ) 1f x = , because the roots 
of these three equations may be roots of the original equation.  
If ( ) 1f x ¹ - , ( ) 0f x ¹ , ( ) 1f x ¹ , then: ( ) ( )x g xj = . In this 
case, it is necessary to check the roots, because left or right side of the 
equation may not have a sense.  
Example 19. Solve the equation ( )
210 3 12 1x xx - -- = . 
Solution. Consider when the bases of the equation are equal to "one", "minus 
one" and "zero":  2 1x - = , 2 1x - = - ,    2 0x - = . 
a) 2 1x - = Þ 3x = . Check this value: ( ) ( )10 9 3 3 1 803 2 1 1× - × -- = - = . 
Therefore, 1 3x =  is the root of the equation. 
b) 2 1x - = - Þ 1x = . Check this value: ( ) ( )101 31 1 61 2 1 1× - × -- = - = . 
Therefore, 2 1x =  is the root of the equation. 
c) 2 0x - = Þ 2x = . Check this value: ( )10 4 3 2 1 332 2 0 0 1× - × -- = = ¹ . 
Therefore, 2x =  is not a root of the equation. 
d) If 2 1x - ¹ - , 2 0x - ¹ , 2 1x - ¹ .  
Then ( ) ( )
210 3 1 02 2x xx x- -- = - Þ 2 3 4
1 110 3 1 0 ,
5 2
x x x x- - = Þ = - = .  
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Check these values: 3
1
5x = - Þ ( ) ( )
1 110 3 125 5 01 2 2.2 15
× + × -
- - = - = ,  
4
1
2x = Þ ( ) ( )
1 110 3 14 2 01 2 1.5 12
× - × -
- = - = . 
Therefore, 3
1
5
x = -  and 4
1
2
x =  are the roots of the equation. 
Answer. { }1 1, , 1, 35 2- . 
7.3. Logarithmic Equations. Solving Logarithmic Equations  
The equation is called logarithmic if it contains logarithmic 
expressions and constants.  
For example, the equations: ( ) ( )log loga af x g x= , log 4 2x = - , 
3log 2x =  are logarithmic equations.  
Solving logarithmic equations is based on the properties of 
logarithmic functions.  
Trivial logarithmic equations are the equations of the form: 
a) loga x b= ;  b) ( )loga f x b= ; c) ( ) ( )loga f x g x= ; 
d) ( ) ( )log loga af x g x= ;         e) ( ) ( ) ( ) ( )log logx xf x g xj j= . 
It is used different techniques for solving trivial logarithmic 
equations.  
I.  Solving Logarithmic Equations Using Some Logarithm 
Properties  
а) log , 0, 1ba x b x a a a= Û = > ¹ . 
Example 20. Solve the equation 3log 2x = . 
Solution. (D: 0x > ); 23log 2 3 9x x x= Û = Þ = . 
Answer. { }9 . 
b) ( ) ( )log , 0, 1ba f x b f x a a a= Û = > ¹ . 
Example 21. Solve the equation ( )4log 2 3x + = . 
Solution. (D: 2x > - ); ( ) 34log 2 3 2 4 64 64 2 62x x x+ = Û + = = Û = - = . 
Answer. { }62 . 
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c) ( ) ( ) ( ) ( )log , 0, 1g xa f x g x f x a a a= Û = > ¹ . 
Example 22. Solve the equation ( )2log 4 2x x- = . 
Solution. ( ) ( )22log 4 2 4 2 2 2 2 2 0 2x x x x x xx y- = Û - = Û - - = Û = . 
2 2 2 122 0 11 2 1
x
x
xyy y xy x f
é = == éé- - = Û Û Û Û =ê= - Îêê = -ë ëë
. 
Checking. If ( )2 21 log 4 2 log 2 1 1 1,x = Þ - = = Þ =  then 1x =  is a root of the 
original equation. 
Answer. { }1 . 
d) ( ) ( )
( ) ( )
( )
( )
log log 0
0
a a
f x g x
f x g x f x
g x
=ì
ï= Û >í
ï >î
, where 0, 1a a> ¹ . 
Example 23. Solve the equation ( ) ( )26 6log 1 log 7 7x x- = - . 
Solution. ( ) ( )26 6log 1 log 7 7x x- = - Û  
2 2
2
1 7 7 7 6 0 1, 6
1 0 1, 1 1, 1 6.
7 7 0 1 1
x x x x x x
x x x x x x
x x x
ì - = - ì - + = = =ìï ï ïÛ - > Û < - > Û < - > Þ =í í í
- > > >ïï ï îîî
 
6x =  is the root of the original equation. 
Answer. { }6 . 
e) ( ) ( ) ( ) ( )
( ) ( )
( )
( )
( )
( )
0
log log 0
0
1
x x
f x g x
f x
f x g x g x
x
x
j j
j
j
ì =
ï >
ï
= Û >í
ï >
ï ¹î
. 
Example 24. Solve the equation ( ) ( )22 2log 3 log 6 8x xx x x- = - . 
Solution. ( ) ( )22 2log 3 log 6 8x xx x x- = - Û  
{
2
2
2
9 8 0
3 6 8 0, 3
3 0 4 1, 8 86 8 0 3 302 0
12 1
2
x x
x x x x x
x x x xx xx xxx
x x
ì - + =
ì - = - ï < >
ï ï- >ï ï = =>Û Û Û Þ =- >í í >ï ï >>
ï ï¹î ¹ïî
.  
Answer. { }8 . 
Exponential and logarithmic equations and inequalities  
 219
II. Solving Logarithmic Equations Using Log Rules 
Example 25. Solve the equation ( ) ( )4 4 4log 3 log 1 2 log 8x x+ - - = - . 
Solution. Evaluate the equation: 24 4 4 4 4
3 3log log 4 log 8 log log 2
1 1
x x
x x
+ +
= - Û =
- -
. 
Solve the system: 
4 4
3 3 5log log 2 2
1 1 3 53 0 3
11 0 1
x x x
x x x xx x
xx x
+ +ì ì == = ìï ïï ï ï- -Û Û > - Þ =í í í+ > > -ï ï ï >î- > >ï ïî î
. 
Answer. { }5 . 
III. Solving Equations Using the Basic Logarithmic Identity 
loga ba b=  
Example 26. Solve the equation ( )3log 1 2 29 5 5x x- = - . 
Solution. Evaluate the left side of the equation: ( ) ( ) ( )33 log 1 2log 1 2 29 3 xx -- = =  
( ) ( ) ( )
2
3 3 22log 1 2 log 1 23 3 1 2x x x- -= = = - , then  ( )3log 1 2 29 5 5x x- = - Û  
( )
2 2 2
2 2 1 4 4 5 5 4 6 0 2 101 2 5 5
1 1 1
1 2 0
2 2 2
x x x x x xx x
x x xx
ìì ì- + = - + - = = - ±ì ï ï ï- = -Û Û Û Û Þí í í í< < <- >î ï ï ïî î î
 
2 10xÞ = - -  is the root of the original equation. 
Answer. { }2 10- - . 
IV.  Solving Logarithmic Equations with Inserting New Variable 
(Substitution) 
Example 27. Solve the equation ( )2 32 lg 3lg 1 0x x× - - = . 
Solution. D: 0x > . ( ) ( ) ( ) ( )2 2 22 3 3 2 2lg lg 3lg 3 lg 9 lgx x x x x= = = = , then 
2 22 9lg 3lg 1 0 18lg 3lg 1 0x x x x× - - = Û - - = .  
If  lg x t= , then: 2 1,2
3 9 4 18 3 918 3 1 0
2 18 36
t t t ± + × ±- - = Û = = Û
×
 
1
31
1
6
2
12 1 1lg 1036 3 3
6 1 1lg 1036 6 6
t x x
t x x
-
é é é= = =ê ê =êÛ Û Ûê ê ê= - = - = -ê ê =ëë ë
 
Answer. { }1 13 610 , 10- . 
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V. Solving Equations Using Logarithms 
Example 28. Solve the equation 
32lg 1.5lg 10xx x- = . 
Solution. (D: 0x > ). Take the logarithm of both sides of the equation and 
evaluate: ( )3 32lg 2lg1.5lg 10 lg 1.5lg lg 10x xx x x x- = Û - = Û  
( )3 4 212lg 1.5lg lg 4lg 3lg 1 02x x x x xÛ - = Û - - = .  
If 2lg x t= , then: 24 3 1 0t t- - = Û  
2
1
2
1 lg 1 lg 1, lg 1 10, 10 0.11 1lg4 4
t x x x x xxt x
-
= é =é = = -éÛ Û Û Û = = =êê ê ÎÆ= - = - ëêêë ë
. 
Answer. { }10, 0.1 . 
VI.  Solving Equations by Dividing Both Sides of the Equation  
Example 29. Solve the equation lg lg 1 lg 1 lg 17 5 3 5 13 7x x x x+ - -- = × - × . 
Solution. (D: 0x > ). lg lg lg lg3 137 5 5 5 7
5 7
x x x x- × = × - × Û  
( ) ( ) lglg lg lg lg lg13 3 20 28 7 28 71 7 5 5 7 57 5 7 5 5 205
x
x x x x
x
×Û + × = + × Û × = × Û = Û
×
 
( ) ( )lg 2 27 7 lg 2 10 1005 5
x
x xÛ = Û = Û = = . 
Answer. { }100 . 
VII. Solving Equations Using the Formulas for Another Base 
Example 30. Solve the equation: 16 4 2log log log 7x x x+ + = . 
Solution. (D: 0x > ). Make the base “2” for all terms of the equation: 
2 2 2 2
16 4
2 2
log log log loglog ; log
log 16 4 log 4 2
x x x xx x= = = = . 
If 2log x t= , then 
4
27 4 log 4 2 164 2
t t t t x x+ + = Û = Û = Û = = . 
Answer. { }16 . 
7.4.  Systems of Exponential and Logarithmic Equations  
When we solve systems of exponential and logarithmic 
equations, we use standard techniques for solving exponential and 
logarithmic equations, and standard techniques for solving systems of 
exponential and logarithmic equations.  
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Example 31. Solve the system of equation 2 3 12
2 3 18
x y
y x
ì × =
í × =î
. 
Solution. Multiply the first equation by the second equation and obtain:  
( ) 32 3 2 3 12 18 2 3 2 6 3 6 2 3 6x yx y y x x y x y ++ +× × × = × Û × = × × × Û × = Û  
36 6 3 3x y x y y x+Û = Û + = Û = - . 
Substitute ( )3 x- instead of y  in the first equation of the original system. 
Obtain: ( ) ( )233 32 3 2 12 4 22 3 12 12 23 9 33 3
xx
x x
x x
- ×× = Û = Û = = = Û = .  
Then 3 3 2 1y x= - = - = . 
Answer. ( ){ }2,1 . 
Example 32. Solve the system of equation { 3 2lg 2lg 3lg lg 9x yx y+ = -- = . 
Solution. D: { 00xy >> . Examine the second equation of the system and evaluate as 
follows: 3lg 3lgx x= , 2lg 2lgy y= .  
Then the original system of equations can be written and solved in the form: 
{ 3 2lg 2lg 3 lg 2lg 3lg 2lg 3 9lg lg 9x y x y x yx y+ = - Þ + + - = - +- = , or 
3
3234lg 6 lg 10 10 10 102x x x= Û = Û = = = . 
From the first equation of the system, we obtain: 2lg lg 3y x= - - Û  
( ) 94 4lg 3 3 9 1lg 3 : 2 102 2 4 100 10xy y
-- -Û = = - - = - Û = =
×
. 
Answer. 
4
110 10,
100 10
ì üæ ö
í ýç ÷×è øî þ
. 
Example 33. Solve the system of equation 
( )6log 4
2 2
5 1
4 7 2 8
x y
x y x y
-
- -
ì =í - × =î
. 
Solution. D: 4 0x y- > . If 22x y t- = , then the second equation 2 7 8 0t t- - =  has 
roots: 1 28, 1t t= = - . The root of the equation 2 1t = -  does not meet D of the 
original system. Therefore, 2 32 8 2 2 3x y x y- = = Û - = . It can be written 
( )6log 4 0 4 1x y x y- = Û - =  from the first equation of the original system. 
We obtain a system that is equivalent to the original: { { 54 12 3 1xx yx y y =- = Û- = = . 
Answer. ( ){ }5,1 . 
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7.5. Exponential Inequalities 
An inequality with variables in the exponent ( ( ) ( )f x g xa b> ) is 
called an Exponential Inequality.  
In the process of solving exponential inequality it can be 
reasonable to make the same base of both sides of the inequality: 
( ) ( )f x xa aj> .  
Solving exponential inequality is based on the monotonicity of 
the exponential function: if 1a > , the exponential function increases 
monotonically, if 0 1a< < , the exponential function decreases 
monotonically. Therefore, there can be two cases:  
a) 1a > , ( ) ( ) ( ) ( )f x xa a f x xj j> Þ > ; 
b) 0 1a< < , ( ) ( ) ( ) ( )f x xa a f x xj j> Þ < . 
Sometimes we have the expression with variable in the base and 
in the exponent: ( ) ( ) ( ) ( )f x xu x u x j> . For solving such inequalities, it is 
necessary to solve the systems of inequalities.  
There are two cases: a) ( )( ) ( )
1u x
f x xj
>ì
í >î
 and b) ( )( ) ( )
0 1u x
f x xj
< <ì
í <î
. 
Solution of the exponential inequality is the union of solutions sets. 
Example 34. Solve the inequality: ( )
2 6 2.51 16 22
x x- -
> . 
Solution. Write the right side of the equation as follows: ( ) 4.54.5 116 2 2 2
-
= = .  
Then the original inequality will have the form: ( ) ( )
2 6 2.5 4.51 1
2 2
x x- - -
> . 
The base 1 12 < , so this inequality is equivalent to the square inequality 
2 6 2.5 4.5x x- - < -  or 2 6 2 0x x- + < . We have: 1 3 7x = - , 2 3 7x = + , and 
the solution of the inequality is: 3 7 3 7x- < < + . 
Answer. ( )3 7 , 3 7x Î - + . 
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Example 35. Solve the inequality: 2 5x > . 
Solution. Transform both sides of the inequality: 2log 52 5 2 2x x> Û > . The base 
2 1> , so it can be written: 2log 5x > . 
Answer. ( )2log 5,x Î + ¥ . 
Example 36. Solve the inequality 24 2 5 10 0x x x- × - > . 
Solution. Rewrite the original inequality: 2 22 2 5 2 5 0x x x x- × - × > .  
 There are functions that are homogeneous about 2x  and 5x  at the left side of 
inequality. Divide both sides of the original inequality by: 25 25x x= . Obtain: 
2
4 10 2 22 0 2 0
25 25 5 5
x x x xæ öæ ö æ ö æ ö æ ö- - > Û - - >ç ÷ ç ÷ ç ÷ ç ÷ç ÷è ø è ø è ø è øè ø
. 
If 2
5
x
tæ ö =ç ÷
è ø
, 0t > , then 2 12 0
2
tt t t
< -é- - > Û ê >ë
. Because 0t > , then 1t < -  is 
not a solution of inequality.  
If 22 2
5
x
t æ ö> Þ >ç ÷
è ø
2
5
log 2
2
5
2 2 log 2
5 5
x
xæ ö æ öÛ > Û <ç ÷ ç ÷
è ø è ø
 is a solution of 
original inequality. 
Answer. 2
5
, log 2x
æ ö
Î -¥ç ÷
è ø
. 
Example 37. Solve the inequality 
2 1
2 1
x
xx
-
- > . 
Solution. Write the original inequality as follows: 
2 1
02
x
xx x
-
- > . The solution of this 
inequality is the union of solutions of systems 1) and 2).  
1) 
1
1 22 1 0
2
x
xx
x
>ì
ï Û < <-í
>ï -î
;    2) 
0 1
102 1 20
2
x
xx
x
< <ì
ï Û < <-í
<ï -î
. 
Answer. ( )10, 1, 2
2
x æ öÎç ÷
è ø
U . 
Example 38. Solve the inequality ( ) ( )8 7 1 94 4x xx x- -+ £ + . 
Solution. ( ( )x D fÎ ). This exponential equality is equivalent to two systems of 
the inequalities: 
1) 
4 1 3
8 7 1 9 3.5
x x
x x x
+ > > -ì ìÛí í- £ - £ -î î
, e.g. x ÎÆ . 
2) 
0 4 1 4 3
3.5 3
8 7 1 9 3.5
x x
x
x x x
< + < - < < -ì ìÛ Û - £ < -í í- ³ - ³ -î î
. 
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The value 3x = -  belongs to the D of original inequality, because 
4 1 3x x+ = Þ = - . Therefore, 3x = -  is the solution of the original inequality. 
Answer. [ ]3.5, 3xÎ - - . 
Example 39. Solve the inequality ( ) ( )1 2x xx x+ ³ + . 
Solution. Let’s find D: { 1 0 12 0x xx + > Û > -+ > . 
Divide both sides of the original inequality by ( )2 0xx + > .  
Obtain the inequality which is equivalent to the original: ( )1 12
xx
x
+ ³
+
.  
Consider three possible cases depending on the base: 
1) 1 1 1 2 1 22
x x x xx
+ = Û + = + Û = Û ÎÆ
+
. 
2) { { ( ]1 0 1 2 10 1 1, 02 0 00
x x x x xx x xx
+ì < + < + > -ï < < Û Û Û Î -+í £ ££ïî
 . 
3)
1 1 212 0 00
x x x x xx x xx
+ì + > + ÎÆï ì ì> Û Û Û ÎÆ+í í í³ ³î îï ³î
. 
Answer. ( ]1, 0xÎ - . 
7.6.  Logarithmic Inequalities 
An inequality with variables in the logarithm or in the base of 
the logarithm is called logarithmic inequality.  
To solve the logarithmic inequalities it is useful to transform 
them to the following form: ( ) ( )log loga af x xj> . This is a simple 
logarithmic inequality.  
In solving logarithmic inequalities, it is necessary to remember 
the following:  
1) expression with a variable in the logarithm can be only 
positive;  
2) logarithmic function increases monotonically, if 1a > and 
decreases monotonically, if 0 1a< < .  
For solving some logarithmic inequalities, we have to solve a 
system of these inequalities. 
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REMEMBER! 
If the base of the logarithm contains the variable 
( ) ( ) ( ) ( )log logu x u xf x xj> , then we have to solve two systems of 
inequalities:  
a) 
( )
( )
( )
( ) ( )
1
0
0
u x
f x
x
f x x
j
j
>ì
ï >ï
í >ï
>ïî
                            b) 
( )
( )
( )
( ) ( )
0 1
0
0
u x
f x
x
f x x
j
j
< <ì
ï >ï
í >ï
<ïî
 
Solution of original inequality is a union of solutions sets.  
Example 40. Solve the inequality ( )2log 1 2x- > - . 
Solution. (D: 1 0 1x x- > Û < ).  
In this example, it is not necessary to write two systems of inequalities, which 
are mentioned above. From the condition, we know that the base of the 
logarithm is "2", which is greater than one, so it is enough to write the both 
sides of the logarithm with the same base "2" and obtain a linear inequality: 
( ) ( ) ( )2 22 2 2 1 3log 1 2 log 1 log 2 1 2 1 .4 4x x x x x
- -- > - Û - > Û - > Û - > Û <  
We check whether found solution belongs to D of original inequality. 
Answer. 3,
4
x æ öÎ -¥ç ÷
è ø
. 
Example 41. Solve the inequality: ( ) ( )2 2log 8 log 4 2x x- > - . 
Solution. The base of logarithm is greater than "1", so it can be written only one 
system of inequalities: 
8 0 8
4 2 0 2 4 2
8 4 2 4
x x
x x x
x x x
- > <ì ì
ï ï- > Û < Û - < <í í
ï ï- > - > -î î
. 
Answer. ( )4, 2xÎ - . 
Example 42. Solve the inequality: 4
2
1 log 1
1 log 2
x
x
-
£
+
. 
Solution. Write all logarithms with the base "2": 
2 2
4 2
2
log log 1log loglog 4 2 2
x xx x= = = . 
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If 2log x t= , then we can write the original inequality as:  
( ) ( )
2
2
log 111 1 2 1 1 22 0 0 1 11 2 2 log2 1 2 1 2 2
t xtt t
t t xt t
< -< -- éé- -£ Û - £ Û £ Û Û Ûêê+ ³ ³× + × + êêë ë
 
2 2
1
2
2 2
1 1log log 02 2
2log log 2
x x
xx
é é< < <ê êÛ Ûê ê ³³ ëêë
. 
Answer. )10, 2,2x
æ ö éÎ + ¥ç ÷ ëè ø
U . 
Example 43. Solve the inequality: 
log 2
10010
xx -æ ö £ç ÷
è ø
. 
Solution. The base of the logarithm is "10." The sign of inequality does not 
change, because 10 1> , so:  
( ) ( ) ( )
log 2
lg lg100 lg 2 lg 2 lg 2 lg 1 210 10
xx xx x x
-
æ ö £ Û - × £ Û - - £ç ÷
è ø
. 
If lg x t= , therefore ( )( ) 22 1 2 3 0 0 3t t t t t- - £ Û - £ Û £ £   
or     30 lg 3 lg1 lg 10 1 1,000x x x£ £ Û £ £ Û £ £ . 
Answer. [ ]1,1,000xÎ . 
Example 44. Solve the inequality: ( )log 2.5 1x x- > - . 
Solution. Rewrite the inequality as: ( ) 1log 2.5 logx xx x- > . 
The solution of this inequality is the union of solutions a) and b).  
a) 
2.5 0 2.5 0 2.5
1 1 1
1 1 0.5 22.5 2.5
x x x
x x x
xx xx x
- > - >ì ì <ìï ï ï> >Û Û >í í í
ï ï ï < <- > - > îî î
( )1, 2xÞ Î ; 
b) 
( )
( )
( ) ( ) ( )
2.5 0 2.5 0 , 2.5
0 1 0 1 0,1
1 12.5 2.5 , 0 0, 0.5 2,
x x x
x x x
x x xx x
- > - >ì ì Î -¥ì
ï ï ï< < < <Û Û Îí í í
ï ï ï- < - < Î -¥ + ¥îî î U U
( )0, 0.5xÞ Î . 
Answer. ( ) ( )0, 0.5 1, 2xÎ U . 
Example 45. Solve the inequality ( )2 5log 2 log 1 0
2
x x
x
× +
>
-
. 
Solution. D: 
2 0
1 0 0 2 2
2 0
x
x x x
x
>ì
ï + > Û < < >í
ï - ¹î
U . 
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Find the values x for which each factor becomes zero:   
2
1log 2 0 2 1
2
x x x= Û = Û = ; 
( )5log 1 0 1 1 0x x x+ = Û + = Û = ; 
2 0 2x x- ¹ Û ¹ . 
Note points on the number line: 1
2
x = , 0x = , 2x =  (Fig. 7.1). 
 
Figure 7.1 
We divide the number line to three intervals according to D: 10,
2
æ ö
ç ÷
è ø
, 1 , 2
2
æ ö
ç ÷
è ø
, 
( )2, + ¥ . 
Let us denote ( ) ( )2 5log 2 log 1
2
x x
f x
x
× +
=
-
 and define the sign on each of the 
intervals. For this, we take any value from each interval, then substitute in 
( )f x  and learn the sign of ( )f x  on this interval.  
1) ( ) 2 5
1 5log log1 2 4 04 7
4
f
×
= >
-
;  2) ( )1 0f < ;  3) ( )3 0f > . 
Therefore, ( ) 0f x >  if ( )10, 2,
2
x æ öÎ + ¥ç ÷
è ø
U  and this is the solution of 
original inequality. 
Answer. ( )10, 2,
2
x æ öÎ + ¥ç ÷
è ø
U .  
 
Answer the questions 
1. What is a logarithmic equation?  
2. What is the exponential equation?  
3. What is a logarithm? 
4. What is the main logarithmic identity? 
5. What are the basic properties of logarithms?  
s 
- 
+  +  
2  1
2
 
0  x  
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6. What is the exponentiation?  
7. What methods for solving logarithmic equations do you know?  
8. What methods for solving exponential equations do you know?  
9. What is a logarithmic inequality?  
10. What is an exponential inequality? 
 
Tasks № 17 
I. Calculate. 
1) 27log 243;  2) 1
3 3
log 9;  3) 
( )
( )
lg 3 2 2
lg 2 1
+
+
; 4) 23 log 32 × ; 
5) 2log 54 ;  6) 42 log 6 12 × - ; 7) 3
1
log 525 ;  8) 2 23 log 32 × . 
II. Simplify the expressions. 
1) ( ) 4log 49 72 + ; 2) 7 7log log 7 7 7 ;  3) 3 25log 5 log 27× ; 
4) 
2 lg18 1 lg5
lg36 lg1966 14
- +
× ;  5) 90.5log 781 . 
III. Find which number is greater than other. 
а) 4log 60  or 3log 30;  b) 9log 10 or lg11;  
c) 4log 2  or ( ).0625log .25 ;  d) 7log 27  or 3log 7 . 
IV. Solve the exponential equations. 
1) 5 625x = ;   2) 2 32x- = ;   3) 37 0x- = ;   4) 
3 7 7 23 7
7 3
x x+ -
æ ö æ ö=ç ÷ ç ÷
è ø è ø
; 
5) 4 29 9x x- += ;     6) ( )8 10.04
625
x- = ;     7) ( )
2
2 2 10.5 2
64
x x+× = ; 
8) 2 25 6 900x x× = ;  9) 2 7 196x x× = ;  10) 2 2 4 25 4 16 10x x x+ -× = × . 
V. Solve the exponential equations. 
1) 13 3 108x x++ = ; 2) 17 7 6x x-- = ;  3) 1 2 32 2 2 448x x x- - -+ + = ; 
4) 2 1 2 2 2 25 2 5 2 0x x x x- ++ - + = ; 5) 5 8x x= ; 6) 12 5 7 3x x-× = × ; 
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7) 1 24 4 4 9x x x x+ ++ + = ; 8) 16 20 25x x x+ = ; 9) 27 6 7 5 0x x- × + = ; 
10) 12 4 25 15 10x x x+× + = × ; 11) 12 27 2 8x x x+ = × ; 12) 5 1 1xx - = ; 
13) ( ) ( )6 35 6 35 12x x+ + - = ;  14) ( ) 95 1xx -+ = ;  
15) ( ) ( )
23 3 105 8 5 8x xx x+- = - ; 16) 
28 1x xx - = ; 17) 
210 3 12 1x xx - -- = . 
VI. Solve the logarithmic equations. 
1) 3log 2x = ; 2) ( )2log 2 1 4x - = ; 3) ( ) ( )25 5log 9 log 9 4x x- = - ; 
4) ( ) ( )26 6log 8 log 2 9x xx x x- = - ; 5) 2 3 4log log log 0x = ;  
6) ( )23log 1 1x x x- - - = ;   7) ( )lg 3 2 3 lg 25x - = - ; 
8) ( )3log 9 72x x- = ;    9) ( )23 1
4
log log 2 0x- = . 
VII. Solve the logarithmic equations. 
1) ( ) ( )2 2log 3 log 2 1x x+ + + = ;  2) 5 1
5
3 1log log
3 1 2
x
x
+
=
-
; 
3) ( ) ( )29 9 9log 7 log 3 2 log 27x x x+ - - - = - ;  4) ( )49log 57 4x- = ; 
5) ( ) ( )
1
2lg 5 lg 3 20 lg2x x- - - = ; 6) ( )log 7 16x xx - = ; 
7) 22 2log 2log 3 0x x- - = ;    8) 
6 3lg 9lg 8 0x x- + = ; 
9) ( )2 29 94log 6log 9x x- + = - ;   10) ( )2 24lg lg 16x x- - = ; 
11) 5 5log log1,25 0,8 2,05x x+ = ;   12) lg lg13 14x xx x-+ = ; 
13) 3 9 81log log log 7x x x+ + = ;  14) 2 16log 2 log 2 log 2x x x× = ; 
15) 3 4log log 2x x+ = ;   16) 25 53log 5 2log 5 3log 5 0x x x+ + = ; 
17) 3log 2 27xx - = ; 18) ( ) ( )3 7 5 3log 5 3 log 3 7 2x xx x+ ++ + + = ; 
19) 2log 16xx x= ; 20) ( )9 9
9
1 2log 2 1 2log 3 log 12
log x
x
x
+
- = × - ; 
21) 
2 lg
2 20
x
x
-
= ;  22) ( )9 9
9
1 2log 2 1 2log 3 log 12
log x
x
x
+
- = × - ; 
23) ( ) ( )2 2 2log 3 1 log 3 log 5 2 1x x- - = - - ; 
24) ( )43 9log 1 4 2 logx x x x× + = + × ;  25) lg lg525 5 4x x= + × . 
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VIII. Solve the systems of equations. 
1) 
2 2
34
log log 6
x y
x y
+ =ì
í + =î
; 2) 
2 3 7
3 2 2 3 18
x y
x y
ì × =
í
× × × =î
; 3) 
( )2
3 9 81
lg lg 2lg3
y x
x y x
ì × =ï
í
+ - =ïî
; 
4) 
lg lg 5
lg lg 3
x y
x y
+ =ì
í - =î
; 5) 
90
lg lg 3
x y
x y
- =ì
í + =î
; 6) 
10 10
log 10 log 10 5
5log log
4
x y
x y
+ =ì
ï
í
+ =ïî
; 
7) 4 22 2
log log 0
9 8 0
x y
x y
+ =ì
í - + =î
; 8) 
( )
( )
log 1
log 0
xy
xy
x y
x y
- =ì
í + =î
; 9) 2 3
lg 4lg 7.5
lg 4lg 30
x y
x y
+ = -ì
í - =î
. 
IX. Solve the exponential inequalities. 
1) 3 81x > ; 2) ( )1 12 32£ ; 3) ( )
2 40.5 8x x- < ; 
4) 
2 8 63 3x x- + £ ; 5) ( )
2 4510 0.81
3
x
x
-
æ ö
³ç ÷
è ø
;  
6) ( )0.5 3x > ; 7) 2 3x > ;  
8) 
2 4 2 17
49
x x- - > ; 9) 
2 2 1 11 1
2 2
x x x+ + -
æ ö æ ö³ç ÷ ç ÷
è ø è ø
; 
10) 14 2 3x x+< + ;  11) 2 5 23 3 2x x+ +£ + ; 
12) 3 5 35 2 24 2 56 0x x-× - × + £ ; 13) 25 6 5 55x x> × + ; 
14) 1
1 1
3 5 3 1x x+
<
+ -
; 15) 3 33 3 0x xx +× - £ ; 
16) ( )
2 73 1x xx -- > ; 17) ( ) .22 8 8 1xx x -- + < ;  
18) 
2 2 1x xx - - < ;  19) 2 4 5 6 3 9 0x x x× - × + × < . 
X. Solve the logarithmic inequalities. 
1) ( ) ( )2 2log 3 1 log 1x x+ > - ;  2) ( ) ( )0.5 0.5log 2 3 log 4 1x x+ £ - ; 
3) ( )1
2
log 2 3 0x + > ; 4) 2
2
4log
log 3
x
x
£
-
; 
5) ( ) 0.52 log 0x x- < ; 6) ( )log 3 1 1x x - > ; 
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7) ( )24log 2 9 4 1x x x- - + > ; 8) 1
3
1log 1
1
x
x
-
> -
+
; 
9) 2
3 1log 0
2
x
x
-
<
-
; 10) 
2lg 1 0
5
x
x
-
<
-
; 
11) 4
2
1 log 1
1 log 2
x
x
-
£
-
; 12) ( )23log 1 1x x- - £ ; 
13) 4 7log 1
5x
x
x
+
> -
-
; 14) 2 4
2 1log log 1
4
x
x
-
> -
+
. 
XI. Solve the inequalities. 
1) 
7log 2
49
7
xx -æ ö <ç ÷
è ø
;  2) 
1
3
1log
21 1
2
x
x
-
-æ ö >ç ÷
è ø
;   
3) ( ) 0.7
2 1log
2 30.2 1
x
x
+
- < ; 4) 
29 75 15 10x - - £ ;  
5) ( ) ( )
6 6
12 1 2 1
x x
x
-
-
+- £ + ; 6) 
2
3 3log log9 4 3x xx< × - . 
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TRIGONOMETRY 
 
Vocabulary section 
angle угол 角 
arbitrarily large 
values  
сколь угодно большие 
значения 
最大可能的数值 
arc of circle дуга окружности 弧形 
central angle центральный угол 圆心角 
clockwise  по часовой стрелке 从顺时针方向 
correspondence соответствие 相符合 
counterclockwise  против часовой стрелки 逆时针方向 
degree градус 度数 
determine определить 算出；给....下定义 
express выразить 表示；计算 
full angle полный угол 全角 
geometrical figure геометрическая фигура 几何图形 
insist требовать 要求 
length длина 长；长度 
measure измерять 测量 
part часть 部分 
point точка 点 
radius радиус 半径 
ray луч 射线 
transition переход 转换 
rotate вращать 转动 
vertex of angle вершина угла 顶角 
           
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8.1.  Angles and Their Measures  
A definition of an angle would be that an angle is the union of 
two rays that have the same endpoint. The sides of the angles are the 
two rays, while the vertex is their common endpoint. Ð  stands for an 
angle. We can put it in front of three letters, which represent points. 
The first and third letters represent points on each of the rays that form 
one of the sides. The middle letter represents the vertex. As you can 
see in the Figure 8.1a, each point is represented in the written form. 
The letters can go either way – that is, first and last letter are 
interchangeable. So, that angle could either be BOAÐ  or AOBÐ . 
Since O is the vertex, it is always in the middle of the two letters. We 
can also name an angle by just the letter of its vertex. So, for the 
example at the Figure 8.1 the angle could also be labeled OÐ . That's 
only if there are no other angles that share the same vertex. There is a 
third way to label angles. In the third way, each angle is designated 
with a number, so the example could be labeled 1Ð  or 2Ð  or whatever 
you wanted.  
    
Figure 8.1 
The two straight lines that form an angle are called its sides 
(arms). Moreover, the size of the angle does not depend on the lengths 
of its sides. A ray can be rotated around the endpoint in two directions: 
clockwise (negative direction) and counterclockwise (positive 
direction). Accordingly, angles and arcs, which are obtained by 
rotating the ray counterclockwise, are called positive. In addition, the 
A  a-  
a  
B  
O  
B¢  b)  
a  
A  
B  
O  
AOB BOA aÐ = Ð = Ða)  
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angles and arcs, which were obtained by rotating the ray in a 
clockwise direction, are called negative (Fig. 8.1 b).  
 
REMEMBER! 
Straight angle is the angle which sides form a straight line.  
Full (rotation) angle or 360-degree angle is the angle that does 
a full circle.  
xy-plane divides the 360 degree angle (circle) by four 90 degree 
sections, or four 1 fourths of a circle (Fig. 8.2).Usually when a single 
angle is drawn on a xy-plane for analysis, we'll draw it with the vertex 
at the origin (0,0), one side of the angle along the x-axis, and the other 
side above the x-axis. 
Subtended angle is the angle formed by an object at a given 
external point. 
Central angle is the angle subtended at the center of a circle by 
two given points on the circle.  
The central angle is measured by length of the arc relative to the 
circumference. 
 
REMEMBER! 
The angles are measured in degrees and radians.  
One degree is the angle subtended at the center of a circle by an 
arc that is equal in length to the 1
360
 length of the circumference.  
1
60
 part of degree is called a minute ( )1¢ .  
1
60
 part of the minute is called a second ( )1¢¢ .  
One radian is the angle subtended at the center of a circle by an 
arc that is equal in length to the radius of the circle.  
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If AB R= ; OA OB R= = , then 1AOB aÐ = Ð = , e.g. angle a  
is equal to one radian (Fig. 8.3). 
As a matter of common practice and convenience, it is useful to 
measure angles in degrees, which are defined by partitioning one 
whole revolution into 360 equal parts, each of which is then called one 
degree. In this way, one whole revolution around the unit circle ( 2 Rp ) 
measures 2 2R
R
p
a p= =  radians and also 360 degrees, that is: o2 360p = . 
o o
o360 1801 radian 57 17 45
2p p
¢ ¢¢= = »  (57 degrees, 17 minutes, 45 seconds). 
o
o o
21  radians 0.017453 radians
360 180
p p
= = » . 
 
REMEMBER! 
Conversion formula from degrees to radians:  
o
rad 180
p
a a= × . 
It can be write the conversion of some common angles (Table 8.1). 
Table 8.1 – Conversion between degrees and radians  
Degrees o0  o30  o45  o60  o90  o180  o270  o360  
Radians 0  
6
p  
4
p  
3
p  
2
p  p  
3
2
p  2p  
1=a  
y  
x  O  
B  
A  
Figure 8.3 
x  
II  
IV  III  
I  
y  
Figure 8.2 
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Example 1. Write the angles in radians: а) o40 ; b) o60 . 
Solution. а) o 240
180 9
p p
a = × = ; b) o60
180 3
p p
a = × = . 
Answer. а) 2
9
p
a = ; b) 
3
p
a = . 
Example 2. Write the angle of 3 radians in degrees. 
Solution. o o o3 180 3 1803 171 53
180 3.14
p
a a
p
× × ¢= × Þ = = » . 
Answer. o171 53a ¢» . 
8.2.  Trigonometric Functions  
In Mathematics, a unit circle is a circle with a radius of one. 
Frequently, especially in trigonometry, the unit circle is the circle of 
radius one centered at the origin (0, 0) in the Cartesian coordinate 
system in the Euclidean plane (Fig. 8.4).  
 
Figure 8.4 
Radius 0OM  is a radius of one. Point ( )0 1, 0M  becomes to point 
( ),M x ya , if radius 0OM  rotates around origin at the angle a  
counterclockwise (OM a
uuuur
 is a unit radius vector).  
Sine of the angle is the ratio of the ordinate of point Ma  to the 
radius of the circle: sin y
R
a = . 
Cosine of the angle is the ratio of the abscissa of point Ma  to 
the radius of the circle:  cos x
R
a = . 
a  
1-  
1-  
1 
1 0  
y  
x  x  
( )0 1,0M  
( ),M x ya  
y  
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The radius of the unit circle is equal to one ( )1R = , therefore: 
sin ya = , cos xa = .  
Sine of the angle a  is the ordinate of the unit vector, the cosine 
of the angle a  is the abscissa of the unit vector. The x-axis is called 
the axis of sinuses, and the y-axis is called the axis of cosines.  
Tangent of the angle a  is the ratio of the ordinate of point Ma  
to its abscissa: sintan
cos
y
x
a
a
a
= = . 
The line 1x =  is called the axis of tangents (Fig. 8.5).  
  
Figure 8.5 
Tangent of the angle a  is equal to the ordinate of the 
corresponding point T  on the axis of tangents.  
Cotangent of the angle a is called the ratio of the abscissa of 
point Ma  to its ordinate: 
coscot
sin
x
y
a
a
a
= = .  
The line is called the axis of cotangents (Fig. 8.6)  
 
Figure 8.6 
x  
y  
a  
0  
K  
1 
1a  
1y =  
1x =  
a  
x
y  
0  
1a  
T  
1T  
1 A  
tan 0a <  
tan 0a >  
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Cotangent of angle a  is equal to the abscissa of the 
corresponding point K  on the axis of the cotangents.  
In addition to the functions of sine, cosine, tangent and cotangent 
we use two trigonometric functions of angle a : secant and cosecant.  
Secant of the angle a  has the value inversed to cosa :  
1sec
cos
a
a
= ,cos 0a ¹ .  
Cosecant of the angle a  has the value inversed to sina :  
1csc
sin
a
a
= ,sin 0a ¹ .  
Consider the signs of trigonometric functions: sina , cosa , 
tana , cota  (Fig. 8.7)  
         
Figure 8.7 
Example 3. Find the signs: а) sin 2 ; b) cos6 . 
Solution. Draw the angles in 2 and 6 radians on the unit circle (Fig. 8.8).  
We know that o180p =  and 3.14p »  radians. 
Therefore, 2
2
p
p< < , 3 6 2
2
p
p< < .  
Angle 2a =  ends in the II quadrant, and the 
angle 6a =  ends in III quadrant.  
Therefore, sin 2 0> , cos6 0> .  
Answer. а) sin 2 0> ; b) cos6 0> .  
Figure 8.8 
Consider the values of some trigonometric functions (Table 8.2).  
2  
6  
x  
y  
y  
x  
– 
– 
+  
+  
tana  and cota  signs 
y  
x  
– 
– 
+  
+  
cosa  signs 
y  
– – 
+  +  
x  
sina  signs 
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Table 8.2 – Values of some trigonometric functions  
0  
6
p  
4
p  
3
p  
2
p  p  
3
2
p  2p  a  
o0  o30  o45  o60  o90  o180  o270  o360  
sina  0  
1
2
 2
2
 3
2
 1 0  1-  0  
cosa  1 3
2
 2
2
 
1
2
 0  1-  0  1 
tana  0  3
3
 1 3  ¥  0  ¥  0  
cota  ¥  3  1 3
3
 0  ¥  0  ¥  
The symbol ¥  (infinity) means that either tana  or cota  are not 
defined and take an arbitrarily large value in absolute value at the 
corresponding values of the argument.  
Example 4. Find the value of expressions: 
а) o o o o5sin90 2cos0 2sin 270 10cos180+ - + ; 
b) 3cot tan sin cos sin2 2 2
p p pp p+ - - + . 
Solution. а) o o o o5sin90 2cos0 2sin 270 10cos180+ - + =  
( ) ( )5 1 2 1 2 1 10 1 5 2 2 10 1;= × + × - × - + × - = + + - = -  
b) ( )3cot tan sin cos sin 0 0 1 0 0 12 2 2
p p pp p+ - - + = + - - - + = . 
Answer. а) 1- ; b) 1. 
Example 5. Simplify the expression: 2 2 2 2 3sin cos 0 2 sin2 2x y xy
p p+ + . 
Solution. ( ) ( )22 2 2 2 2 2 2 23sin cos 0 2 sin 1 1 2 12 2x y xy x y xy x y
p p+ + = × + × + - = - . 
Answer. ( )2x y- . 
8.3. The Basic (Pythagorean) Trigonometric Identities 
Coordinates of any point ( ),M x ya  at the unit circle satisfy the 
equation 2 2 1x y+ = . We know that: sin ya =  and cos xa = , 
therefore: 2 2cos sin 1a a+ = .  
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REMEMBER! 
2 2cos sin 1a a+ =   is  the basic trigonometric identity. 
Moreover, it is known other types of trigonometric identities:  
sintan
cos
a
a
a
= ,    coscot
sin
a
a
a
= ,    1cot tan cot 1
tan
a a a
a
= Þ × = , 
2 2 2
2
11 tan 1 tan sec
cos
a a a
a
+ = Þ + = , 
2 2 2
2
11 cot 1 cot csc
sin
a a a
a
+ = Þ + = . 
Example 6. Find the values of other trigonometric functions, if 3sin
5
a = . 
Solution. 1 1 5csc cscsin 3 3
5
a a
a
= = Þ = .  
We do not know the quadrant which does the angle a  belong, therefore  
2 9 4cos 1 sin 1 cos25 5a a a= ± - = ± - Þ = ± , 
1 1 5sec seccos 4 4
5
a a
a
= = Þ = ±
±
,  
( )3 4 3tan :5 5 4a = ± = ± ,  1 4cot tan 3a a= = ± . 
Answer. 4cos
5
a = ± , 3tan
4
a = ± , 4cot
3
a = ± , 5sec
4
a = ± , 5csc
3
a = . 
Example 7. Simplify the expression: 1 sin 1 sin
1 sin 1 sin
A a a
a a
+ -
= +
- +
, if o o180 270a< < . 
Solution. ( )( )
( )( )
( )( )
( )( )
1 sin 1 sin 1 sin 1 sin1 sin 1 sin
1 sin 1 sin 1 sin 1 sin 1 sin 1 sin
a a a aa a
a a a a a a
+ + - -+ -
+ = + =
- + - + + -
 
( ) ( ) ( ) ( )2 2 2 2
2 2 2 2
1 sin 1 sin1 sin 1 sin 1 sin 1 sin
1 sin 1 sin cos cos cos cos
a aa a a a
a a a a a a
+ -+ - + -
= + = + = +
- -
  
According to: 1 sin 0a+ >  and 1 sin 0a- > , we obtain: 
1 sin 1 sin 1 sin 1 sin 2
cos cos cos cos
a a a a
a a a a
+ - + + -
+ = = . 
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If o o180 270a< < , then cos 0a <  and 2 2
cos cosa a
= - . 
Answer. 2
cos
A
a
= - . 
Example 8. Prove the identity: ( ) ( )4 4 6 63 sin cos 2 sin cos 1a a a a+ - + = . 
Solution. ( ) ( ) ( )4 4 6 6 4 43 sin cos 2 sin cos 3 sin cosa a a a a a+ - + = + -  
( ) ( )2 2 4 2 2 42 sin cos sin sin cos cosa a a a a a- + - + =  
4 4 4 2 2 43sin 3cos 2sin 2sin cos 2cosa a a a a a= + - + - =  
( )24 4 2 2 2 2sin cos 2sin cos sin cos 1a a a a a a= + + = + = . 
1=1, therefore the identity has been proven. 
8.4. Reduction Formulas (The Cofunction Identities) 
Reduction formulas are called parities which help us to 
transform the trigonometric functions of arguments 
2
p
a± , 3
2
p
a± , 
p a± , 2p a±  to the trigonometric functions sina , cosa , tana , cota . 
These formulas permit:  
1) to find numerical values of trigonometric functions of angles 
greater than 90°; 
2) to execute transformations leading to more simple expressions; 
3) to get rid of negative angles and angles greater than 360°. 
Table 8.3 – Reduction formulas  
Argument t  
Function 
2
p
a-  
2
p
a+  p a-  p a+  
3
2
p
a-  3
2
p
a+  2p a-  
sin t  cosa  cosa  sina  sina-  cosa-  cosa-  sina-  
cos t  sina  sina-  cosa-  cosa-  sina-  sina  cosa  
tan t  cota  cota-  tana-  tana  cota  cota-  tana-  
cot t  tana  tana-  cota-  cota  tana  tana-  cota-  
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REMEMBER! 
Using reduction formulas, we may have notice following. 
1. The sign of the obtained expression is defined by a sign of original 
expression, if we consider that angle a  is acute: 0
2
p
a< < . 
2. If we add number a  and numbers kp ( )k ZÎ  (e.g. numbers on 
horizontal diameter), then the name of function does not change. If 
we add number a  and numbers ( )2 1
2
k p+ ×  (on vertical diameter), 
then the name of function changes to cofunction (sine – to cosine, 
tangent – to cotangent and vice versa) (Tab. 8.3).  
Example 9. Calculate: 8 11 29 4sin cot cos tan
3 6 6 3
A p p p p= × + × . 
Solution. Use the reduction formulas and obtain: 
8 2 2 3sin sin 2 sin sin sin
3 3 3 3 3 2
p p p p p
p pæ ö æ ö= + = = - = =ç ÷ ç ÷
è ø è ø
, 
11 12cot ctg cot 2 cot 3
6 6 6 6
p p p p p
p
- æ ö= = - = - = -ç ÷
è ø
, 
29 30cos cos cos 5 cos 2 2 cos
6 6 6 6 6
3cos ,
6 2
p p p p p p
p p p p
p
- æ ö æ ö æ ö= = - = × + - = - =ç ÷ ç ÷ ç ÷
è ø è ø è ø
= - = -
 
4tan tan tan 3
3 3 3
p p p
pæ ö= + = =ç ÷
è ø
, 
( )3 3 3 33 3 32 2 2 2A
æ ö
= × - + - × = - - = -ç ÷
è ø
. 
Answer. 3A = - . 
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8.5. Trigonometric Formulas (Identities) 
Basic Trigonometric Formulas are given below. 
1. Sum and Difference Formulas (Identities): 
( )sin sin cos sin cosa b a b b a± = ± ; 
( )cos cos cos sin sina b a b a b± = m ; 
( ) tan tantan
1 tan tan
a b
a b
a b
±
± =
×m
 ( , , ,
2
n npa b a b p± ¹ + Î Z ); 
( ) cot cot 1cot
cot cot
a b
a b
b a
× ±
± =
±
 ( , , ,n na b a b p± ¹ ÎZ ). 
2. Double and Triple Angel Formulas: 
sin 2 2sin cosa a a= ; 
2 2 2 2cos2 cos sin 2cos 1 1 2sina a a a a= - = - = - ; 
2
2tantan 2
1 tan
a
a
a
=
-
 ( , ; ,
4 2 2
n n k kp p pa a p¹ + ÎZ ¹ + ÎZ ); 
2cot 1cot 2
2cot
a
a
a
-
=  ( , ; ,
2
n n k kpa a p¹ Î Z ¹ ÎZ ); 
3sin 3 3sin 4sina a a= - ; 
3cos3 4cos 3cosa a a= - ; 
3
2
3tan tantan3
1 3tan
a a
a
a
-
=
-
 ( ( )2 1 ,
6
n kpa ¹ + ÎZ ); 
3
2
3cot cotcot3
1 3cot
a a
a
a
-
=
-
 ( ,
3
n npa ¹ Î Z ). 
3. Power-Reducing/ Half Angle Formulas: 
2 1 cos2sin
2
a
a
-
= ;   2 1 cos2cos
2
a
a
+
= . 
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4. Product-to-Sum Formulas: 
( ) ( )( )1sin sin cos cos
2
a b a b a b× = - - + ; 
( ) ( )( )1cos cos cos cos
2
a b a b a b× = - + + ; 
( ) ( )( )1sin cos sin sin
2
a b a b a b× = - + + . 
5. Sum-to-Product Formulas: 
sin sin 2sin cos
2 2
a b a b
a b
±
± =
m ; 
cos cos 2cos cos
2 2
a b a b
a b
+ -
+ = ; 
cos cos 2sin sin
2 2
a b a b
a b
+ -
- = - ; 
( )sintan  tan  
cos cos
a b
a b
a b
±
± =  ( , ,
2
n npa b p¹ + Î Z ); 
( )sincot  cot  
sin sin
a b
a b
a b
±
± =  ( , ,n na b p¹ ÎZ ). 
6. Universal Substitution Formulas: 
2
2tan
2sin
1 tan
2
a
a
a
=
+
 ( ,n na p p¹ + Î Z ); 
2
2
1 tan
2cos
1 tan
2
a
a
a
-
=
+
 ( ,n na p p¹ + Î Z ); 
2
2tan
2tan
1 tan
2
a
a
a
=
-
 ( 2 , , ,
2
n n k kpa p p a p¹ + Î Z ¹ + Î Z ). 
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7. Half-Angle Formulas: 
1 cossin
2 2
a a-
= ± ;  
1 coscos
2 2
a a+
= ± ; 
1 costan
2 1 cos
a a
a
-
= ±
+
 ( 2 ,n na p p¹ + Î Z ); 
1 costan
2 sin
a a
a
-
=  ( ,n na p¹ Î Z ); 
sintan
2 1 cos
a a
a
=
+
 ( 2 ,n na p p¹ + Î Z ); 
sincot
2 1 cos
a a
a
=
-
 ( 2 ,n na p¹ ÎZ ); 
1 coscot
2 sin
a a
a
+
=  ( ,n na p¹ Î Z ); 
8. Linear Combinations Formula: 
( )2 2sin cos sina b a ba a a j+ = + + , 
where ] [;j p pÎ -  is defined by the system:  
( )
2 2
2 2
sin
0
cos
b
a b a ba
a b
j
j
ì =ïï + + ¹í
ï =
ï +î
. 
Example 10. Transform the expression sin cosx x+ . 
Solution. sin cos 1 1sin cos 2 2 sin cos
2 2 2
x xx x x x+æ ö æ ö+ = = × + × =ç ÷ ç ÷
è ø è ø
 
2 sin cos sin cos 2 sin
4 4 4
x x xp p pæ ö æ ö= × + × = +ç ÷ ç ÷
è ø è ø
. 
Answer. 2 sin
4
x pæ ö+ç ÷
è ø
. 
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Example11. Transform the expression to the product: sin4 sin5 sin6cos4 cos5 cos6A
a a a
a a a
+ +=
+ +
. 
Solution. Use formulas of the Sum-to-Product. Obtain: 
( )
( )
( )
( )
2sin5 cos sin5 sin5 2cos 1sin4 sin5 sin6
cos4 cos5 cos6 2cos5 cos cos5 cos5 2cos 1
tan5
A
a a a a aa a a
a a a a a a a a
a
× - + × ++ += = = =
+ + × - + × +
=
 
Answer. tan5A a= . 
Example 12. Calculate ( )tantanA
a b
a
+
= , if ( )sin 2 3sina b b+ = . 
Solution. Transform the original expression: ( )tan cotA a b a= + × =  
( )
( )
( )
( )
( )( )
( ) ( )( )
1 sin 2 sinsin sin coscos 2
sin 1cos sin cos sin 2 sin2
a b ba b a b aa
aa b a a b a b b
+ ++ + ×
= × = = =
+ × + + + -
 
( )
( )
sin 2 sin 3sin sin 4sin 23sin sin 2sinsin 2 sin
a b b b b b
b b ba b b
+ + += = = =
-+ -
, because ( )sin 2 3sina b b+ = . 
Answer. 2A = . 
8.6. The Simplest Trigonometric Equations  
Trigonometric equation is any equation that contains 
trigonometric function.  
sin x a= , cos x a= , tan x a= , cot x a=  are called the simplest 
trigonometric equations.  
Learning to solve these simple expressions in the interval [0, 2π) 
is extremely helpful in solving more complicated expressions. In 
addition, since trigonometric functions are periodic, each of these 
problems may have infinitely many solutions depending upon the 
trigonometric function and the “a” value. The key is to find the 
solutions within one period, then writing general expressions for all 
the solutions using formulas given below. 
1. sin x a=  
It is known that sin 1x £ . Therefore, equation has the solution, 
only if 1a £ . It is known also that sin x  is the ordinate of unit vector. 
Let us plot unit circle and draw the a  value on y-axis. We obtain two 
Trigonometry 
 247
angles (arcsin a  and arcsin ap - ), which sine is equal to a  (Fig. 8.9). 
Therefore, we obtain two sets of solutions: 1 arcsin 2x a mp= +  and 
2 arcsin 2x a mp p= - + , where m Î Z . 
 
Figure 8.9 
Transform expression for 2x  and obtain: 
( )2 arcsin 2 1x a m p= - + + , m Î Z . 
The common formula that allows finding all roots of the 
equation sin x a=  is following: 
( )1 arcsinkx a kp= - + , k ÎZ , arcsin
2 2
ap p- £ £ . 
If k  is an even number ( )2k m= , then 1x is the solutions set; if k  
is an odd number ( )2 1k m= + , then 2x  is the solutions set. However, 
unit circle is more helpful to use for solving sin x a=  equation, if 
0a = , 1a = ±  (Fig. 8.10). 
         
Figure 8.10 
1-  
1-
1
1 0  
y  
a  
arcsina  
arcsinp a-  
x  
1-  0  
sin 0
,
x
x n np
=
= ÎZ
 
x  
1 
1-  
1
cos x  
y  
sin x  
0  
y  1 
1-  
sin 1
2 ,
2
x
x n np p
= -
= - + Î Z  
1-  
x  1 
cos x  
sin x  
0  
sin 1
2 ,
2
x
x n np p
=
= + Î Z  
y  1 
1-  
1-  x  1 
cos x  
sin x  
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Example 13. Solve the equation: 3sin
2
x = . 
Solution. ( ) ( )3 3sin 1 arcsin 1
2 2 3
k kx x k kpp p= Û = - + = - × + . 
Answer. ( )1
3
kx kp p= - × + , k ÎZ . 
Example 14. Solve the equation: 2sin 2
4 2
x pæ ö- = -ç ÷
è ø
. 
Solution. ( )2 2sin 2 2 1 arcsin
4 2 4 2
kx x kp p p
æ öæ ö- = - Û - = - - + Ûç ÷ç ÷
è ø è ø
 
( ) ( ) 12 1 1
4 4 8 8 2
k k kx k xp p p p pp +æ öÛ = + - × - + Û = + - × +ç ÷
è ø
. 
Write the result using two sets of solutions: 
If 2k m= , then ( )2 11
21
8 8 2 8 8
m mx m mp p p p p p p+= + - × + = - + = , mÎZ ; 
if 2 1k m= + , then  
( ) ( )2 22
2 1 31
8 8 2 8 8 2 4
m mx m m
pp p p p p p
p p+
+
= + - × + = + + + = + ,  mÎZ . 
Answer. ( ) 11
8 8 2
k kx p p p+= + - × + , k ÎZ . 
2. cos x a=  
The equation has the solution if 1a £ . Let us plot unit circle and 
draw the a  value on the x-axis. We obtain two angles (arccosa  and 
arccosa- ), which cosine is equal to a  (Fig. 8.11). Therefore, we 
obtain two sets of solutions: 1 arccos 2x a kp= +  and 
2 arccos 2x a kp= - + , k ÎZ . 
 
Figure 8.11 
0  a x  
arccosa-  
arccosa  
y  
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The common formula that allows finding all roots of the 
equation cos x a=  is following: 
arccos 2 ,x a k kp= ± + ÎZ , where 0 arccosa p£ £ . 
Particulary: 0a = , 1a = ± : 
а) cos 0 ,
2
x x k kp p= Û = + Î Z ; 
b) cos 1 2 ,x x k kp= Û = ÎZ ; 
c) cos 1 2 ,x x k kp p= - Û = + ÎZ  (Fig. 8.12). 
           
Figure 8.12 
Example 15. Solve the equation: 1cos
2
x = - . 
Solution. If we solve the cos x a= -  equations, it is important to remember that: 
( )arccos 2 ,x a kp p= ± - +  ( )k ZÎ . Therefore, it can be written: 
1 1cos arccos 2
2 2
x x kp pæ ö= - Û =± - + Ûç ÷
è ø
 
1 2arccos 2 2 2 ,
2 3 3
x k x k x k kp pp p p p pæ ö æ öÛ = ± - + Û = - + Û = ± + ÎZç ÷ ç ÷
è ø è ø
. 
Answer. 2 2 ,
3
k kp pì ü± + ÎZí ý
î þ
. 
3. tan x a=   and  cot x a=  
It is known that the tangent and cotangent functions are 
functions unbounded. Let’s plot the unit circle, draw tangents and 
cotangents axes, point their values and find the angles for different a  
values (Fig. 8.13). 
1 y  
sin x  
1-  
1-  1 
cos x  
0  x  
cos 0
,
2
x
x k kp p
=
= + Î Z  
0  
y  1 
1-  
cos 1
2 ,
x
x k kp p
= -
= + ÎZ
 
1-  
x  1 
cos x  
sin x  
0  
y  
cos 1
2 ,
x
x k kp
=
= ÎZ
 
1-  
1-  
1 
x  1 
cos x  
sin x  
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Figure 8.13 
For any a  we obtain:  
tan arctan ,x a x a k kp= Û = + Î Z , where arctan
2 2
ap p- < < ; 
cot arccot ,x a x a k kp= Û = + ÎZ , where arccot
2 2
ap p- < < . 
For particular cases, if 0a = , 1a = ±  we obtain: 
a) tan 0 ,x x k kp= Û = Î Z ; cot 0 ,
2
x x k kp p= Û = + Î Z ; 
b) tan 1 ,
4
x x k kp p= Û = + Î Z ; cot 1 ,
4 2
x x k kp p p= Û = + + Î Z ; 
c) tan 1 ,
4
x x k kp p= - Û = - + Î Z ; 3cot 1 ,
4
x x k kp p= - Û = + Î Z . 
Example16. Solve the equation: 3tan 2
5 3
x pæ ö+ = -ç ÷
è ø
. 
Solution. 3 3tan 2 2 arctan5 3 5 3x x k
p p p
æ öæ ö+ = - Û + = - + Ûç ÷ç ÷
è ø è ø
 
112 2 ,5 6 5 6 60 2
kx k x k x kp p p p pp p pÛ + = - + Û = - - + Û = - + Î Z . 
In solving the equations with tan x  and cot x  functions, we should find D: 
sin 2 5tan 2 cos 2 05 5cos 2 5
x
x x
x
p
p p
p
æ ö+ç ÷
æ ö æ öè ø+ = Þ + ¹ Þç ÷ ç ÷
æ öè ø è ø+ç ÷
è ø
 
32 2 ,
5 2 4 2 10 20 2
k kx k x x kp p p p p p ppÞ + ¹ + Þ ¹ + - Þ ¹ + Î Z . 
Answer. { }11 ,60 2k kpp- + Î Z . 
1-  
1 
1 x  0  
y  a  
arccot a  arccot ap +  
1-  
1  
1  
arctan ap +  
x  0  
y  a  
arctan a  
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Example 17. Solve the equation: cot 3 3
4
x pæ ö+ = -ç ÷
è ø
. 
Solution. ( )cot 3 3 3 arccot 34 4x x k
p p
pæ ö+ = - Û + = - + Ûç ÷
è ø
 
( )3 arccot 3 34 4 6
7 ,
36 3
x k x k
kx k
p p p
p p p p
p p
Û = - + - + Û = - + - = Û
Û = + Î Z
. 
D: 
cos 3
4cot 3 sin 3 0
4 4sin 3
4
x
x x
x
p
p p
p
æ ö+ç ÷æ ö æ öè ø+ = Þ + ¹ Þç ÷ ç ÷æ öè ø è ø+ç ÷
è ø
3
4
x kp p+ ¹ Þ  
,
12 3
kx kp pÞ ¹ - + Î Z . 
Answer. 7 ,
36 3
k kp pì ü+ ÎZí ý
î þ
 
The basic formulas for simple trigonometric equations ( k ÎZ) 
are given in the Table 8.4.  
Table 8.4 – The basic formulas for simplest trigonometric 
equations  
a  sin x a=  cos x a=  tan x a=  cot x a=  
1a <  ( )1 arcsink a kp- +  arccos 2a kp± +  arctan a kp+  arccot a kp+  
1a >  Æ  Æ  arctan a kp+  arccot a kp+  
0a =  kp  
2
kp p+  kp  
2
kp p+  
1a =  2
2
kp p+  2kp  
4
kp p+  
4
kp p+  
1a = -  2
2
kp p- +  2kp p+  
4
kp p- +  
4
kp p- +  
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8.7. Solving Trigonometric Equations  
Solving of a trigonometric equation consists of the two stages: 
transforming an equation to receive its simplest shape (see above) and 
solving the received simplest trigonometric equation. There are seven 
basic methods of solving trigonometric equations.  
1. Algebraic method. This method is well known from algebra 
(substitution method).  
In solving equations it is commonly used the basic trigonometric 
identity: 2 2sin cos 1x x+ = .  
Example 18. Solve the equation: 2sin 2cos 1 0x x+ - = . 
Solution. Take 21 sin x-  instead of 2cos x  and obtain: 
( )2 2sin 2 1 sin 1 0 2sin sin 1 0x x x x+ × - - = Û - - = . 
Make substitution: sin x t=  and obtain quadratic equation 22 1 0t t- - = . Find 
the solutions: 
а) 1 sin 1t x= =  or 1 2 ,2x k k
p p= + ÎZ ; 
b) 2
1sin 2t x= = -  or ( )
1
2 1 ,6
kx k kp p+= - + ÎZ . 
Answer. ( ){ }12 , 1 ,2 6kk k kp pp p++ - + ÎZ . 
2. Reducing to a Homogeneous Equation 
An equation is called a homogeneous equation with respect to 
sin x and cos x, if all its terms are of the same degree. For instance, 
1 2 2
0 1 2sin sin cos sin cos cos 0
k k k k
ka x a x x a x x a x
- -+ + + + =K  is a homo-
geneous trigonometric equation of k  degree. 
To solve the homogeneous equation it is necessary: 
a) to transfer all terms to the left-hand side; 
b) to take all common factors out of parentheses; 
c) to equate all factors and parentheses to zero; 
d) the parentheses equated to zero give the homogeneous equation 
of smaller degree, which should be divided by cosine (or sine) of the 
higher power; 
e) to solve the received algebraic equation with respect to tangent x.  
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Example 19. Solve the equation: 2sin 3cos 0x x+ = . 
Solution. Divide both sides of the original homogeneous equation of the first 
degree by cos 0x ¹ . Obtain: 2 tan 3 0x + = Û  
3 3 3tan arctan arctan ,2 2 2x x k x k kp p
æ öÛ = - Û = - + Û = - + ÎZç ÷
è ø
. 
Answer. { }3arctan ,2 k kp- + Î Z . 
Example 20. Solve the equation: 2 22sin 3sin cos cos 0x x x x+ × + = . 
Solution. Divide both sides of the original homogeneous equation of the second 
degree by 2cos 0x ¹ .  
Obtain quadratic equation with tan x : 22tan 3tan 1 0x x+ + = .  
Find the solutions of this equation with tan x :  
а) ( )1 1 1tan 1 arctan 1 ,4x x k x k k
pp p= - Þ = - + Þ = - + Î Z ; 
b) 2 2 2
1 1 1tan arctan arctan2 2 2x x k x kp p
æ ö= - Þ = - + Þ = - +ç ÷
è ø
, ZÎk  
Answer. { }1, arctan ,4 2k k kp p p- + - + Î Z . 
Example 21. Solve the equation: 2cos 3sin cos 1 0x x x- + = . 
Solution. The original equation is not homogeneous, but it can be led to the 
homogeneous by using trigonometric identity: 2 21 cos sinx x= + . 
Hence, obtain:  
2 2 2 2cos 3sin cos 1 0 cos 3sin cos sin cos 0x x x x x x x x- + = Û - + + = Û  
2 22cos 3sin cos sin 0x x x xÛ - + = .  
Divide all terms of the equation by 2cos 0x ¹ . Hence, obtain:  
2 tan 1 ,tan 3tan 2 0 4tan 2 acrtan 2 ,
x x k kx x x x k k
p
p
p
é= = + Î Zé ê- + = Û Ûê = êë = + Î Zë
. 
Answer. { }, arctan 2 ,4 k k kp p p+ + Î Z . 
3. Factoring 
This method is based on the fact that the equation 
( ) ( ) 0f x xj× =  is equivalent to the set of equations ( )( )
0
0
f x
xj
=é
ê =ë
 from 
the domain of the ( ) ( ) 0f x xj× =  equation. 
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Example 22. Solve the equation: cos2 cos3x x= . 
Solution. 5cos2 cos3 cos2 cos3 0 2sin sin 02 2
x xx x x x= Û - = Û = . 
Solve the set of equations: 
1
1 1
2 2 2
5 5 2sin 0 ,2 2 5
sin 0 2 ,2 2
x x kk x k
x x k x k k
pp
p p
é é é= = = Î Zê ê êÛ Ûê ê ê= = = Î Zëê êë ë
. 
If 1x  is equal to 2x , then it will be only one set of solutions: 
1
1 2 2 1 2 2 1
2 22 55 5
k kx x k k k x x xp pp= Û = Û = Þ Ì Þ = . 
Answer. 2 ,
5
k kpì üÎ Zí ý
î þ
. 
 
REMEMBER! 
Extraneous roots may be obtained in solving the equations by 
factoring. To avoid mistakes in the answer, it is recommended to find 
D and exclude the solutions that do not satisfy to D.  
Example 23. Solve the equation: ( )( )sin 1 tan 1 0x x- + = . 
Solution. Find D: cos 0 ,
2
x x k kp p¹ Û ¹ + ÎZ . Solve the set of equations: 
2 ,sin 1 0 sin 1 2
tan 1 0 tan 1 2 ,4
x n nx x
x x x m m
p p
p p
é = + ÎZ- = =é é êÛ Ûê ê ê+ = = -ë ë = - + ÎZêë
. 
The solutions 22x n
p p= +  do not belong to D (D: 2x k
p p¹ + ). Hence, only 
2 ,
4
x m mp p= - + ÎZ  solutions will be the answer. 
Answer. { }2 ,4 m mp p- + Î Z . 
4. Power Reducing Method 
In solving the equations it is used the formulas of the power 
reducing: 2 1 cos2sin
2
a
a
-
= ,  2 1 cos2cos
2
a
a
+
= . 
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Example 24. Solve the equation: 2 2 2 3cos 3 cos 4 cos 5
2
x x x+ + = . 
Solution. Use formulas of the power reducing and obtain:  
1 cos6 1 cos8 1 cos10 3 cos6 cos8 cos10 0
2 2 2 2
x x x x x x+ + ++ + = Û + + = Û  
cos10 cos6 cos8 0x x xÛ + + = . Use formulas of transforming a sum to a 
product: cos cos 2cos cos
2 2
a b a b
a b
+ -
+ = . 
Hence, obtain: ( )2cos8 cos2 cos8 0 cos8 2cos2 1 0x x x x x+ = Û × + = . 
Solve the set of equations: 
,cos8 0 16 8
2cos2 1 0 ,
3
kx kx
x x n n
p p
p
p
é = + ÎZê=é Û êê + =ë = ± + ÎZê
ë
. 
Answer. , , ,
16 8 3
k n k np p p pì ü+ ± + Î Zí ý
î þ
. 
Example 25. Solve the equation: 4 4 5sin cos
8
x x+ = . 
Solution. Make reducing the power with adding and subtracting 2 22sin cosx x :  
( )24 4 2 2 2 25 5sin cos sin cos 2sin cos8 8x x x x x x+ = Û + - = . 
Use the formulas 2 2sin cos 1a a+ =  and sin 2 2sin cosa a a= × , hence obtain:  
2
2 2sin 2 5 10 3 31 2 sin 2 sin 2 sin 2
2 8 8 4 2
x x x x- = Û - = Û = Û = ± Û   
2 ,
3 6 2
kx k x kp p ppÛ = ± + Û = ± + ÎZ . 
Answer. ,
6 2
k kp pì ü± + ÎZí ý
î þ
. 
5. Transforming a Product to a Sum 
The following corresponding formulas are used in this case: 
( ) ( )sin sinsin cos
2
a b a b
a a
+ + -
= ; 
( ) ( )cos cossin sin
2
a b a b
a b
- - +
= ; 
( ) ( )cos coscos cos
2
a b a b
a b
- + +
= . 
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Example 26. Solve the equation: cos3 cos9 cos cos7x x x x= . 
Solution. Use the corresponding formula and obtain:  
( ) ( )1 1cos12 cos6 cos8 cos6 cos12 cos8 0
2 2
x x x x x x+ = + Û - = . 
Now use the formula: cos cos 2sin sin
2 2
a b a b
a b
+ -
- - =  and make 
transformation: 2sin10 sin 2 0x x- = . Solve the set of equations: 
1
2
,sin10 0 10 10
sin 2 0 2 ,
2
nx nx x n
x x k kx k
p
p
p p
é = Î Zê= =é éÛ Û êê ê= =ë ë ê = Î Z
ë
. 
The solutions 2 ,2
kx kp= ÎZ  are the subset of solutions 1 ,10
nx np= ÎZ  
(if 5n k= , therefore the solutions 1x  and 2x  are the same ones). That is why, 
the answer can be written as: ,
10
nx np= ÎZ . 
Answer. ,
10
n npì üÎZí ý
î þ
. 
6. Introducing an Auxiliary Angle 
Consider an equation of the shape: sin cosa x b x c+ = , where 
0a ¹ , 0b ¹ . Divide both sides of the equation by the first coefficient: 
sin cos sin cosb ca x b x c x xa a+ = Û + = . Now substitute 
b
a  by tanj  (j  
is a subsidiary argument, or an auxiliary angle): 
tan arctanb ba aj j= Þ = . In the equation, we substitute 
sintan
cos
j
j
j
= instead of b
a
 and liberate the left side of the 
denominator: sinsin cos
cos
cx x
a
j
j
+ = Û  
sin cos sin cos coscx x
a
j j jÛ × + × = Û ( )sin coscx
a
j j+ = . 
The equation has solution, only if cos 1c
a
j £ .  
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Write cosj  with coefficients a , b , c : 
2 2 2
2 2 2
2 2 2
11 tan sec 1 sec
cos
b a b
a a
j j j
j
+
+ = Þ + = Û = Û  
2
2
2 2 2 2
cos cosa a
a b a b
j jÛ = Þ =
+ +
.  
Similarly find 
2 2
sin b
a b
j =
+
. 
Substitute cosj  value of in the equation ( )sin coscx
a
j j+ = : 
( ) ( )
2 2 2 2
sin 1 arcsin ,kc cx x k k
a b a b
j j p+ = Þ + = - + Î Z
+ +
. 
 
REMEMBER! 
For solving trigonometric equations by inserting auxiliary 
argument, it is helpful to use the following formulas: 
1) ( )2 2sin cos sina x b x a b x j+ = + + ; 
2) 
2 2
cos a
a b
j =
+
; 
2 2
sin b
a b
j =
+
; 
3) ( ) ( )
2 2 2 2
sin 1 arcsin ,kc cx x k k
a b a b
j j p+ = Þ + = - + ÎZ
+ +
. 
Example 27. Solve the equation: 2sin 3cos 4x x+ = . 
Solution. We have: 2a = , 3b = , 4c = . Use formula and find: 
2 2 2 2
4 4 1
132 3
c
a b
= = >
+ +
. Therefore, the original equation can be written 
as follows: ( ) 4sin 1
13
x xj+ = > Þ ÎÆ . 
Answer. { }Æ . 
Example 28. Solve the equation: 3 1cos5 sin5 12 2x x+ = . 
Solution. Write an auxilary angle as follows:  
3sin 2j = , 
1cos 2j = , therefore 3
pj = . 
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Substitute the values 3sin
3 2
p
=  and 1cos
3 2
p
=  in the equation. Obtain:  
3 1cos5 sin5 1 sin cos5 sin5 cos 1 sin 5 1
2 2 3 3 3
x x x x xp p pæ ö+ = Û + = Û + = Ûç ÷
è ø
 
25 2 ,
3 2 30 5
kx k x kp p p ppÛ + = + Û = + ÎZ . 
Answer. 2 ,
30 5
k kp pì ü+ ÎZí ý
î þ
. 
Example 29. Solve the equation: 3sin 2cos 1x x+ = . 
Solution. Use formulas: 
2 2
cos a
a b
j =
+
 , 
2 2
sin b
a b
j =
+
 and find the 
values: 3cos
13
j =  and 2sin
13
j = . 
Transform the original equation: 3sin 2cos 1x x+ = Û  
( )3 213 sin cos 1 13 sin 1
13 13
x x x jæ öÛ × × + × = Û × + = Ûç ÷
è ø
( ) ( )1 1sin 1 rcsin ,
13 13
kx x a k kj j pÛ + = Û + = - + Î Z . 
We know, that 3cos
13
j = , 2sin
13
j = , 2tan
3
j = , therefore 2rctan
3
aj =  
or 3rccos
13
aj = , or 2rcsin
13
aj = . That is why the solutions of the 
equation can be written as follows:  
а) ( )2 1arctan 1 arcsin ,
3 13
kx k kp= - + - + ÎZ ; or 
b) ( )3 1arccos 1 arcsin ,
13 13
kx k kp= - + - + ÎZ ; or 
c) ( )2 1arcsin 1 arcsin ,
13 13
kx k kp= - + - + ÎZ . 
Answer. ( )2 1arctan 1 arcsin ,
3 13
k k kpì ü- + - + ÎZí ý
î þ
. 
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7. Universal Substitution  
According to the method of universal substitution, it is helpful to 
use following formulas: 
2
2 tan
2sin
1 tan
2
x
x x=
+
, 
2
2
1 tan
2cos
1 tan
2
x
x x
-
=
+
, 
2
2tan
2tan
1 tan
2
x
x x=
-
, 
21 tan
2cot
2 tan
2
x
x x
-
= . 
 
REMEMBER! 
We use the universal substitution, if 
2 2
x kp p¹ + , e.g. 
2 ,x k kp p¹ + ÎZ . It is necessary to check whether 2x kp p= + , 
k ÎZ  are solutions of the original eqution. 
Example 30. Solve the equation: 2sin cos 2x x+ = . 
Solution. Make substitution sin x  and cos x  with tan 2
x t=  and obtain: 
2
2
1 22 2
2 1 12 2 3 4 1 0 1, 31 1
t t t t t t
t t
-× + = Û - + = Û = =
+ +
. 
From the equation tan 12
x =  we obtain: 2 ,2 4 2
x k x k kp pp p= + Û = + ÎZ . 
From the equation: 1tan
2 3
x
=  we obtain: 
1 1arctan 2arctan 2 ,2 3 3
x n x n np p= + Û = + ÎZ . 
Check, whether numbers 2 ,x m mp p= + ÎZ  satisfy to the solution of 
original equation. For this we substitute 2x mp p= +  to the original equation: 
( ) ( ) ( )2sin 2 cos 2 2 0 1 1 2m mp p p p+ + + = × + - = - ¹ . Therefore, the numbers 
2 ,x m mp p= + ÎZ  are not solutions of the original equation. 
Answer. { }12 , 2arctan 2 , ,2 3x k n k np p p= + + ÎZ . 
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Example 31. Solve the equation: sin cot 22
xx + = . 
Solution. Find D of the equation: 
cos 2cot sin 02 2 2sin 2
x
x x x kx p= Þ ¹ Þ ¹ Þ  
2 , .x k kpÞ ¹ Î Z
    
Use the substitution: tan 2
x t= : 
3 2 3 2 2
2
2 1 2 2 3 2 1 0 2 2 1 0
1
t t t t t t t t t
t t
+ = Û - + - = Û - - + + - = Û
+
  
( ) ( ) ( ) ( )2 2 22 1 2 1 0 2 1 1 0t t t t t t t tÛ × - + - - + = Û - + × - = . 
Discriminant of the trinomial 22 1t t- +  is less than zero ( )1 8 0D = - < , 
therefore: 22 1 0t t- + > .  
Then 1 0 1 tan 1 2 , .2 2 4 2
x xt t k x k kp pp p- = Û = Û = Û = + Û = + Î Z   
Check, whether the value x p=  is satisfy to the original equation: 
sin cot 0 0 2 2 ,
2
x k kpp p p+ = + ¹ Þ ¹ + Î Z . 
Answer. { }2 ,2 k kp p+ Î Z . 
8.  Substitution of the form sin cosx x t± =  
If there is sum (or difference) and the product of sine and cosine 
functions in the equation, it is recommended to use sin cosx x t± =  
substitution.  
( )2 2sin cos sin cosx x t x x t+ = Û + = Û   
2
2 2 2 1sin cos 2sin cos sin cos
2
tx x x x t x x -Û + + × = Û × = . 
Similarly for sin cosx x t- =  we have ( )2 2sin cosx x t- = Û  
2
2 2 2 1sin cos 2sin cos sin cos
2
tx x x x t x x -Û + - × = Û × = . 
Hence, we have two substitutions:  
1) 2
sin cos
1sin cos
2
x x t
tx x
+ =ìï
-í × =ïî
; 2) 2
sin cos
1sin cos
2
x x t
tx x
- =ìï
-í × =ïî
. 
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Example 32. Solve the equation: sin cos sin cos 1x x x x- + - × = . 
Solution. Use the second substitution: 
2
2
1,2
1 1 2 3 0 1 4 1 22
tt t t t-- - = Û - - = Û = ± = ± . 
Therefore: 1 1t = - , 2 3t = . It is known that sin cos 2x x- < , therefore 1t = -  
and sin cos 1x x- = - .  
To solve this equation we develop cos x  according to the formula sin 2 x
pæ ö-ç ÷
è ø
 
and transform the difference of sines to the product 
sin cos 2cos sin
2 2
a b a b
a a
+ -
- = : 
sin cos 1 sin sin 1 2cos sin 1
2 4 4
x x x x xp p pæ ö æ ö- = - Û - - = - Û × - = - Ûç ÷ ç ÷
è ø è ø
 
2 22 sin 1 2 sin 1 sin
2 4 4 4 2
x x xp p pæ ö æ ö æ öÛ × × - = - Û × - = - Û - = - Ûç ÷ ç ÷ ç ÷
è ø è ø è ø
 
( ) ( )21 arcsin 1
4 2 4 4
k kx k x kp p pp p
æ ö æ öÛ - = - - + Û - = - - + Ûç ÷ ç ÷
è øè ø
 
( ) ( )1 11 1 ,
4 4 4 4
k kx k x k kp p p pp p+ +Û - = - × + Û = - × + + ÎZ . 
Answer. ( ) 11 ,
4 4
k k kp p p+ì ü- × + + ÎZí ý
î þ
. 
8.8. Solving Equations with Inverse Trigonometric Functions  
Example 33. Solve the equation: arcsin arcsin 2 3x x
p+ = . 
Solution. Find D: 
1 1 1,
2 1 2 2
x
x
x
£ì é ùÛ Î -í ê ú£ ë ûî
. 
Make substitutions: arcsin x a= , arcsin 2x b= , where , ,
2 2
p p
a b é ùÎ -ê úë û
.  
The original equation can be written as follows: 
3 3
p p
a b a b+ = Û = - . 
sin sin sin sin cos cos sin
3 3 3
p p p
a b a b bæ ö= - Û = -ç ÷
è ø
.  
Therefore:   ( ) ( ) ( )3 1sin arcsin cos arcsin2 sin arcsin2
2 2
x x x= - Û 
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( )
2 2
2 2 2
3 1 31 4 2 2 1 4
2 2 2
1 3
2 716 3 1 4 1 328 3
1 30 2 70 2 7
0
x x x x x
x
x x x x
x xx
x
Û = × - - × Û = × - Û
ìé
=ïê
ì = × - ïì = êÛ Û Û Û =í í íê³ = -³ îî ïêëï ³î
. 
Answer. 1 3
2 7
ì ü
í ý
î þ
. 
Example 34. Solve the equation: ( ) ( )arctan 1 arctan 1 4x x
p+ + - = . 
Solution. D R= . Make substitutions: ( )arctan 1 x a+ = , ( )arctan 1 x b- = , 
where , ,2 2
p pa b æ öÎ -ç ÷
è ø
.  
The original equation can be written as follows: 4 4
p pa b a b+ = Û = - .  
( ) 1 tantan tan tan4 1 tan bpa b a b-= - Û = + . Therefore, 
( )( ) ( )( )( )( )
1 tan arctan 1 1 1tan arctan 1 1 1 11 tan arctan 1
x xx x xx
- - - ++ = Û + = Û
- -+ -
 
( )( ) 2 21 1 2 0 2 0
22
x xx x x x x
xx
é =Û + = Û + - - = Û - = Û ê = -- ë
. 
Answer. { }2± . 
Example 35. Solve the equation: ( )2arctan 1 2arccos 2
xx - = . 
Solution. D: [ ]1 2, 22
x x£ Û Î - . Make substitutions: ( )arctan 1x a- = , 
arccos 2
x b= , where ( ),2 2p pa Î - , [ ]0,b pÎ , the original equation can be 
written as follows: 2 2
ba b a= Û = .  
1 costan tan tan2 1 cos
b ba a
b
-= Û =
+
 ( tan 02
b ³ , because 0 2
pb£ £ ). 
Therefore, ( )( )
( )
( )
1 cos arccos 12 2tan arctan 1 1
11 cos arccos 22
x x
x x xx
- -
- = Û - = Û
++
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( )( )22 2 2 2 1 22 2 11 22 11
x x x x xx x xx xx xx
-ì ìï + - + = -- - + =Û - = Û Û Ûí í++ ³³ îïî
 
{ 3 2
0
0 22 0 221 21
1
x
x xx x xxx xx
x
ì =éì =é ïêï =- = êÛ Û Û Û ==í íêë³ = -ëï ï³î ³î
. 
Answer. { }2 . 
8.9. Systems of Trigonometric Equations  
For solving systems of trigonometric equations, we use the same 
methods as in algebra (factoring, substituting, eliminating etc.) and we 
use the trigonometric formulas and identities. Let us consider some 
examples.  
Example 36. Solve the system of equations: 
sin 2sin
5
3
x y
x y p
=ìï
í - =ïî
. 
Solution. Find: ( ),D x y R= Î .  
Write y  from the second equation and substitute it in the first one: 
( ) ( )
5 5
3 3
5 5 5sin 2sin 0 sin 2 sin cos cos sin 03 3 3
y x y x
x x x x x
p p
p p p
ì ì= - = -ï ïÛ Ûí í
- - = - × - × =ï ï
î î
  
5
53
31 3sin 2 sin cos 0 cos 0
2 2
y x
y x
x x x x
p
p
ì = - ìï = -ï ïÛ Û Ûí íæ ö
ï ï- + = =ç ÷ î
ï è øî
  
2 2
5 7, ,
2 3 6
x n x n
y n n y n n
p p
p p
p p
p p p
ì ì= + = +ï ï
Û Ûí í
ï ï= - + ÎZ = + ÎZ
î î
 
Answer. ( ) ( )2 1 , 6 7 ,
2 6
n n np pì üæ ö+ - Î Zí ýç ÷
è øî þ
. 
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Example 37. Solve the system of equations: sin cos 0.25
sin cos 0.75
x y
y x
× =ì
í × =î
. 
Solution. : ,D x R y RÎ Î . Add and subtruct the equations of the system:  
( )
( )
sin 1sin cos sin cos 1
1 1sin cos sin cos sin2 2
x yx y y x
x y y x x y
+ =ì× + × =ìï ïÛ Ûí í× - × = - - = -ï ïî î
 
( ) 1
2 ,
2
1 ,
6
m
x y n n
x y m m
p p
p p+
ì + = + ÎZïÛ í
- = - × + ÎZïî
. 
Note that for writing solutions of both equations we need to use two 
constants: n  and m. It is impossible to use only one of them.  
For example, if we use only n: 
( ) 1
2
2
1 ,
6
n
x y n
x y n n
p
p
p
p+
ì + = +ï
í
- = - × + Î Zï
î
, therefore 
some solutions may be lost. 
Consider 2m k=  and 2 1m k= + for the second equation: 
( )
2 , 2 ,
2 2
72 1 , 2 ,
6 6
2 , 2 ,
2 2
2 , 2 ,
6 6
x y n n x y n n
x y k k x y k k
x y n n x y n n
x y k k x y k k
p p
p p
p
p p p
p p
p p
p p
p p
é éì ì+ = + ÎZ + = + ÎZê êï ï
ê êí í
ê êï ï- = + × + ÎZ - = + ÎZ
î îê êÛ Ûê êì ì+ = + ÎZ + = + ÎZê êï ï
ê êí í
ê êï ï- = - + ÎZ - = - + ÎZ
ê êî îë ë
  
( )
( )
( )
( )
5
6
, ,
3
6
, ,
3
x n k
y n k n k
x n k
y n k n k
p p
p
p
p
p
p
p
éì = + × +êï
êí
êï = - + × - Î Z
îêÛ êì = + × +êï
êí
êï = + × - Î Z
êîë
 
Answer. ( ) ( )5 , ,
6 3
n k n kpp p pìæ ö+ × + - + × -íç ÷
è øî
 
( ) ( ), , ,
6 3
n k n k n kp pp p üæ ö+ × + + × - Î Zýç ÷
è ø þ
. 
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Example 38. Solve the system of equations: {6cos 4cos 53sin 2sin 0x yx y+ =+ = . 
Solution. D: ,x R y RÎ Î .  
Write the system of the equations as follows: {6cos 5 4cos6sin 4sinx yx y= -= - . 
Squared both equations and add them: 
1 136 25 40cos 16 cos arccos 2 ,
8 8
y y y n np= - + Û = Û = ± + ÎZ . 
Now, 1cos
8
y = , therefore: 3 3cos arccos 2 ,
4 4
x x m mp= Û = ± + ÎZ  (from the 
first equation). We obtain four sets of solutions: 
а) 
1
1
3arccos 2 ,
4
1arccos 2 ,
8
x m m
y n n
p
p
ì = - + ÎZï
í
ï = - + ÎZ
î
;   b) 
2
2
3arccos 2 ,
4
1arccos 2 ,
8
x m m
y n n
p
p
ì = - + ÎZï
í
ï = + ÎZ
î
; 
c) 
3
3
3arccos 2 ,
4
1arccos 2 ,
8
x m m
y n n
p
p
ì = + ÎZï
í
ï = - + ÎZ
î
;    d) 
4
4
3arccos 2 ,
4
1arccos 2 ,
8
x m m
y n n
p
p
ì = + ÎZï
í
ï = + ÎZ
î
. 
Since we squared the equations, it could be extraneous solutions. Therefore, 
we need to check our solutions by substituting them into the original system. 
After checking we see that the solution ( )1 1,x y  and ( )4 4,x y  do not belong to 
D, and ( )2 2,x y  and ( )3 3,x y  are the sets of solutions of the original system.  
Answer. 3 1arccos 2 , arccos 2 ,
4 8
m np pìæ ö- + +íç ÷
è øî
 
3 1arccos 2 , arccos 2 , ,
4 8
m n n mp p üæ ö+ - + ÎZýç ÷
è ø þ
. 
8.10. Solving Trigonometric Inequalities  
Determination of base or fundamental interval is central to solve 
trigonometric inequality. The function values in this interval are 
repeated with a periodicity of trigonometric function. The base 
interval depends on the nature of trigonometric function and 
inequality. The steps to find solution of trigonometric inequality are: 
1) Convert given inequality to trigonometric equation by replacing 
an inequality sign to an equality sign. 
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2) Solve resulting equation on the interval [0,2π]. There are two 
solutions. They are the angle values, at which trigonometric function 
has the value that is being compared in the given inequality. 
3) Convert positive angle greater than π to equivalent negative 
value to account for the fact that basic interval being repeated may lie 
on negative side of the origin (cosine, secant and tangent function). 
4) Construct base interval between two values, keeping in mind the 
given inequality. It is always advantageous to draw a rough 
intersection of graphs of each side of given inequality. 
5) If function asymptotes (tangent, cotangent, secant and cosecant) 
within the interval constructed, then basic interval is limited by the 
angle value at which function asymptotes. 
6) Generalize solution by extending base interval with the period of 
the trigonometric function. 
In order to understand the process of solving trigonometric 
inequalities, let us analyze some simple trigonometric inequalities.  
1. sin x a> , sin x a³ , sin x a< , sin x a£ , 1a £ . 
Find solutions of these inequalities with the siny x= graph. 2p  
is the least positive period of function siny x= . Therefore, firstly 
these inequalities can be solved on the interval [ ]0, 2p .  
It used the following steps for solving such inequalities:  
- plot the graph of function siny x= ;  
- draw y a=  line; 
- find the point of intersection this line with a part of the graph 
siny x=  (on the interval 2p );  
- project these points on the x -axis;  
- get a set of solutions of this inequality on the interval 2p ;  
- add 2 ,n np Î Z  to each of found solutions (on the interval 2p ).  
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Example 39. Solve the inequality: 1sin
2
x > . 
Solution. Draw the graph of function siny x=  (Fig. 8.14). 
 
Figure 8.14 
Choose an interval [ ]0, 2p  and draw a line 1
2
y = . Find points of intersection 
of this line and sinusoid. Project these points on the x -axis and obtain points 
6
x
p
=  and 
5
6
x
p
= . The graph shows that if 
5,
6 6
x
p p
Î
æ ö
ç ÷
è ø
, then 
1
sin
2
x > . 
Therefore, the points from the interval 
5,6 6
p pæ ö
ç ÷
è ø
 are solutions of the 
inequality 
1
sin
2
x >  on the interval [ ]0, 2p .  
The set of all solutions of the inequality is a set of intervals:  
,
52 , 2
6 6
nn np pp p Î Zì üæ ö+ +í ýç ÷
è øî þ
. 
Answer. ,
52 , 2
6 6
nn np pp p Î Zì üæ ö+ +í ýç ÷
è øî þ
. 
2 а. cos x a< , cos x a£ , 1a £ . 
Find solutions of these inequalities with the cosy x=  graph. 2p  
is the smallest positive period of function cosy x= . Therefore, these 
inequalities can be solved first on the interval [ ]0, 2p .  
The original inequalities are solved the same way as sin x a< , 
sin x a£ . Consider them from examples. 
y  
x  0  p-  3
2
p
-  2p-  3
2
p  2p  
 
p  
2
p
-  
1 
1-  
2
p
 
1
2
y =  
6
p
 
5
6
p
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Example 40. Solve the inequality: 1cos
2
x £ - . 
Solution. Draw the graph of the function cosy x=  (Fig. 8.15) 
 
Figure 8.15 
Choose an interval [ ]0, 2p  and draw a line 1
2
y = - . Find points of intersection 
of this line and a cosine curve. Project these points on the x -axis and obtain the 
points 2
3
x p=  and 4
3
x p= . Therefore, the points from the interval 
2 4
3 3
,p pé ùê úë û
 are solutions of the inequality 1cos
2
x £ -  on the interval [ ]0, 2p .  
The set of all solutions of the inequality is a set of intervals: 
{ }2 42 , 2 ,3 3n n np pp p+ + Î Zé ùê úë û . 
Answer. { }2 42 , 2 ,3 3n n np pp p+ + Î Zé ùê úë û . 
2 b. cos x a> , cos x a³ , 1a £ . 
Find solutions of these inequalities with the cosy x=  graph. 2p  
is the smallest positive period of function cosy x= . Therefore, these 
inequalities can be solved first on the interval [ ],p p- .  
Then the original inequalities are solved the same way as 
cos x a<  and cos x a£ . Consider them with examples. 
Example 41. Solve the inequality: 1cos
2
x > . 
Solution. Draw the graph of function cosy x=  (Fig. 8.16). 
Choose an interval [ ],p p-  and draw a line 1
2
y = .  
1 
y  
2
p
 
1
2
y = -  
0 p-  3
2
p
-
3
2
p
 
2p  p  x  
2
p
-  
1-  
4
3
p  2
3
p
-  2
3
p  4
3
p
-  
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Figure 8.16 
Find the point of intersection of this line and a cosine curve.  
Project these points on the x -axis and obtain the points 
4
x p= -  and 
4
x p= . 
The points from the interval 
4 4
,p p-æ öç ÷
è ø
 are solutions of the inequality 
1
cos
2
x >  on the interval [ ],p p- .  
The set of all solutions of the inequality is a set of intervals: 
2 , 2 ,
4 4
n n n
p p
p p- + + Î Z
ì üæ ö
í ýç ÷
è øî þ
. 
Answer. 2 , 2 ,
4 4
n n n
p p
p p- + + Î Z
ì üæ ö
í ýç ÷
è øî þ
. 
Example 42. Solve the inequality: 3 1cos2 2x- £ < . 
Solution. Draw the graph of function cosy x=  in the interval [ ],p p-  
(Fig. 8.17) 
 
Figure 8.17 
5
6
p
-  
3
p
-  
3
p
 
3
2
y = -  
0  
y  
p-  2p  p  x  
1 
1-  
5
6
p
 
1
2
y =  
y  
x  
4
p  
1 
1
2
y =  
0  p-  7
4
p  
2p  p  
1-  
4
p
-  
9
4
p  
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Consider the parts of the cosine curve between the lines 3
2
y = -  and 
1
2
y = . The points 5 5, ,6 3 3 6
p pp pé ö æ ù- - ÷ çê úë ø è û
U  from the interval [ ],p p-  are 
solutions of inequality. Hence, the set of all solutions of original inequality is a 
unit of sets: 
,5 52 , 2 2 , 26 3 3 6 nn n n n
p pp p p p p p Î Zé ö æ ù- + - + + +÷ çê úë ø è û
U . 
Answer. 5 52 , 2 2 , 2 ,6 3 3 6n n n n n
p pp p p p p pì üé ö æ ù- + - + + + Î Zí ÷ ç ýê úë ø è ûî þ
U  
3. tan x a> , tan x a³ , tan x a< , tan x a£ . 
Find the set of solutions of these inequalities with the graph of 
function tany x= . This function has the smallest positive period p .  
It is useful to solve such inequalities first on the interval ( ),2 2p p- . 
Then solve inequalities at the same way as previous ones given above. 
Add ,n np Î Z  to the found solutions and obtain all solutions of 
inequalities tan x a> , tan x a³ , tan x a< , tan x a£  in the interval 
( ),2 2p p- . The graph tany x=  (Fig. 8.18) shows that 
rctan ; ,
2
a a n n npp pì üé ö+ + Î Zí ý÷êë øî þ
 is the set of all solutions of 
inequality tan x a³ . 
 
Figure 8.18 
x  
y  
2
p  0  3
2
p  p  
2
p
-  rctana a  rctana a  
a  
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Consider solving inequalities tan x a> , tan x a³ , tan x a< , 
tan x a£  with examples. 
Example 43. Solve the inequality: tan 2x < . 
Solution. Draw the graph of function tany x=  (Fig. 8.19). 
Draw a line 2y = . Find the points of intersection of this line and the graph of 
tangent. Project of these points on the x -axis and obtain the points 
2
x p= -  
and arctan 2x = . Therefore, points from the interval ( )arctan 22 ,p-  are 
solutions of the inequality tan 2x <  on the interval ( )2 2,p p- . The set of all 
solutions of inequality tan 2x <  is a set of intervals 
{ }, arctan 2 ,2 n n np p p- + + Î Zæ öç ÷è ø . 
 
Figure 8.19 
Answer. , arctan 2 ,2 n n n
p p pì üæ ö- + + ÎZç ÷í ý
è øî þ
. 
Example 44. Solve the inequality: ( )1 tan 2 34x p- £ - < . 
Solution. Make substitution: 2
4
x tp- = . Obtain the inequality: 1 tan 3t- £ < .  
Consider the graph of function tany t=  and find the set of solutions of 
original inequality on the interval ( )2 2,p p-  (Fig. 8.20). The set of solutions 
of the inequality ( )1 tan 2 34x p- £ - <  on the interval ( )2 2,p p-  is )4 3,p p-éêë .  
y
 
x  
2
p  
0  3
2
p  
2
p
-  arctan 2  arctan 2p +  
2  
p  
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Therefore, all solutions of original inequality are:  
7
2 , ,
4 4 3 2 24 2
n x n n n x n n
p p p p p
p p p- + £ - < + ÎZ Û £ < + ÎZ . 
 
Figure 8.20 
Answer. 
7
, ,
2 24 2
n n n
p p
p + Î Z
ì üæ ù
í ýç úè ûî þ
. 
4. cot x a> , cot x a³ , cot x a< , cot x a£ . 
Find the set of solutions of these inequalities with the graph of 
function coty x= . The function coty x=  has the smallest positive 
period p . At first it is useful to solve such inequalities on the interval 
( )0, p . Then solve previous inequalities given above at the same 
way. Add ,n np Î Z  to the found solutions and obtain all solutions of 
inequalities cot x a> , cot x a< , cot x a³ , cot x a£  on the interval 
( )0, p . The graph coty x=  (Fig. 8.21) shows that 
( ]{ }, arccot ,n a n np p+ ÎZ  is the set of all solutions of inequality 
cot x a³ . 
 
Figure 8.21 
2p  rccota ap +  rccota a  2
p
 
0  
y  
p
 
x  
a  
2
p
 
1-
4
p
-  
0  
y  
2
p
-  
x  
3  
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Consider solving inequalities cot x a> , cot x a³ , cot x a< , 
cot x a£  with examples. 
Example 45. Solve the inequality: cot 2x ³ - . 
Solution. Draw the graph of function coty x=  (Fig. 8.22). 
 
Figure 8.22 
Draw a line 2y = - . Find the points of intersection of this line and the graph 
of cotangens. Project these points on the x -axis and obtain the points 0x =  
and ( )arccot 2x = - . Therefore, the points from the interval ( )(0, arccot 2- ùû  
are solutions of the inequality cot 2x ³ -  on the interval ( )0, p . 
The set of all solutions of inequality is a set of intervals:  
( )({ }, arccot 2 ,n n np p- + Î Zùû . 
Answer. ( )({ }, arccot 2 ,n n np p- + Î Zùû . 
Example 46. Solve the inequality: 3 cot 3 1
8
x
p
- < + £
æ ö
ç ÷
è ø
. 
Solution. Make substitution: 3
8
x t
p
+ = .  
Therefore, we obtain: 3 cot 1t- < £  (Fig. 8.23). 
 
Figure 8.23 
3-  
1  
x  p  0  
5
6
p
 
y  
4
p
 
x  2p  p
 
0  
2-  
( )rccot 2ap + -  ( )2rccota -  
y  
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The set of solution of the inequality in the interval ( )0, p  is 54 6,
p pé ö
÷êë ø
. The 
set of solutions of given inequality is 5, ,
4 6
n n np pp p+ + Î Zé ö÷êë ø
. Therefore, 
all solutions of original inequality are: 53 ,
4 8 6
n x n np p pp p+ £ + < + Î Z Û  
173 ,
8 24
n x n np pp pÛ + £ < + Î Z Û 17 ,
24 3 72 3
n x n np p p p+ £ < + Î Z . 
Answer. 17 ,
24 3 72 3
,n n np p p p+ + Î Zì üé öí ÷ ýêë øî þ
. 
Example 47. Solve the inequality: 1sin cos 0
2
x x× + £æ öç ÷
è ø
. 
Solution. The original inequality can be written as follows: 
sin 0 sin 0
1 1cos 0 cos
2 2
sin 0 sin 0
1 1cos 0 cos
2 2
x x
x x
x x
x x
³ ³
+ £ £ -
Û£ £
+ ³ ³ -
é éì ìï ï
ê êí í
ï ïê êî î
ê êì ìï ï
ê êí í
ï ïê êî îë ë
 
Consider the solution of these systems with the graphs of functions siny x=  
and cosy x=  on the interval [ ]0, 2p  (Fig. 8.24). 
 
Figure 8.24 
The solution of this inequality is the set 2 4, , 2
3 3
p p p pé ù é ùê ú ê úë û ë û
U  on the 
interval [ ]0, 2p . The set of all solutions of original inequality is a unit of sets: 
( ) ( )2 42 , 2 1 2 , 2 1 ,3 3n n n n np p p p p p+ + + + Î Z
é ù é ù
ê ú ê úë û ë û
U . 
Answer. ( ) ( ){ }2 42 , 2 1 2 , 2 1 ,3 3n n n n np p p p p p+ + + + Î Zé ù é ùê ú ê úë û ë ûU . 
1-  
y  
1
2-  
0  
1 
2
p
-  
2
p  
3
2
p
-  3
2
p  
4
3
p  2
3
p  
p-  2p  p  x  
siny x=  cosy x=  
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Example 48. Solve the inequality: 
2
2
cos 2cos cos3
1
cos 2cos 1
x x x
x x
+ +
>
+ -
. 
Solution.Find D: 
( )
2
2 1 ,cos 1
12cos cos 1 0 cos 2 , .
2 3
x n nx
x x x x k k
p
p
p
ì ¹ + Î Z¹ -ìï ï+ - ¹ Û Ûí í¹ ¹ ± + Î Zï ïî î
 
( )\ 2 1 , 2 , ,
3
D R n k n kpp pì ü= + ± + Î Zí ý
î þ
. 
We know that 3cos3 4cos 3cosx x x= - , therefore the original inequality can 
be written as follows:  
2 3 3 2
2 2
cos 2cos 4cos 3cos 4cos 2cos 2cos1 1
cos 2cos 1 cos 2cos 1
x x x x x x x
x x x x
+ + - + -
> Û >
+ - + -
. 
Make substitution: cos x t= , 1t £ . Obtain the system of inequalities: 
3 2
2
1
1 1 1 , 114 2 2 21
22 1
2 1 0
t
t t
tt t t t
t t
t
ì £
ïì £ ¹ -ï ï æ ùÛ Û Îí í+ - ç ú¹> è ûï ï+ -î ï - >î
. 
Return to the unknown x  and remember that cos 1x £ , if x RÎ : 
1cos 2 , 2 ,
2 3 3
x x n n np pp pæ ö> Û Î - + + ÎZç ÷
è ø
. 
Answer. 2 , 2 ,
3 3
n n np pp pì üæ ö- + + ÎZç ÷í ý
è øî þ
. 
Example 49. Solve the inequality: 1sin cos
4
x x× < . 
Solution. Multiply both parts of the original inequality by 2 and use the formula. 
sin 2 2sin cosx x x= × . Obtain: 
1 1 1sin cos 2sin cos 2 sin 2
4 4 2
x x x x x× < Û × < × Û < Û  
5 13 5 132 2 2 , ,
6 6 12 12
n x n n n x n np p p pp p p pÛ + < < + ÎZ Û + < < + ÎZ . 
Answer. 5 13 ,
12 12
n x n np pp pì ü+ < < + ÎZí ý
î þ
. 
Example 50. Solve the inequality: sin cosx x> . 
Solution. According to definition of the absolute value, it can be written that: 
sin 0x ³  and cos 0x ³ . Therefore, you can squared both parts of the origin 
inequality. Obtain: ( ) ( )2 2 2 2sin cos sin cos sin cosx x x x x x> Û > Û > Û  
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2 2 2 2sin cos 0 cos sin 0 cos2 0x x x x xÛ - > Û - < Û < Û  
3 32 2 2 , ,
2 2 4 4
n x n n n x n np p p pp p p pÛ + < < + ÎZ Û + < < + ÎZ . 
Answer. 3 ,
4 4
n x n np pp pì ü+ < < + ÎZí ý
î þ
. 
 
Answer the questions 
1. What does an angle mean? 
2. What angle is called positive?  
3. What angle is called negative? 
4. What is a straight angle?  
5. What is a full angle? 
6. What is a central angle?  
7. Write the formula for transformation radians to degrees and vice 
versa.  
8. Define the trigonometric functions: sina , cosa , tana , cota .  
9. Write the basic trigonometric identities.  
10. Write a table of trigonometric functions of the most commonly 
used angles. 
11. What signs have trigonometric functions sina , cosa , tana , 
cota  in different quadrants? 
12.  Write the basic periods for the functions sina , cosa , tana , 
cota ? 
13. What are the basic relations between trigonometric functions of 
the same argument? 
14. Write the formulas of reducing power.  
15. Give formulas for the transformation of sums and differences of 
homogeneous trigonometric functions. 
16.  Write the formulas of universal substitution.  
17. Explain how to use introduce auxiliary angle in formula: 
sin cosc a x b x= + , where 0a ¹ , 0b ¹ .  
18. Write the formulas for solving the simple trigonometric 
equations: sin x a= , cos x a= , tan x a= , cot x a= . 
s 
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 Tasks № 18 
I. Write following angles in radians: 20o , 135o , 240o , 50o , 150o , 315o . 
II. Write following angles in degrees: 
18
p , 
10
p , 2
3
p , 3
2
p , 5
2
p , 3p . 
III. Calculate the values of trigonometric expressions: sin 990o , 
37sin
2
p , cos2,760o , 2,003sin
3
p . 
IV. Find the values of trigonometric functions: 
1) 1sin , 0
3 2
p
a a= < < ;  2) ( )cos .4 , 90 180a a= - < <o o ; 
3) tan 0.5, 0 90a a= < <o o ;  4) cot 3, 180 270a a= < <o o . 
V. Simplify expressions. 
1) 
2
2
cos
1 cos
a
a-
;  2) 5 5tan 3 cot 3a a× ;  3) 2 2
1 1
1 tan 1 cota a
+
+ +
; 
4) ( ) ( )2 2sin cos sin cos 19a a a a+ + - + ; 5) 1 tan 29 tan31
tan 29 tan31
- ×
+
o o
o o ;  
6) cos19 cos41 sin19 sin 41-o o o o ;  7) ( )
2sin cos
1 sin 2
a a
a
+
+
; 
8) ( ) ( )2sin sin cos2a b a b a+ - + ; 
9) ( ) ( ) ( )3 3 3sin cos sin cos 6 sin sina a a a a a+ + - - - ; 
10) 
2 4
2 4
1 2sin sin
1 2cos cos
a a
a a
- +
- +
;  11) ( )
2sin cos 1
tan sin cos
a a
a a a
+ -
- ×
; 
12) cos sin
2 2
p p
a aæ ö æ ö- - -ç ÷ ç ÷
è ø è ø
;  
13) ( ) ( )8tan945 tan 810 cot 950a a+ + - -o o o ; 
14) ( ) ( )13tan 13 tan sin 222
pp a a a pæ ö- × + - -ç ÷
è ø
; 
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15) ( ) ( )15 19sin 7 cos sin cos 62 2
p pp a b a p bæ ö æ ö- × + - - × -ç ÷ ç ÷
è ø è ø
; 
16) 
( )
( )
11 7tan cos cos 42 2
11cot 5 sin 2
p pa a a p
pp a a
æ ö æ ö+ × - × -ç ÷ ç ÷
è ø è ø
æ ö- × +ç ÷
è ø
. 
VI. Write expressions as products. 
1) 2cos15 2cos 15 1a a+ - ; 2) tan sina a+ ;  
3) sin 3 sin 6 sin 9a a a+ + ; 4) cos2 cos3 cos4 cos5a a a a- - + ;  
5) ( ) ( )2 2sin sin 1a b a b+ + - - ;  6) 3 4cos cos2
a a- + ;  
7) ( )2 2 2sin sin sin 2a b a b+ + + - . 
VII. Prove trigonometric identities. 
1) 2 2 26sin 5cos sin 5a a a+ = + ;  
2) 2 2 2 2cot cos cot cosa a a a- = × ; 
3) 4 2 2 2sin sin cos cos 1a a a a+ × + = ;  
4) 4 2 2 4sin 2sin cos cos 1a a a a+ × + = ;  
5) ( )sin cos tan cot 1a a a a× × + = ;  
6) cos5 cos4 sin 2 sin cos6 cos3a a a a a a× - × = × ; 
7) 
21 2cos tan cot
sin cos
a
a a
a a
-
= -
×
;  8) 
21 2cos tan cot
sin cos
a
a a
a a
-
= -
×
; 
9) 
( )cot 45 1
tan 2
cot 1
a
a
a
- +
=
+
o
;  10) ( )2 2 2 3 cos4tan cot
1 cos4
a
a a
a
+
+ =
-
. 
VIII. Calculate. 
1) ( )sin arcsin 0.4 ;  2) 1cos arcsin
3
æ ö
ç ÷
è ø
;  3) arcsin sin
8
pæ ö
ç ÷
è ø
;  
4) 1cos arccos
5
æ ö
ç ÷
è ø
;  5) 1sin arccos
4
æ ö
ç ÷
è ø
;  6) arcsin sin
8
pæ ö
ç ÷
è ø
; 
7) 1 1sin arcsin arccos
3 4
æ ö+ç ÷
è ø
;  8) ( )sin arctan 7 arctan 2- ; 
9) 1 1tan arcsin arccos
3 4
æ ö+ç ÷
è ø
;  10) 1cos 2arcsin
6
æ öç ÷
è ø
. 
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IX. Solve trigonometric equations. 
1) sin 3 0x = ;  2) 2cos
2
x = - ;  3) 1sin
3
x = ; 
4) cos 0
4
x
= ; 5) tan6 1x = - ; 6) cot 2x = ; 
7) sin 2 0
6
x pæ ö- =ç ÷
è ø
; 8) 5 3cos 5
12 2
x pæ ö- =ç ÷
è ø
; 9) 3tan 3
3 4
x pæ ö+ =ç ÷
è ø
; 
10) cot 4 3
9
x pæ ö- = -ç ÷
è ø
; 11) sin
3 6
x p pæ ö- =ç ÷
è ø
; 12) sin 1 0
cos
x
x
+
= ;  
13) 
cos
3 0
2sin 1
x
x
pæ ö+ç ÷
è ø =
-
; 14) 
sin
4 0
tan 1
x
x
pæ ö+ç ÷
è ø =
+
. 
X. Solve the equations with factoring. 
1) 2sin sin 0x x- = ;  2) 3 2cos cos 0x x+ = ;  
3) 9sin cos sinx x x× = ; 4) tan tan cos4 0x x x+ × = ;  
5) 2cos cos4 cos 2cos4 1 0x x x x× + - - = ; 
6) cot sin 2 cot 0x x x- × = ; 7) ( )sin 1 tan 3sin 3 0x x x- × - + = ; 
8) 3tan cos cos
2 6 6
x x xp pæ ö æ ö× + = +ç ÷ ç ÷
è ø è ø
. 
XI. Solve the equations with reducing to one function. 
1) 23sin 2cos 3x x- = - ;   2) 22sin 3cos 0x x+ = ;  
3) tan cotx x= ;    4) 2cot tan 1 0x x- - = ;  
5) 28cos 6sin 3 0
2 2
x x
+ - = ;  6) 23sin 2cos
5 5
x x
pæ ö= +ç ÷
è ø
; 
7) 4 2 7sin 8 4cos 8
16
x x- = - ;  8) 4 2
73tan 3 2 0
cot 3
x
x
- + = . 
XII. Solve the equation with universal substitution: tan
2
x t= . 
1) 9sin cos 9x x+ = ;  2) sin 4cos 4x x+ = - ;  
3) 5sin cos 1x x- = ;  4) sin cos 1x x+ = ;   
5) sin cos 1x x- = ;  6) sin 2 cos2 tanx x x+ = . 
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XIII. Solve the equations. 
1) 6sin 7cos 0x x+ = ;  
2) 2 22sin 5sin cos 3cos 0x x x x- × + = ; 
3) 2 22sin cos 5sin cosx x x x+ = × ;  
4) 2 26sin 3 sin 3 cos3 cos 3 2x x x x+ × - = ;  
5) 3 2 3sin 4sin cos 3cosx x x x- × = - ;  
6) 3 2 35sin 4sin cos 3cos 3sinx x x x x+ × - = ; 
7) 4 3 3 4sin sin cos sin cos cos 1x x x x x x+ × + × + = ; 
8) 3 2 2 32sin 7sin cos 3sin cos 2cosx x x x x x+ × + × = . 
XIV. Solve the equations. 
1) sin 3 sin 2 sin 0x x x- - = ; 
2) sin sin 2 sin3 cos cos2 cos3x x x x x x+ + = + + ; 
3) cos sin 3x x= ;  
4) sin sin 7 sin3 sin5x x x x× = × ;  
5) cos cos3 cos5 cos7x x x x× = × ;  
6) 2sin2 sin4 cos2 sin3x x x x× - = . 
XV. Solve the equations. 
1) sin cos 2x x+ = - ; 2) 3 1cos sin 1
2 2
x x- = ;  
3) cos 3sin 2x x- = ;  4) sin 2 cos2 1x x- = ;  
5) sin cos 1
3 3
x x
+ = ;  6) sin cos 5
5 5
x x
+ = . 
XVI. Solve the equations using the formulas of power reducing. 
1) 2 3sin 3
4
x = ;    2) 2 2 1sin 2 sin
2
x x- = ; 
3) 2 2cos 3cos 2
2
xx + = ;  4) 2 24cos 6 16cos 3 13x x+ = ; 
5) 4 24sin sin 2 1x x+ = ;  6) 2 2 2 2cos 2 cos 4 sin 6 sin 8x x x x+ - = . 
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XVII. Solve the equations. 
1) 4 4 9cos sin sin
2
x x xpæ ö- = -ç ÷
è ø
; 2) 1 2 2 cos 2sin
4
x xpæ ö+ - =ç ÷
è ø
; 
3) sin sin 2 3
cos 1 cos2
x x
x x
-
=
- -
;  4) 2sin 3 3cos cos3x x x- = ; 
5) 4 2 45sin sin 2 cos 2cos2 0x x x x- - + = ;  
6) tan cot 4 6cos4x x x+ = + ; 
7) ( ) ( )2sin cos 3 sin cos 2 0x x x x+ - + + = ;  
8) 2cos 1 sinx x- = - . 
XVIII. Solve the systems of trigonometric equations. 
1) 
2
sin cos 1
x y
x y
p+ =ì
í + =î
;  2) 
3sin cos
4
1cos sin
4
x y
x y
ì × = -ïï
í
ï × =
ïî
;  3) 
( )
( )
cos 1
cos 1
x y
x y
+ =ì
í - = -î
; 
4) 
tan tan 1
4
x y
x y p
+ =ì
ï
í
+ =ïî
;  5) 
1sin sin
4
3cos cos
4
x y
x y
ì × =ïï
í
ï × =
ïî
;  6) 2
sin sin 2
x y
x y
pì + =ï
í
ï + =î
. 
XIX. Solve the trigonometric inequalities. 
1) sin 0x £ ;  2) cos 0x ³ ;  
3) tan3 0x £ ;  4) cot 0
5
x
³ ;  
5) 3 3sin
4 9 2
x pæ ö+ ³ç ÷
è ø
;  6) 2 23sin sin 2 cos 2x x x+ - ³ ; 
7) 22cos 8cos sin 3x x x- × ³ ;  8) 22cos 3 cos2 0
4
x xpæ ö+ - £ç ÷
è ø
. 
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SEQUENCE AND ITS LIMIT.  
LIMIT OF FUNCTION 
 
Vocabulary section 
arithmetic sequence  арифметическая 
прогрессия 
算数上的级数 
calculate вычислять 计算 
complete using совместное применение 全部采用；全部使用 
compose составлять 组成 
condition условие 前提条件 
converge  сходиться 衔接 
decreasing sequence убывающая 
последовательность 
渐减的连续性 
diverge  расходиться 分散 
divide termwise  делить почленно 一组一组分开 
end конец 结束 
exist существовать 存在 
for any ''n '' для любого "n " 为求n 
geometric sequence  геометрическая 
прогрессия 
几何级数 
in correspondence в соответствие 相符合的 
increasing sequence возрастающая 
последовательность 
上涨的连续性 
indefinitely large 
value 
бесконечно большая 
величина 
无限最大的价值 
infinitesimal value бесконечно малая 
величина 
无限最小的价值 
jump  скачок 跳跃 
limit  предел 极限 
limit from the left  
(left-hand limit)  
предел слева 极限到左边 
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limit from the right  
(right-hand limit) 
предел справа 极限到右边 
limit of function  предел функции 函数极限 
limit of sequence  предел 
последовательности 
极限的序列 
monotonic sequence монотонная 
последовательность 
单一的连续性 
next term следующий член 下一组 
number of terms of 
sequence  
число членов прогрессии 一组数字的级数 
numerical sequence числовая 
последовательность 
数字的连续性 
open  раскрыть 开始 
particularly в частности 特殊的 
point of break  точка разрыва 点的突破 
previous term предыдущий член 上一组 
remarkable limit  замечательный предел 卓越的极限 
row of numbers ряд чисел 数列 
sequence последовательность 连续性 
term of the sequence член последовательности 组成部分常见的连续性 
uncertainty  неопределенность 不确定性 
neighborhood of 
point 
окрестность точки 附近的一点 
           
9.1. Sequences.  
9.1.1. Numerical Sequences 
Numerical sequence is a function of a natural argument whose 
domain is a countable totally ordered set, such as the natural numbers.  
For example, 1, 2, 3, 4, ..., n   is a set of natural numbers. Let us 
put each natural number in correspondence to its square. We obtain a 
new set of numbers: 1, 4, 9, 16 ... 2n . This correspondence will be a 
numerical sequence.  
Numerical sequence can be written as follows: ( )nx f n= , where 
n NÎ . Then, ( )1f  is the first term of the sequence, ( )2f  is the 
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second term of the sequence, ..., ( )f n  is the nth term (or general 
term) of the sequence.  
The formula ( )nx f n= ,n NÎ  is the n-th term formula of the 
sequence.  
Numerical sequences are:  
– finite; – infinite; 
– increasing; – decreasing; 
– constant;  – nonincreasing (nondecreasing); 
– monotonic; – strictly monotonically increasing (decreasing). 
For example:  
1) the sequence 2, 4, 6, 8 is a sequence of single-valued even numbers. 
It is a finite one, and it has four terms;  
2) the sequence 17, 27, 37, 47, 57, 67, 77, 87; 97 is a sequence of 
double-digit natural numbers ending with "7". It is a finite one, and 
it has nine terms;  
3) the sequence 0.9, 0.99, 0.999, ..., 0.99 ... 9, ... is  a sequence of 
decimal fractions with "9" repeated after a dot. It is a infinite one.  
If 1n nx x+ >  for any n , then the sequence increases (each term is 
greater than the term before). This sequence is called strictly 
monotonically increasing.  
For example, 1, 3, 5, 7, 9, ..., (2n +1), ... is a strictly 
monotonically increasing sequence. 
If 1n nx x+ <  for any n , then the sequence decreases (each term is 
less than the term before). This sequence is called strictly 
monotonically decreasing.  
For example, 1, 1
2
, 1
3
, 1
4
, 1
5
, ..., 1
n
, ... is a strictly monotonically 
decreasing sequence. 
The sequence ( ( )x n ) is called monotonically decreasing, if for 
any of its terms: 1n nx x+ £ .  
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For example, 1, 1, 1
3
, 1
3
, 1
5
, 1
5
, 1
7
, 1
7
 is a monotonically 
decreasing sequence. 
The sequence ( ( )x n ) is called monotonically increasing, if for 
any of its terms: 1n nx x+ ³ .  
For example, 1, 1, 3, 3, 5, 5, 7 , 7 , 9 , 9  is a monotonically 
increasing sequence. 
If a sequence is either increasing or decreasing, it is called a 
monotone one. This is a special case of the more general notion of 
a monotonic function. 
The terms nondecreasing and nonincreasing are often used in 
place of increasing and decreasing in order to avoid any possible 
confusion with strictly increasing and strictly decreasing, respectively. 
If all terms of the sequence are the same, then it is called a 
constant sequence.  
For example, 5ny = , 5, 5, 5 ... is a constant sequence.  
9.1.2. Arithmetic Sequence  
If a sequence of values follows a pattern of adding a fixed 
amount from one term to the next, it is referred to as an arithmetic 
sequence ¸  1a , 2a , 3a , ..., na , ... . The number added to each term is 
constant (always the same).  
The fixed amount d  is called the common difference, referring 
to the fact that the difference between two successive terms yields the 
constant value that was added: 1n na a d-= + , n NÎ . To find the 
common difference, subtract the first term from the second term.  
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The behavior of the arithmetic sequence depends on the common 
difference d. If the common difference is: 
· Positive, if the terms will grow towards positive infinity. 
· Negative, if the terms will grow towards negative infinity. 
It is obviously, that an arithmetic sequence increases, if 0d > ; 
and decreases, if 0d < .  
For example, 2, 5, 8, 11, ... ( 3d = ) is an increasing arithmetic 
sequence.  
12, 10, 8, 6, ... ( 2d = - ) is a decreasing arithmetic sequence. 
 
REMEMBER! 
To find any term of an arithmetic sequence, use formula: 
( )1 1na a d n= + - , where a1 is the first term of the sequence, d is the 
common difference, n is the number of the term to find.  
The sum of a finite arithmetic sequence is called an arithmetic 
series. The sum of n  terms of arithmetic sequence can be found as: 
1
2
n
n
a aS n+= ×    or   ( )12 1
2n
a d n
S n
+ -
= × , 
where n  is the number of terms of the sequence. 
Properties of Arithmetic Sequence  
1. The average of any two terms an even number of spaces apart 
is the value of the term in between. Or more simply, the n-th term of a 
sequence is the average of the (n-k)-th term and the (n+k)-th term (k n< ): 
2
n k n k
n
a aa - ++= . 
2. The sum of an arithmetic sequence, which is called an 
arithmetic series, can be found with a general formula, if the sequence 
terminates which means that it has a final value.  
¸  1a , 2a , 3a , ..., ka , ... , 1n ka - + , ..., 2na - , 1na - , na  Þ  
Þ  ( )1 2 1 1 12 1n n k n ka a a a a a a n d- - ++ = + = = + = = + -K K . 
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Example 1. Find the 17th term of arithmetic sequence: 3, 7, 11, 15, ... . 
Solution. Find the common difference of arithmetic sequence: 7 3 4d = - = . 
Threfore, 17 1 16 3 16 4 3 64 67a a d= + = + × = + = . 
Answer. { }67 . 
Example 2. The common difference of arithmetic sequence is 3, and the sum of 
its first six terms is 57. Find 1a , 6a . 
Solution. 3d = ; 6 57S = . Therefore, 
( ) ( )16 1
2 6 1
6 2 5 3
2
a d
S a d
+ -
= × = + × Û  
( )1 157 2 5 3 2a d aÛ = + × Û = ; 6 1 5 17a a d= + = . 
Answer. 1 2a = , 6 17a = . 
Example 3. The third term of arithmetic sequence is 6, and the seventh term 
is 14. How many terms do we need, if the sum will be 110? 
Solution. 3 6a = ; 7 14;a =  110nS = . Write 3a  and 7a , use the formula 
( )1 1na a d n= + -  and calculate d  and 1a :  2d = , 1 2a = . 
Substitute the values of ,nS d  and 1a  in the formula 
( )12 1
2n
a d n
S n
+ -
= ×  
and then obtain the equation for n : 
( ) 2 22 2 2 1110 110 2 110 0
2
n
n n n n n n
× + -
= × Þ = + - Þ - - = Þ 1 10n = , 
2 11n = -  is not a solution, because n NÎ . 
Answer. 10n = . 
Example 4. Find the arithmetic sequence, if the sum of its first n  terms is 
22 3nS n n= - . 
Solution. We know that: 21 1 2 1 3 1 2 3 1S a= = × - × = - = - ; 
2
2 2 2 3 2 8 6 2S = × - × = - = . 
It is possible to find 2S  as the sum of the first and the second terms of 
sequence, therefore: 1 2 2a a+ = Û ( )2 12 2 1 3a a= - = - - = .  
( )2 1 3 1 4d a a= - = - - = . 
Answer. 1 1a = - , 4d =  or 1, 3, 7, 11,- K . 
Example 5. Find the arithmetic sequence, if the sum of its first three terms is 15, 
the sum of its last three terms is 39, and the sum of all terms is 63. 
Solution. We have 1 2 3
1 2
15
39n n n
a a a
a a a- -
+ + =ì
í + + =î
 (according to the condition). 
Add the equalities: ( ) ( ) ( )1 2 1 3 2 54n n na a a a a a- -+ + + + + = . The sums in 
parentheses are equal each other, because of the second property of arithmetic 
sequence: ( )1 13 54 18n na a a a+ = Þ + = . Find the number of terms of 
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sequence with the formula: 1 1863 7
2 2
n
n
a aS n n n+= × Þ = × Þ = . Substitute 
the value 7n =  into the original system and obtain: 1 2 3
1 2
15
39n n n
a a a
a a a- -
+ + =ì Ûí + + =î
  
( ) ( )
( ) ( ) ( )
1 1 1 1 1
1 11 1 1
2 15 3 3 15 5
3 15 39 5 136 5 4 39
a a d a d a d a d
a d a da d a d a d
+ + + + =ì + = + =ì ìÞ Û Û Þí í í+ = + =+ + + + + = î îî
 
2d =  and 1 3a = . Write the sequence with d  and 1a . 
Answer. 3, 5, 7, 9, 11, 13, 15. 
Example 6. Write five numbers between 1 and 25 that constitute an arithmetic 
sequence with given numbers. 
Solution. 1 1a = , 2 5 7n = + = , 7 25a = . Hence, 
7 1 6 25 1 6 4a a d d d= + Þ = + Þ = . 
Answer. 1, 5, 9, 13, 17, 21, 25, … 
9.1.3. Geometric Sequence  
A sequence in which a constant q (or r) can be multiplied by 
each term to get the next is called a geometric sequence.  
For example, :: 1b , 2b , ..., nb , ... ( )2 3 11 1 1 1 1, , , , ..., , ...nb b q b q b q b q -× × × ×  
or ( )2 3 11 1 1 1 1, , , , ..., , ... .na a r a r a r a r -× × × ×  The constant q (or r) is called 
the common ratio.  
The n-th term of a geometric sequence with initial value b and 
common ratio q is given by: 1n nb b q-= × ,n NÎ . 
Geometric sequences (with common ratio not equal to −1, or 1 
or 0) show exponential growth or exponential decay, as opposed to 
the Linear growth (or decline) of an arithmetic sequence  such as 
4, 15, 26, 37, 48, … (with common difference 11). 
Geometric sequence increases, if 1q >  and decreases, if 1q < .  
For example, :: 2, 6, 18, 54, ..., 3q =  is an increasing sequence; 
and :: 250, 50, 10, ..., 15q =  is a decreasing sequence. 
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REMEMBER! 
The n -th term of a geometric sequence is given by the formula:  
1
1
n
nb b q
-= × ,  
where 1b  is the first term of sequence and q  is a common ratio. 
Geometric series is the sum of the numbers in a geometric 
sequence. The sum of the first terms of a geometric sequence is given 
by the formula: 
( )1 1
1
n
n
b q
S q
× -
=
-
.  
Properties of Geometric Sequence  
1. A sequence 1b , 2b , 3b , ..., nb , ..., is a geometric sequence if 
and only if for any three consecutive terms n kb - , nb  and n kb +  the square 
of the middle term is equal to the product of its neighbors:  
2
n n k n kb b b- += × , (k n< ). 
2. In a finite sequence 1b ; 2b ; 3b ; ...; nb  any term is the square 
root of the product: 1) of its two neighbors or 2) of terms that are at 
the same distance of this given term or 3) of the first and last terms:  
:: 1b , 2b , 3b , ..., kb , 1n kb - + , ..., 2nb - , 1nb - , nb  Þ  
2 1
1 2 1 1 1
n
n n k n kb b b b b b b q
-
- - +Þ × = × = = × = =K K . 
Example 7. Find the first and the last terms of geometric sequence which 
consists of four terms, if 3q =  and 4 80S = . 
Solution. Substitute the given values into the formula: 
( ) ( )4 41 1 1
4 1
1 3 1 8080 2
1 3 1 2
b q b bS b
q
× - × - ×
= Þ = = Þ =
- -
. 
Find 4b  using the formula 
3
4 1b b q= ×  and obtain: 
3
4 2 3 54b = × = . 
Answer. 1 2b =  and 4 54b = . 
Example 8. In geometric sequence ( nb ) it can be written: 1 3
2 4
10
30
b b
b b
+ =ì
í + =î
. Find the 
sum of the first eighth terms 8S  of the sequence. 
Solution. 2 1b b q= × , 
2
3 1b b q= × , 
3
4 1b b q= × , then write the original system as 
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follows: 
( )
( )
22
1 1 1
3 2
1 1 1
1 1010
30 1 30
b qb b q
b q b q b q q
ì + =ì + = ïÛí í+ = + =î ïî
. Divide termwise the second 
equation by the first one. Obtain: 
( )
( )
2
1
2
1
1 30 3
101
b q q
q
b q
+
= Û =
+
. 
Find 1b  from the first equation of the system: 1 2 2
10 10 1
1 1 3
b
q
= = =
+ +
.  
According to the formula of the sum, obtain:  
( ) ( )8 81
8
1 1 3 1
3,280
1 3 1
b q
S
q
× - × -
= = =
- -
. 
Answer. 8 3,280S = . 
Example 9. The six numbers constitute a geometric sequence. The sum of the 
first three numbers is 168, and the sum of the last three numbers is 21. Find 
these numbers.  
Solution. Write a system of equations from the condition:  
( )
( )
22
11 2 3 1 1 1
3 4 5 3 2
4 5 6 1 1 1 1
1 168168 168
21 21 1 21.
b q qb b b b b q b q
b b b b q b q b q b q q q
ì + + =ì+ + = + + = ïì Û Ûí í í+ + = + + = + + =î î ïî
 
Divide the first equation by the second one: 3
1 18 2qq
= Þ =  and find q . 
Find 1b  from the first equation: 1 2
168 168 9671
4
b
q q
= = =
+ +
. 
Answer. 96, 48, 24, 12, 6, 3. 
Example 10. Find the sum 2 99 1001 x x x x+ + + + +K , 1x ¹ . 
Solution. 2 99 1001; ; ; ; ;x x x xK is a geometric sequence (according to the 
condition). Find the first term of the sequence, common ratio and the sum of 
the sequence: 1 1b = , 
2
1
x xq x
x
= = = =K , 101n = .  
Therefore, 
( )101 101
101
1 1 1
1 1
x xS x x
× - -= =
- -
. 
Answer. 
101
101
1
1
xS x
-=
-
. 
Infinitely decreasing geometric sequence is an geometric 
sequence ( nb ) with common ratio 1q < . For it the notion of a sum of 
infinitely decreasing geometric sequence is determined as a number, 
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to which a sum of the first n terms of the considered sequence 
unboundedly approximates at an unbounded increasing of number n .  
  
REMEMBER! 
The sum of an infinitely decreasing geometric sequence is 
given by the formula:             1
1
bS
q
=
-
. 
Example 11. Write the periodic fraction 0.4545...= 0.45  as common one. 
Solution. Convert a repeating decimal 0.45  to a common fraction. Consider this 
decimal in the form: 45 45 450.45 100 10,000 1,000,000= + + +K . 
This is an infinitely decreasing geometric sequence with the common ratio 
1
100
q =  and the first term 1
45
100
b = . The found sum is the sum of this sequence. 
According to the formula mentioned above, the last sum is equal to: 
45 1 45 100 45 5
100 1 100 99 99 111 100
S = × = × = =
-
. 
Answer. 50.45
11
= . 
Example 12. Find an infinitely decreasing geometric sequence, if 1 2b =  and the 
sum is 4S = . 
Solution. Using the formula of the sum of infinitely decreasing geometric 
sequence, we obtain: ( )1 2 14 4 1 21 1 2
bS q qq q= Þ = Û × - = Û =- - . 
Answer. :: 2 , 1, 12 , ... 
Example 13. Find an infinitely decreasing geometric sequence, if its sum is 
equal to 2
3
, and the sum of its first four terms is 5
8
. 
Solution. According to the condition, it can be written: 
( ) ( )
1 1
4 4
1 1
4
2 2
1 3 1 3
1 15 5
1 8 1 8
b bS q q
b q b q
S q q
ì ì= = =ï ï- -ï ïÛí í- -ï ï= = =
ï - ï -î î
. 
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Substitute the right side of the first equation to the second equation:  
( ) ( )4 4 4 12 5 11 16 1 15 16 13 8 2q q q q- = Þ × - = Þ = Þ =  and 2
1
2
q = - .  
Then find two values for 1b : 
1) 1 1
1 2 1; 12 3 31
2
bq b= = Þ =
-
; 2) 1 1
1 2; 112 31
2
bq b= - = Þ =
+
. 
Answer. 1) :: 13 , 
1
6
, 1
12
, 1
24
, ...; 2) :: 1, 1
2
- , 1
4
, 1
8
- , ... . 
Example 14. The sum of infinitely decreasing geometric sequence ( nb ) is 
16S = , and the sum of all squared terms is 153.6S* = . Find the fourth term 
of the sequence.  
Solution. We find the common ratio of the sequence which consists of squared 
terms: 21b , 
2
2b , 
2
3b , ..., 
2
nb , ... :   
22
2
2
11
n n
nn
b bq q
bb
*
--
æ ö= = =ç ÷
è ø
.  
Then write a system of equations: 
1
2
1
2
16 1
153.6
1
bS q
bS
q
*
ì = =ï -ï
í
ï = =
-ïî
.  
Squared the first equation: 
( )
2
1
2256 1
b
q
=
-
. 
Divide the second equation by the first one: 
( )
( )
( )
222 2
11 1
2 2 2 2
1
1 1153.6 153.6 153.6 1: .
256 256 1 256 41 11
b qb b q q
qq q bq
- -= Û = Û = Û =
+- --
 
Then we obtain: ( ) ( )1 116 1 16 1 124b q= × - = × - = ,   ( )
3
3
4 1
1 312 4 16b b q= × = × = . 
Answer. 4
3
16b = . 
9.1.4. Applications of Arithmetic and Geometric Sequences 
Example 15. Four numbers constitute a geometric sequence. After subtracting 
11 from the first number; 1 from the second number; 3 from the third number; 
9 from the fourth number, we obtain an arithmetic sequence. Find these 
numbers.  
Solution. Let’s write numbers 1b , 2b , 3b , 4b  as terms of a geometric sequence, 
then numbers 1a , 2a , 3a , 4a  are relevant terms of arithmetic sequence. It can 
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be written: 2 1b b q= , 
2
3 1b b q= , 
3
4 1b b q=  and 1 1 11a b= - , 2 2 11 1a b b q= - = - , 
2
3 3 13 3a b b q= - = - , 
3
4 4 19 9a b b q= - = - . 
Let us use the property of arithmetic sequence: 1 32 2
a aa += ,   2 43 2
a aa += . 
Use these equalities and write the system of two equations with two 
unknowns 1b  and q :  
2
1 1
21
1 1 1
3 2 3
2 1 1 1 1 1
1
11 31 2 2 142
1 9 2 6 103
2
b b qb q b q b b q
b q b q b q b q b qb q
ì - + -
- =ï ì - = + -ï Û Ûí í- + - - = + -îï - =
ïî
 
( )
( )
2
1
2
1 1
12 1 12
32 1 4 27
b q q q
b q q q b
ìì - + =ï ï =Û Ûí í
- + =ï ï =î î
. 
Therefore, the geometric sequence is: 2 1
127 9
3
b b q= = × = , 3 3b = , 4 1b = . 
Answer. 27, 9, 3, 1. 
Example 16. Find four numbers, if the first numbers constitute a geometric 
sequence, and the last three numbers constitute an arithmetic sequence. The 
sum of the extreme numbers is 35, and the sum of the middle numbers is 30.  
Solution. Let’s write these numbers as: 1c , 2c , 3c , 4c . Then we obtain 
 
Let’s rewrite the condition as follows: 1 4
2 3
35
30
c c
c c
+ =ì
í + =î
.  
Express all given terms through 1b  and q :  
1 1c b= ,   2 1c b q= ,   
2
3 1c b q= ,   4 135c b= - . 
Write the system of equations (according to the condition): 2 3 30c c+ = . It 
also can be written: 3 2 42c c c= +  (according to the properties of arithmetic 
sequence). Therefore, we obtain: 
( )
( )
( )
2
11 1
22
11 1 1
1 3030
1 2 352 35
b q qb q b q
b q qb q b q b
× + =ìì + = ïÛí í × - + == + - ïî î
. 
Divide two equations: ( )( )
( )1
22
1
1 130 6
35 1 2 71 2
b q q q q
q qb q q
× + × +
= Þ = Þ
- +× - +
 
1 2 3 4,  ,  ,  c c c c
geometric sequence 
arithmetic sequence 
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( ) ( )2 27 1 6 1 2 5 13 6 0q q q q q qÞ × + = × - + Þ - + = Þ 1 2q =  and 2 35q = . 
Obtain two solutions: 1) 2q = , 
( ) ( )1 1
30 30 5
1 2 1 2
b b
q q
= = Þ =
+ × +
; 
2) 3
5
q = , 1 1
30 30 1313 83 3 41
5 55 5
b b= = Þ =
æ ö ×+ç ÷
è ø
. 
Answer. 1) 5 , 10 , 20, 30 . 2) 131
4
, 318
4
, 111
4
, 33
4
. 
Example 17. Three numbers constitute increasing geometric sequence. If we add 
“2” to the second number, then we obtain an arithmetic sequence. If then we 
add “9” to the third number to the obtained arithmetic sequence, then a new 
sequence becomes a geometric one. Find these numbers.  
Solution. Wtite 3 sequences from the conditions:  
1) :: 1b , 1b q , 
2
1b q ; 2) : 1b , 1 2b q + , 
2
1b q ; 3) :: 1b , 1 2b q + , 
2
1 9b q + . 
According to the properties of sequences, it can be written the system of 
equations: 
( )
( ) ( )
2 2
1 1 1 1 1 1
2 2 2 2 22
1 1 1 11 1 1
2 2 2 4
4 4 92 9
b q b b q b q b b q
b q b q b q bb q b b q
ì × + = + ì + = +ï Û Ûí í
+ + = ++ = + îïî
 
( )
( )
( )
( )
22
11
11
1 21 2 4
1
9 49 4 4
b q qb q q
b qb q
ì × - +× - + =ïÛ Û = Þí × -× - =ïî
 
2 2
11 2 9 4 2 8 0 2q q q q q qÞ - + = - Þ + - = Þ =  and 2 4q = - . 
According to the condition we know that the sequence is an increasing one, 
therefore, 2q = . Find the first term of the sequence: 1 1
4 4
9 4
b b
q
= Þ =
-
. So, 
we obtain: 2 8b = , 3 16b = . 
Answer. :: 4, 8, 16. 
 
Answer the questions 
1. What is a numerical sequence? 
2. Which numerical sequences do you know?  
3. What is an arithmetic sequence? 
4. Write the properties of arithmetic sequence. 
5. What is a geometric sequence? 
s 
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6. Write the properties of geometric sequence. 
7. What is an infinite geometric sequence? 
8. Write the formula of infinite geometric sequence. 
 
Tasks № 19 
I. Find the fifth term of arithmetic sequence, if: 
1) 1 7a = , 16 67a = ;   2) 1 4a = - , 9 0a = . 
II. Find 23a  in arithmetic sequence: 
1) 3, 7 , 11, 15, ...;  2) 5- , 1- , 3, 7 , ... . 
III. The common difference of arithmetic sequence is 8, and the 
sum of the first five terms is 115. Find 1a , 5a . 
IV. In the arithmetic sequence ( )na  we have: 3 6 16a a+ = , 
3 6 55a a× = . How many terms it is necessary to take, if the sum is 
equal to 81? 
V. Find the arithmetic sequence, if the sum of the first n  terms is 
25 2nS n n= - . 
VI. Find the arithmetic sequence, if the sum of the first three terms 
is 24, and the sum of these squared terms is 290. 
VII. Find the common ratio of geometric sequence, if: 
1) 1 2b = , 5 162b = ;  2) 1 3b = , 4 81b = . 
VIII. In geometric sequence ( )nb : 1 3 17b b+ = , 2 4 68b b+ = . Find 7S . 
IX. Find four numbers, which constitute the geometric sequence, if 
the sum of extreme terms is 27, and product of middle terms is 72. 
X. The common ratio of the second and first terms of geometric 
sequence is18, the common ratio of the fourth and third terms is 162. 
Find the sequence. 
XI. Write periodic fractions as common ones: 
1) 0.777 0.7=K ; 2) 0.1212 0.12=K ; 3) 0.1244 0.124=K . 
XII. Find the sum of infinitely geometric sequence ( )nb , if: 
1 4 18b b+ = , 2 3 12b b+ = . 
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XIII. The sum of infinitely geometric sequence ( )nb  is 14, and the 
sum of all these cubed terms is 392. Find 1b  and q . 
XIV. The sum of infinitely geometric sequence is 12S = , and the 
sum of all these squared terms is 72. Find the fifth term of the 
sequence. 
XV. The sum of three numbers, which constitute an arithmetic 
sequence, is 21. If we add to them the numbers 1, 5, 25 
correspondently, we obtain three numbers that constitute the geometric 
sequence. Find the numbers that constitute an arithmetic sequence.  
XVI. Four numbers are the geometric sequence. If we subtract 
follows: 30 from the first number; 4 from the second number; 2 from 
the third number; 8 from the fourth number. After that, we obtain an 
arithmetic sequence. Find these numbers. 
XVII. The sum of three numbers, which constitute an increasing 
geometric sequence, is equal to 65. If we subtract follows: 1 from the 
least number, 19 from the greatest one. After that, the found numbers 
constitute an arithmetic sequence. Find these numbers.  
XVIII. Find four numbers, if the first three numbers constitute a 
geometric sequence, and the last three numbers constitute an 
arithmetic sequence. The sum of the extreme numbers is 14, and the 
sum of the middle numbers is 12.  
9.2. The Limit of a Numerical Sequence  
Consider the sequence, which is given by the formula of its n  
terms: ( )ny f n= .  
For example, 1
3n
ny
n
-
=  is an infinite sequence, where n NÎ . 
The terms of this sequence with increasing numbers "tend to" 1
3
. This 
is obvious, if we write the nth term of the sequence as: 1 1
3 3n
y
n
= - . 
With increasing numbers, the second term "tends to zero". It can be 
written as follows: 1 1lim 3 3n
n
n®¥
-
= .  
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Let’s analyze, if the absolute value of the difference 1
3n
yæ ö-ç ÷
è ø
is 
less than 0.001, how " n " can be written?  
We have: 1 1 1 1 1 1
3 3 3 3 3 3n
y
n n n
- = - - = - = , so it is necessary to 
find out n NÎ  which are satisfied for the inequalities: 1 0.001
3n
<  or 
3 1,000n >  or 1333
3
n > . We find that for any 0 333n n> =  the 
inequality 1 0.001
3n
y - <  is true. If we take 0.001 instead of 
0.000001, then after the same calculation, we obtain that 
1 0.000001
3n
y - <  for any 0 333,333n n> = .  
For any positive number e  (epsilon), the inequality e<-
3
1
ny  
will be satisfied, if 1
3
n
e
> . We are only interested in integer n, 
therefore, this inequality is true for all n NÎ , where N is the integer 
part of 1
3e
.  
The number a  is called the limit of the sequence( )nx , if for any 
real number e  there exists a natural number N , such that for every 
n N>  the inequality nx a e- <  is true.  
It can be said that the sequence converges, if it has the limit. Let 
us determine the geometric meaning of the concept of limit of a 
sequence.  
The inequality nx a e- <  is equivalent to double inequality 
nx ae e- < - <  or na x ae e- < < + . This dual inequality shows that all 
terms of the sequence (хn), converging to а with the numbers n N> , 
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belong to the interval ( ),a ae e- +  which is called the 
e -neighborhood of the point a .  
There are two types of numerical sequences: convergent and 
divergent.   
1. The sequence has the limit, and it is only one. Such sequence is 
called convergent.  
2. The sequence has no limit. Such sequence is called divergent.  
Let us formulate three theorems, which are useful for calculating 
the limits.  
 
REMEMBER! 
Theorem 1. If the sequences (хn) and (yn) are convergent, then 
 ( )lim lim limn n n nn n nx y x y®¥ ®¥ ®¥+ = + .  
Theorem 2. If the sequences (хn) and (yn) are divergent, then 
 ( )lim lim limn n n nn n nx y x y® ¥ ® ¥ ® ¥× = × .  
Corollary of the Theorem 2. The constant factor can be taken 
outside the limit:  ( )lim lim , .n nn nC x C x C R® ¥ ® ¥× = × Î  
 
REMEMBER! 
Theorem 3. If the sequences (хn) and (yn) are convergent and the limit 
of the sequence (yn) is not equal to zero ( lim 0nn y®¥ ¹ ), then 
lim
lim
lim
nnn
n
n n
n
xx
y y
® ¥
® ¥
® ¥
= . 
The sequence is called an infinitesimal sequence or simply an 
infinitesimal, if its limit equals zero: lim 0nn x® ¥ = . 
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For example, the sequence 1n na =  is infinitesimal, because 
1lim 0;
n n® ¥ =  and the sequence 
n
n qa = , ( 1q < ) is also infinitesimal, 
because lim 0n
n
q
® ¥
= .  
For infinitely small sequences, it can be written the following 
theorems.  
 
REMEMBER! 
Theorem 1. The sum of two infinitesimal sequences is an infinitesimal 
sequence.  
Theorem 2. The product of a bounded sequence and an infinitesimal 
sequence is infinitesimal sequence.  
Theorem 3. The product of two infinitesimal sequences is an 
infinitesimal sequence.  
Limits of sequences can be found using the following definition 
of the limit.  
 
If the sequence (xn) can be written as a sum: ( )NnCx nn Î+= a , 
where С is a constant and na  is an infinitely small value, then C is the 
limit of a sequence (xn): lim nn x C® ¥ = . 
After working through these materials, we should know the 
theorems about limits and their application in computing limits.  
Example 18. Calculate the limit:  
2
2
1lim
n
n
n® ¥
+ . 
Solution. 
2
2 2
1 1lim lim 1 1
n n
n
n n®¥ ®¥
+ æ ö= + =ç ÷
è ø
. 
Expression 2
1
n
 is an infinitely small value, because 2
1lim 0
n n® ¥
= . 
Answer. 
2
2
1 1lim
n
n
n®¥
+
= . 
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We apply the theorems of sum, product and quotient of limits to 
write the general term of the sequence in the form: ( )NnCx nn Î+= a .  
Example 19. Calculate the limit:  2 1lim 3n
n
n® ¥
+
+
. 
Solution. 
( )
( )
1lim 2
2 1 2lim 23 13lim 1
n
n
n
nn
n
n
®¥
®¥
®¥
+
+ = = =
+ +
. 
Answer. 2 1 2lim 3n
n
n®¥
+ =
+
. 
Examрle 20. Calculate the limit:  ( )4 3 2lim 100 2 1
n
n n n
® ¥
- - + . 
Solution. To find the limit put 4n  outside the parentheses:  
( ) ( )4 3 2 4 2 4100 2 1lim 100 2 1 lim 1n nn n n n n n n® ¥ ® ¥ é ù- - + = - - +ê úë û .  
Now we can apply the theorem of product of the limit and calculate the limit:  
( ) ( )4 42 4 2 4100 2 1 100 2 1lim 1 lim lim 1 1n n nn nn nn n n n® ¥ ® ¥ ® ¥é ù- - + = × - - + = ¥ × = ¥ê úë û . 
Answer. ( )4 3 2100 2 1lim
n
n n n
®¥
- - + = ¥ . 
Examрle 21. Calculate the limit:  ( )4 2lim 2 1 4 3n n n® ¥ + - - . 
Solution. Multiply and divide the expression under the limit sign by the 
conjugate expression: ( )4 22 1 4 3n n+ + - . Therefore, 
( )
2
24
24
2 1 4 3lim 2 1 4 3 lim
2 1 4 3n n
n nn n
n n® ¥ ® ¥
+ - -
+ - - = =
+ + -
 
2
4 2 4 2
2 4 3 1lim lim ,
2 1 4 3 2 1 4 3n n
n n
n n n n® ¥ ® ¥
- -= +
+ + - + + -
 
0
3412
1lim
4 2
=
-++¥® nnn
, therefore,  
( ) 24 2 4 22 4 3lim 2 1 4 3 lim 2 1 4 3n n
n nn n
n n® ¥ ® ¥
- -+ - - =
+ + -
. 
Find the limit of the numerator: 
( ) 2 22 2 24 4 3 3lim 2 4 3 lim lim 02 4 3 2 4 3n n n
n nn n
n n n n® ¥ ® ¥ ® ¥
- +- - = = =
+ - + +
. 
Find the limit of the denominator: ( )4 2lim 2 1 4 3n n n® ¥ + + - = ¥ . 
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The sequence is infinitesimal because, the limit of the denominator is equal to 
infinity. Therefore, ( )4 2lim 2 1 4 3 0n n n® ¥ + - - = . 
Answer. ( )4 2lim 2 1 4 3 0n n n® ¥ + - - = . 
9.3. Limit and Continuity of Function 
Let us plot a graph of the function ( ) 2 1f x x= +  (Fig. 9.1).  
 
Figure 9.1 
When the variable x  is tending to the point 0 1x = , then 
simultaneously the variable y  is closing to the point 0 3y = . It can be 
said that number 3 is the limit of function ( )f x , if x  tends to “one”. 
It can be written: ( ) ( )
1 1
lim lim 2 1 3
x x
f x x
® ®
= + = .  
The interval near the point 1,x =  bounded by infinitely small 
value d  can be written as: ( )1 ,1x d dÎ - +  or 1 1xd d- < < +  or 
1x d- < . The interval ( ),a ad d- +  is called d -neighborhood of point a.  
Compose the difference ( ) ( )3 2 1 3 2 1f x x x- = + - = - . The 
absolute value of this difference ( ) 3 2 1f x x- = -  is less than the 
number e , if 1 2x
e- < . We have: ( ) 3 2 1f x x e- = - < , therefore 
1 2x
e- < . It is possible to find 0d >  (
2
ed = ) for any 0e >  such as: 
0  1- x
y
2 1y x= +
1
1
1-
2-  
2-
2
2
3  
3  
3-
4
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if 1x d- < , then always ( ) 3f x e- < . Based on this, it can be written 
another definition of the limit. 
 
The number b  is called the limit of function ( )f x , if x  is 
tending to a , and if for any 0e >  it can be found such 0d > , that 
from x a d- <  is followed: ( )f x b e- < . 
If the function ( )y f x=  has the limit, in case if x approaches to 
a, remaining always less than а, then it can be said that the function 
has the limit from the left (or left-hand limit), and it can be written as: 
 10lim ( )x a f x b® - = . 
If the function ( )y f x=  has the limit, in case if x approaches to 
a, remaining always greater than а, then it can be said that the 
function has the limit from the right (or left-right limit), and it can be 
written as: ( ) 20limx a f x b® + = . 
For example, the function 
x
y x=  has the limit from the right, 
which is equal to " 1- ", and the limit from the left which is equal 
to "1" (Fig. 9.2). 
 
Figure 9.2 
 
REMEMBER! 
The function can have only one of the limits (left-hand or right-
hand) or do not have limits at all.  
0  x
1
1-
y
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For example, the function y x=  has only a limit from the right 
(
0
lim 0
x
x
® +
= ), and the left-hand limit (
0
lim
x
x
® -
) does not exist, since 
this function is not defined for 0x < . 
The function may not have the limits in some point. For 
example, there are neither right-hand (
2
1lim
2x
x
x®+
+
-
), nor left-hand 
(
2
1lim
2x
x
x®-
+
-
) limits for the function 1
2
xy
x
+
=
-
.  
To calculate the limit it is helpful to know the following basic 
theorems about limits.  
Theorem 1. If limits of functions ( )1y f x=  and ( )2y f x=  exist, 
where x a® , then there is a limit of their sum equals to the sum of 
the limits of these functions:  
 ( ) ( ) ( ) ( )1 2 1 2lim lim limx a x a x af x f x f x f x® ® ®+ = +é ùë û . 
Theorem 2. If limits of functions ( )1y f x=  and ( )2y f x=  exist, 
where x a® , then there is a limit of their product equals to the 
product of the limits of these functions:  
 ( ) ( ) ( ) ( )1 2 1 2lim lim limx a x a x af x f x f x f x® ® ®× = ×é ùë û . 
Corollary. If ( )lim
x a
f x
®
 exists and C is a constant, then: 
 ( ) ( ) ( )lim lim lim lim
x a x a x a x a
C f x C f x C f x
® ® ® ®
× = × = × . 
Theorem 3. If limits of functions ( )1y f x=  and ( )2y f x=  exist, 
where x a® , and ( )2lim 0x a f x® ¹ , then there is the limit of their ratio, 
equals to the the ratio of the limits of these functions:  
 ( )
( )
( )
( ) ( )
11
2
2 2
lim
lim , lim 0
lim
x a
x a x a
x a
f xf x
f x
f x f x
®
® ®
®
= ¹ . 
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Let us consider some examples.  
Example 22. Find the limit: 
2
2
3 5lim 4õ
x x
x®
- +
+
. 
Solution. 
( )
( )
2 2
2
2 2 2
2
22
lim 3 5 lim lim 3 53 5lim 4 lim 4lim 4
x x x
x
xx
x x x xx x
x xx
® ® ®
®
®®
- + - +- + = = =
+ ++
 
( )2 22 2
2
lim 3 lim 5 2 3 2 5 1
lim 4 2 4 2
x x
x
x x
x
® ®
®
- + - × += = =
+ +
. 
To calculate the limit of function, substitute 2x =  in the original expression. 
The numerator and denominator tend to the finite limits and the limit of the 
denominator is not equal to zero.  
Therefore, 
2 2
2
3 5 2 3 2 5 1lim 4 2 4 2x
x x
x®
- + - × += =
+ +
. 
Answer. 
2
2
3 5 1lim 4 2x
x x
x®
- + =
+
. 
Example 23. Find the limit: 3 5lim 4 2x
x
x® ¥
+
-
. 
Solution. 
( )
( )
5 53 33 5 3lim lim lim4 2 2 42 44x x x
x xx x
x x xx
® ¥ ®¥ ® ¥
+ ++ = = =
- --
. 
Answer. 3 5 3lim 4 2 4x
x
x® ¥
+ =
-
. 
Example 24. Find the limit: 
2
2
4lim 2x
x
x®
-
-
. 
Solution. In this case the numerator and denominator tend to zero, if 2x ® . 
Factor the numerator ( ) ( ) ( )2 4 2 2x x x- = - +  and cancel the numerator and 
denominator by ( )2x - . 
( ) ( ) ( )
2
2 2 2
2 24lim lim lim 2 2 2 42 2x x x
x xx xx x® ® ®
- +- = = + = + =
- -
. 
Answer. 
2
2
4lim 42x
x
x®
- =
-
. 
Example 25. Sketch the graphs of the following functions and consider their 
behavior in the neighbourhood of the point 2x = : 
1) 21y x= , 2) 
2
2
4
2
xy
x
-
=
-
, 3) 3
2
2
xy
x
-
=
-
, 4) 4
1
2
y
x
=
-
. 
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Solution. 1) Find the limit of function 21y x=  (Fig. 9.3). 
For values 2x <  the left-hand limit is: 2
2 0
lim 4
x
x
® -
= . 
For values 2x >  the right-hand limit is: 2
2 0
lim 4
x
x
® +
= . 
The limit of function 21y x=  at the point 2x =  is 
equal to 2
2
lim 4
x
x
®
= . 
The value of function 21y x=  at the point  2x =  is 
equal to ( )1 2 4y = . 
2 2 2 2
2 0 2 0 2
lim lim lim 2 4
x x x
x x x
® - ® + ®
= = = = . 
 
Figure 9.3 
The limit of function from the left is equal to the limit of function from the 
right and equals to the limit of function at the point.  
Conclusion: The limit of function 21y x= , where 2x ® , is equal to the value of  
function at the point 2x = . 
2) Find the limit of function: 
2
2
4
2
xy x
-=
-
 (Fig. 94). 
For 2x <  the limit of function from the 
left is equal to
2
2 0
4lim 42x
x
x® -
- =
-
. 
For 2x >  the limit of function from the 
right is equal to 
2
2 0
4lim 4
2x
x
x® +
-
=
-
. 
The limit of function 
2
2
4
2
xy
x
-
=
-
 at the 
point 2x =  is equal to 
2
2
4lim 4
2x
x
x®
-
=
-
. 
 
Figure 9.4 
2 2 2
2 0 2 0 2
4 4 4lim lim lim 4
2 2 2x x x
x x x
x x x® - ® + ®
- - -
= = =
- - -
. 
The limit of function from the left is equal to the limit of function from the 
right and equals to the limit of function at the point. However, at the point 
2x =  denominator of the function is equal to zero and the function is 
undefined. 
Conclusion: The limit of function 
2
2
4
2
xy
x
-
=
-
exists and is equal to 4, but it is 
not equal to the value of function at the point 2x = .  
3) Find the limit of function: 3
2
2
xy
x
-
=
-
 (Fig. 9.5). 
2 4
2
xy
x
-
=
-
0  1- x
y
1
1
1-
2-  2
2
3  
3  
3-  
4
0  1- x
y
1
1
2- 2
2
3  
3  
4
2y x=  
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For 2x <  the limit of function from the left is 
equal to 
2 0
2lim 1
2x
x
x® -
-
= -
-
. 
For 2x >  the limit of function from the right is 
equal to 
2 0
2lim 1
2x
x
x® +
-
=
-
. 
If 2x =  the function is undefined (does not exist). 
 
Figure 9.5 
Conclusion: The limit of function from the left 3
2
2
xy
x
-
=
-
 if 2x ®  is not equal 
to the limit from the right; therefore, the function 3y  at the point 2x =  doesn’t 
exist. 
4) Find the limit of function: 3
1
2
y
x
=
-
 (Fig. 9.6). 
For 2x <  the limit of function from the left 
is equal to 
2 0
1lim
2x x® -
= -¥
-
. 
For 2x >  the limit of function from the 
right is equal to 
2 0
1lim
2x x® +
= +¥
-
. 
If 2x =  the function is undefined (does not 
exist). 
Conclusion: The limit of function and the 
value of functions at the point 2x =  do not 
exist.   Figure 9.6 
Answer. From these examples, it is clear that only the function 21y x=  is a 
continuous function at the point 2x = . 
 
REMEMBER! 
The function ( )y f x=  is continuous at the point 0x x= , if:  
1) it is defined in  the neighborhood of this point;  
2) it has limit, ( x  tends to 0x ): ( ) ( ) ( )
0 0 00 0
lim lim lim
x x x x x x
f x f x f x
® + ® - ®
= = ; 
3) if 0x x®  the limit of function ( )y f x=  is equal to the value of 
function at this point:   ( ) ( )
0
0limx x f x f x® = . 
x
1
2
3
4  
1 2  3  4
y  
1-
1-  
2-  
2-  
3-  
3-
4-  
4-
5-
5-  
6-  
5  
5
6  
6
7
1
2
y
x
=
-
 
2
2
xy
x
-
=
-
2 x0 1
1-
y
1
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If the function is not continuous at the point 0x x= , this point is 
called the point of discontinuity.  
The point 2x =  is the point of discontinuity of functions 2 ,y  3y  
and 4y  (according to the examples given above). 
The point 2x =  is the point of removable discontinuity of 
function 2y . This discontinuity can be removed to make function 2y  
continuous at the point 2x = , or more precisely, the function  
2
2
4 , 2,2
4 , 2 .
x if хy x
if х
ì - ¹ï= -í
ï =î
 is continuous at the point 2x = .  
It is impossible to remove the discontinuities of functions 3y  
and 4y . The limits from the right and from the left for the function 3y  
exist and are finite, but they are not equal. In this case, 2x =  is called 
a jump discontinuity or step discontinuity. For this type of 
discontinuity the function 3y  may have any value at the point 2x = . 
In case with function 4y  one or both of the right-hand and left-
hand limits does not exist or is infinite. Then, 2x =  is called an 
essential discontinuity, or infinite discontinuity or nonremovable 
discontinuity. (This is distinct from the term essential singularity, 
which is often used when studying functions of complex variables.) 
If we use 0x x xD = -  and ( ) ( )0 0y f x x f xD = + D - , then we can 
write another definitions of continuity.  
 
The function ( )y f x=  is continuous at the point 0x x= , if it is 
defined in the neighborhood of this point, and if xD  tends to zero, 
therefore yD  tends to zero.  
0
lim 0
x
y
D ®
D =  or ( ) ( )0 00lim 0x f x x f xD ® + D - =é ùë û , then: 
 ( ) ( )
0
0 0limx x f x x f x® + D = . 
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REMEMBER! 
The function ( )y f x=  is continuous at the point 0x x= , if it is 
defined in the neighborhood of this point and the limit of function for 
0x x®  is equal to the value of this point:  
 ( ) ( )
0
0limx x f x f x® = .  
The function, which is continuous at all points at the interval, is 
called continuous at this interval.  
All elementary functions are continuous (according to their 
definition).  
Example 26. Check the continuity of function 2
3
5 6
xy
x x
-=
- +
 at the points 0x =  
and 2x = . 
Solution. I. Check the continuity of function at the point 0x = . 
1. The function 2
3
5 6
xy
x x
-=
- +
 is defined at the point 0x =  and its value at this 
point is equal to ( )
2
10 -=y . 
2. Find the limits of function in the neighborhood at the point 0x = : 
а) from the left: 20 0
3 1lim 25 6x
x
x x® -
- = -
- +
; 
b) from the right: 20 0
3 1lim 25 6x
x
x x® +
- = -
- +
; 
c) 20
3 1lim 25 6x
x
x x®
- = -
- +
. 
3. The limit of function at the point 0x =  is equal to the value of function at this 
point. The function at this point is continuous. 
II. Verify the continuity of the function 2
3
5 6
xy
x x
-=
- +
 at the point 2x = . 
1. At the point 2x =  the function is undefined because the denominator of 
function is equal to zero at the point 2x = . 
2. Find the limits of functions in the neighborhood at the point 2x = . 
а) from the left: ( )( )22 0 2 0 2 0
3 3 1lim lim lim 22 35 6x x x
x x
xx xx x® - ® - ® -
- -= = = -¥
-- -- +
; 
b) from the right: 
2 0
1lim 2x x® + = +¥- ; 
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c) the limit function from the left is not equal to its limit from the right. At 
the point 2x =  the function 2
3
5 6
xy
x x
-=
- +
 has a nonremovable 
discontinuity. The point 2x =  is a point of discontinuity. 
Answer. At the point 0x =  the function is continuous, but at the point 2x =  the 
function has a nonremovable discontinuity. 
9.4. Two Remarkable Limits 
It is helpful to use two remarkable limits for solving many 
different problems in Mathematics. 
 
REMEMBER! 
The first remarkable limit 
The function sin xx  is not defined, if 0x = , and it has the limit 
which is equal to 1, if 0x ® : 
0
sin 0lim 1
0x
x
x®
æ ö= =ç ÷
è ø
. 
Corollaries of the first remarkable limit 
а) 
0
lim 1;
sinx
x
x®
=   b) 
0
tanlim 1;
x
x
x®
=  c) 20
1 cos 1lim
2x
x
x®
-
= . 
 
REMEMBER! 
The second remarkable limit 
1lim 1
x
x
e
x® ¥
æ ö+ =ç ÷
è ø
 or  ( )
1
0
lim 1 x
x
x e
®
+ = . 
Here, е is irrational number: е ~ 2.718281… . It is the base of 
natural logarithms: log lne x x= . 
Corollaries of the second remarkable limit 
0
1lim 1
x
x
e
x®
-
=  or ( )
0
ln 1
lim 1.
x
x
x®
+
=  
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Consider some examples with the remarkable limits. 
Example 27. Find the limit of the function: 
0
1 coslim
x
x
x®
- . 
Solution. Use the first remarkable limit: 
0
sinlim 1
x
x
x® = . 
2
0 0 0
2 sin sin1 cos 2 2lim lim lim sin 1 0 02
2
x x x
x x
x x
x x x® ® ®
- = = × = × = . 
Answer. 
0
1 coslim 0
x
x
x®
- = . 
Example 28. Find the limit: 
31lim 1
x
x x® ¥
æ ö+ç ÷
è ø
. 
Solution. Use the second remarkable limit: 1lim 1
x
x
ex®¥
æ ö+ =ç ÷
è ø
. 
33
31 1lim 1 lim 1
x x
x x
ex x® ¥ ® ¥
æ öæ ö æ ö+ = + =ç ÷ ç ÷ç ÷è ø è øè ø
. 
Answer. 
3
31lim 1
x
x
ex® ¥
æ ö+ =ç ÷
è ø
. 
Example 29. Find the limit: 
33lim 1
x
x
x
x
+
®¥
+æ öç ÷-è ø
. 
Solution.  
( ) ( ) ( ) ( )( )3 3 3 1 43 1 4 4 4lim lim lim 1 lim 1 .1 1 1 1
x x x x
x x x x
x x
x x x x
+ + + - +
® ¥ ® ¥ ® ¥ ® ¥
+ - += = + = +
- - - -
 
Make substitution: 1 ,4
x y- =  then y ® ¥ , if .x ® ¥  
( )( )
4 4 41 4
4 4 44 1 1lim 1 lim 1 lim 1 11
yx
x y y
e e ex y y
+- +
® ¥ ® ¥ ® ¥
æ ö æ ö+ = + = × + = × =ç ÷ ç ÷- è ø è ø
. 
Answer. ( ) 3 43lim 1
x
x
x ex
+
® ¥
+ =
-
. 
9.5. Calculating Limits 
1. For calculating limits of continuous function (if x a® ) we 
need to plug x a=  into the function expression and calculate it. 
For example, 
2 2
2 22
1 2 1 5lim 31 2 1x
x
x®
+ += =
- -
. 
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2. If for x a=  the denominator is equal to zero and the 
numerator is not equal to zero, then the limit of function (if x a® ) 
does not exist. It can be said that limit equals infinity. 
For example, 
( )
( )
2
22
2lim
2x
x
x®
+ = ¥
-
. 
3. If for x a=  both numerator and denominator are equal to 
zero, we obtain uncertainty 00
æ ö
ç ÷
è ø
. For removing this uncertainty, it can 
be made following steps: 
а) factor numerator and denominator and cancel them; 
For example, ( )( )( )( )
2
21 1 1
1 23 2 2 1lim lim lim 1 21 11x x x
x xx x x
xx xx® ® ®
- -- + -= = = -
+- +-
; 
b) multiply the irrational expression under the limit sign by 
conjugated and find the limit; 
For example, 
( ) ( )
( ) ( )1 1
1 11lim lim1 1 1x x
x xx
x x x® ®
- +- = =
- - +
 
( ) ( )1 1
1 1 1lim lim 211 1x x
x
xx x® ®
-= = =
+- +
. 
c) use thе first remarkable limit or its corollaries, if we have 
trigonometric functions under the limit sign. 
For example, 
0 0 0
sin 4 sin 44sin 4 4 44 4lim lim limsin5 sin5sin5 5 55
5 5
x x x
x xxx x x
x xx x
x x
® ® ®
×
= = =
×
. 
4. If x ® ¥ , then the limit of the ratio of two polynomials is:  
0
1
00 1
1
0 1
, ;
lim
, ;
0, .
m m
m
n nx
n
a if m n
ba x a x a
if m nb x b x b
if m n
-
-® ¥
ì =ï+ + + ï= í ¥ >+ + + ï
ï <î
K
K
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5. If we have the uncertainties of the (1¥ ) form, it is used the 
second remarkable limit or its properties.  
For example, 
2 1 2 13 2 5lim lim
2 2
x x
x x
x x
x x
+ +
® ¥ ® ¥
- + -æ ö æ ö= =ç ÷ ç ÷+ +è ø è ø
 
( ) 5 22 1 10 52 5 1025lim 1 lim
2
xx xx
x
x x
e e
x
- +æ ö æ ö+ × × - -ç ÷ ç ÷+ -è ø è ø -+
® ¥ ® ¥
æ ö= - = =ç ÷+è ø
. 
 
Answer the questions 
1. What is a numerical sequence? Write the examples. 
2. What does the limit of sequence mean? 
3. Which sequence is called diverge or converge? 
4. Write the basic theorems of limits. 
5. What is the infinitesimal sequence? 
6. What theorems about the infinitely small values do you know? 
7. What are the limits of constant and infinitely small values? 
8. What does the d -neighborhood of the point mean? 
9. Write the definition of the limit of function. 
10. What does 10lim ( )x a f x b® - =  mean? 
11. What does ( ) 20limx a f x b® + =  mean? 
12. What function is called continuous at the point 0x x= ? 
13. What function is called continuous on the interval? 
 
 
Tasks № 20 
I. Find limits of the following expressions.  
1) 
2
22
5lim
3x
x
x®
+
-
; 2) 
2
31
2 1lim
1x
x x
x®
- +
-
;  
s 
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3) 31
1 3lim
1 1x x x®
æ ö-ç ÷- -è ø
; 4) 
0
sin 3lim
x
x
x®
; 
5) 1lim 1
x
x x® ¥
æ ö-ç ÷
è ø
; 6) 
3
21
2
8 1lim
6 5 1x
x
x x®
-
- +
; 
7) 
4
3
5lim
3 1x
x x
x x® ¥
-
- +
; 8) lim
1
x
x
x
x® ¥
æ ö
ç ÷+è ø
;  
9) 
3 2
31
2 2lim
7 6x
x x x
x x®
- - +
- +
; 10) 
2
0
sinlim
x
x
x®
; 
11) 
1
1lim
1x
x
x®
-
-
; 12) 27
2 3lim
49x
x
x®
- -
-
; 
13) 20
1 coslim
x
x
x®
- . 
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DERIVATIVES.  
DIFFERENTIALS OF FUNCTION 
 
Vocabulary section 
acceleration  ускорение 加速度 
angular  угловой 角 
argument  аргумент 论据 
basic  главный 主要的 
basic secant главная секущая 主要割线 
derivative  производная 衍生物 
differential  дифференциал 差别 
differentiation  дифференцирование 分化 
extremum of function экстремум функции 极值函数 
factor разложить 分解,分散 
function  функция 功能, 函数 
geometric corner  геометрический угол 几何学角度 
geometric sense  геометрический смысл 几何学意义 
geometrical  геометрический 几何学 
geometry  геометрия 几何 
implicit function неявная функция 隐函数 
increment of argument  приращение аргумента 增量的说法 
increment of function приращение функции 增量的职能 
left-hand derivative производная слева 导数（左） 
midpoint средняя точка 中点 
nonlinear function нелинейная функция 非线性函数 
normal нормаль 标准的(垂直) 
obvious function явная функция 显函数 
opposite  обратный 相反 
physical  физический 物理  
points of extremum точки экстремума 极值点 
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rate of function's 
change 
скорость изменения 
функции 
速度改变的图像 
relation  отношение 关系 
residual  остаточный 剩余 
right-hand derivative производная справа 导数（右） 
row ряд 数字 
stationary points стационарные точки 固定点 
tangent касательная 切线(正切) 
velocity скорость 速度 
           
10.1. The Concept of the Derivative  
Let us suppose a function ( )y f x=  that is defined on the 
interval [ ],a b  and the point a  belongs to this interval. Let us take an 
arbitrary point x  from this interval and form the difference 
0x x xD = - . This difference is called the increment of the argument 
of function (Fig. 10.1).  
 
Figure 10.1 
The difference between the value of the function at the point 
0x x x= + D  and the value of the function at the point 0x x=  is called 
the increment of function and denoted by yD :  
( ) ( )0 0y f x x f xD = + D - . 
( )y f b=  
( )0y f x x= + D  
( )y f a=  
( )0y f x=  
0  x  0x x+ D  0x  b  a 
y  
xD  
( )y f x=  
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Let’s find the limit of the ratio of the function’s increment to the 
argument’s increment, if x  tends to 0x , and xD  tends to zero. A new 
function y¢ can be written as follows: 
( )
0 0
lim lim
x x x
y yy x
x x® D ®
D D¢ = =
D D
. 
If this limit exists, then the function ( )y f x=  has a derivative 
at a given point 0x , or it is differentiable at this point.  
 
REMEMBER! 
Derivative of function is the limit of ratio of the function’s 
increment to the argument’s increment, when the increment of the 
argument tends to zero: 
( ) ( )
0 0
lim lim
x x
f x x f xyy
x xD ® D ®
+ D -D¢ = =
D D
. 
It is used the different notations for derivatives in Math 
literature: y¢ or xy  – by Lagrange, 
dy
dx
 or df
dx
 – by Leibniz, yD  or fD  
– by Euler.  
Derivative of function ( )y f x=  at the point 0x  is denoted by: 
( ) ( ) ( ) ( ) ( )0 00 0
0.
dy x df x
y x f x f x
x xdx dx
¢ ¢ ¢º º º º
=
 
 
 
Answer the questions 
1. What is the increment of argument and increment of function? 
2. What does 
0
lim
x
yy xD ®
D¢ =
D
 mean? 
3. What is the derivative of function? 
s 
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10.2. The Geometrical and Physical Concept of the Derivative 
Consider a function ( )y f x=  and its graph. We may draw the 
graph in a plane with a horizontal axis (usually called the x-axis) and a 
vertical axis (usually called the y-axis) (Fig. 10.2). Fix a point 
( )0 0,M x y  and a point ( )0 0,N x x y y+ D + D  on the graph. Draw a line 
MN  through these points. This line is called a secant. A secant line to 
a curve is a line that connects two points on the graph. Since two 
points on a secant line are known, we can always calculate the slope 
of a secant line. Its equation can be written as: y kx b= + , but the 
slope of this line equals to the slope of the secant: 
tan .MN
yk xb
D
= =
D
 
 
Figure 10.2 
If 0xD ® , then the secant MN rotates around the point М and 
in the limit it goes into a tangent with slope 
( )0tan lim
yk y xxa
D ¢= = =
D
. It can be said that finding the slope of 
the graph at ( )0 0,M x y  is the same as finding the slope of the tangent 
line.   
The slope of the tangent to the graph at the given point is equal 
to the value of the derivative function at this point:  ( )0k y x¢= . 
a  
xD  
yD  
N  
M  
x  0x  0x x+ D  
( )0y f x x= + D  
( )0y f x=
0 
y  
b  
Chapter 10 
 318
 
REMEMBER! 
The geometrical meaning of the derivative: the derivative is 
equal to the slope of the tangent to the graph at a given point. 
The value of the derivative ( )f x¢  at the point 0x  is equal to the 
slope of the tangent (Fig. 10.3).  
Normal is a straight line perpendicular to the tangent at the 
point of “touching” (Fig.10.3).  
 
Figure 10.3 
 
REMEMBER! 
The equation of the tangent to the curve ( )y f x=  at the point 
( )0 0,M x y  can be written as the equation of a straight line: 
( ) ( ) ( )0 0 0 0y y k x x y x x x¢- = - º - . 
The equation of the normal to the curve ( )y f x=  at the point 
( )0 0,M x y  can be written as follows:  
( ) ( )0 00
1y y x x
y x
- = - -
¢
. 
Example 1. Write the equation of tangent to the graph of function 
23 6 1y x x= + -  at the point 0 1x = . 
Solution. 1) Find the value of function if 0 1x = , then 0 3 1 6 1 1 8y = × + × - = . 
( )0 0y f x=  
x  0x  0  
a  
y  ( )y f x=  
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2) Find the first derivative: ( ) ( )23 6 1 6 6y x x x x¢¢ = + - = + . 
3) Find the value of the derivative if 0 1x = : ( )0 6 1 6 12y x¢ = × + = . 
4) Write the equation of tangent to the graph of function at the given point 
( ) ( )0 0, 1, 8M x y Mº :  
( ) ( )0 0 0y y y x x x¢- = -  or 
( )8 12 1 8 12 12 12 4 0y x y x x y- = - Þ - = - Þ - - = . 
Answer. The equation of tangent is 12 4 0x y- - = . 
Example 2. Write the equation of normal to the graph of function 2 xy e=  at the 
point 0 0x = . 
Solution. 1) Find the value of function if 0 0x = : 
2 0 0
0 1y e e
×= = = . 
2) Find the first derivative: ( ) 22 xy x e¢ = × . 
3) Find the value of the derivative if 0 0x = : then ( )0 2 1 2y x¢ = × = . 
4) Write the equation of normal to the graph of function at the given point 
( ) ( )0 0, 0, 1N x y Nº :    ( ) ( )0 00
1y y x x
y x
- = - -
¢
 or  
( )1 11 0 1 2 2 2 2 02 2y x y x y x x y- = - - Þ - = Þ - = Þ - + = . 
Answer. 2 2 0x y- + = . 
This approach was used by Newton in the development of his 
Classical Mechanics. The main idea is the concept of velocity and 
speed. Indeed, assume you are traveling from point A to point B, what 
is the average velocity during the trip? It is given by 
distance from  to Average velocity
time to get from  to 
A B
A B
=  
If we now assume that A and B are very close to each other, we 
get close to what is called the instantaneous velocity. Of course, if A 
and B are close to each other, then the time it takes to travel from A to B 
will also be small. Indeed, assume that at time ,t a=  we are at A. If 
the time elapsed to get to B is ,tD  then we will be at B at time .t a t= +D  
If SD  is the distance from A to B, then the average velocity is: 
Average velocity
t
SD
=
D
. 
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The instantaneous velocity (at A) will be found when tD  get 
smaller and smaller. Here we naturally run into the concept of limit. 
Indeed, we have: 
( )
0
Instantaneous velocity limat 
tt
S
A
D ®
D
=
D
. 
If ( )f t  describes the position at time t, then ( ) ( ).S f fa t aD = -+D  
In this case, we have: 
( ) ( ) ( )
0
Instantaneous velocity limat 
tt
f fa t aA
D ®
-+ D=
D
 
Consider the problem of free falling body and find the 
instantaneous speed of its movement.  
From Physics we know, that 
2
2
gth = , where h is height of fall, 
g is acceleration of free falling, t is time of the fall.  
During time 0t , the body goes the distance 
2
0
0 2
gth = , and during 
time 1t  the body goes the distance 
2
1
1 2
gth = . The increment of the 
argument (time t) is equal to 1 0t t tD = - , therefore, 1 0t t t= + D .  
The increment of function ( )h t  is:  
( )
( ) ( )
( )
22 2 2
01 0 0
1 0
2 2 2
0 0 2 2 20
0 0 0
0
2 2 2 2
2
2
2 2 2
2 .
2
g t tgt gt gth h h
g t t t t gt g t t t t t
g t t t
+ D
D = - = - = - =
+ D + D
= - = + D + D - =
D
= + D
 
We find the limit of the ratio of increment of the function ( )h t  
to the increment of its argument t , if tD  tends to zero:  
( ) ( )0 0 00 0 0lim lim 2 lim2 2t t t
h g t g th t t t gt gt
t tD ® D ® D ®
D D Dæ ö¢ = = + D = + =ç ÷D D è ø
. 
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Now, at the left side of the equality we obtain the value of the 
derivative of function ( )h t , and at the right side of the equality we 
obtain the value of the instantaneous velocity of the body at time 0t .  
 
REMEMBER!  
The physical meaning of the derivative. Derivative of 
function ( )y f x=  at a point x  is the instantaneous velocity of 
function change at a point x . 
For example, consider the function 2y x=  with derivative 
( ) 2f x x¢ = . Then, the value of the derivative at the point 2x =  is 
( )2 4f ¢ = , and the value of the derivative at the point 3x =  is 
( )3 6f ¢ = . This means that at the point 2x =  the function varies in 4 
times faster than the argument x , but at the point 3x =  the function 
varies in 6 times faster (i.e. we have different velocity of function 
change). This is the physical meaning of the derivative. Operation of 
taking of the derivative of function ( )y f x=  is called differentiation 
of function.  
 
Answer the questions 
1. What does the slope k in the equation y kx b= +  show? 
2. What is the slope of the tangent to the curve at the point 0x x= ? 
3. How can we find the slope of the normal to the curve at the 
point 0x x= ? 
4. What is the geometrical and physical meanings of the 
derivative? 
s 
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10.3. Derivatives of Basic Elementary Functions. Properties of 
the Derivative  
Table 10.1 – Derivatives of the basic elementary functions  
Derivative of power 
function ny x=  
( ) 1n nx n x -¢ = × ,  
( )
1
2 1
2
x x
x
¢æ ö¢= =ç ÷
è ø
, 
( ) 1x ¢ = , 
2
1 1
x x
¢æ ö = -ç ÷
è ø
. 
Derivative of 
exponential function 
xy a=  
( ) lnx xa a a¢ = × ,  ( )x xe e¢ = . 
Derivative of 
logarithmic function 
logay x=  
( ) 1log
lna
x
x a
¢ =
×
,  ( ) 1ln x
x
¢ = . 
Derivatives of 
trigonometric 
functions  
( )sin cosx x¢ = ,       ( ) 22
1tan sec
cos
x x
x
¢= = , 
( )cos sinx x¢ = - ,    ( ) 22
1cot csc
sin
x x
x
¢= - = - . 
Derivatives of 
inverse trigonometric 
functions  
( ) 2
1arcsin
1
x
x
¢ =
-
,    ( ) 2
1arctan
1
x
x
¢ =
+
, 
( ) 2
1arccos
1
x
x
¢= -
-
,  ( ) 2
1arcc tan
1
x
x
¢ = -
+
. 
Consider some properties of derivatives.  
1. Derivative of the constant value is equal to zero:  ( ) 0C ¢ = . 
If y C= , then 0y C CD = - = , and 
0
lim 0
x
yy
xD ®
D¢ = =
D
. 
Example 3. Find the derivative of function 5y = . 
Solution. According to the formula ( ) 0y C ¢¢ = = , it can be found: 
( )5 0y ¢¢ = = . 
Answer. 0y¢ = . 
Derivatives. Differentials of Function 
 323
2. The constant factor can be taken outside the sign of derivative: 
 ( )C U C U¢ ¢× = × . 
If ( ) ( ) ,y x C U x= ×  then ( ) ( )y C U x x C U xD = × + D - × =  
( ) ( )C U x x U x C U= × + D - = ×Dé ùë û , and 0 0lim lim .x x
y Uy C C U
x xD ® D ®
D D¢ ¢= = × = ×
D D
 
Example 4. Find the derivative of function 23 6 3y x x= + + . 
Solution. Rewrite the function: ( )2 23 6 3 3 2 1y x x x x= + + = + + . Find the 
derivative: ( ) ( ) ( ) ( )2 23 2 1 3 2 1 3 2 2 6 1y x x x x x x¢ ¢é ù¢ = + + = + + = + = +ë û . 
Answer. ( )6 1y x¢ = + . 
3. The derivative of product of the sum of functions is equal to 
the sum of derivatives of these functions:  ( )U V U V¢ ¢ ¢+ = + . 
If ( ) ( ) ( ),y x U x V x= +  then ( ) ( ) ( ) ,y x x U x x V x x+ D = + D + + D  
( ) ( ) ( ) ( ) ( ) ( )y y x x y x U x x V x x U x V xD = + D - = + D + + D - - =  
( ) ( ) ( ) ( ) ,U x x U x V x x V x U V= + D - + + D - = D + D  
( ) ( ) ( )
0 0
lim lim
x x
y U Vy x U x V x
x xD ® D ®
D D + D¢ ¢ ¢= = = +
D D
. 
Example 5. Find the derivative of function 22 5 7y x x= + - . 
Solution. ( ) ( ) ( ) ( )2 22 5 7 2 5 7 4 5 0 4 5y x x x x x x¢ ¢ ¢ ¢¢ = + - = + - = + - = + . 
Answer.   4 5y x¢ = + . 
4. The derivative of the product of functions: 
 ( ) ( )U x V x U V UV¢ ¢ ¢× = +é ùë û .  
If ( ) ( ) ( ) ,y x U x V x= ×  then ( ) ( )y U x x V x x UVD = + D × + D - =  
( ) ( )U U V V U V U V U V V U U V U V= + D × + D - = + D + D + D D - =  
U V V U U V= D + D + D D  and we get: 
0
lim
x
yy xD ®
D¢ = =
D
 
( )0lim 0 .x V U U VU V x U V VU U V U V V Ux x x xD ® D D D D ¢ ¢ ¢ ¢ ¢ ¢= + + D = + + × = +D D D D  
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Example 6. Find the derivative of function 2 lny x x= × . 
Solution. Denote 2U x=  and lnV x= . Using the formula of the derivative of 
product of functions y U V V U¢ ¢ ¢= + , we obtain: 
( ) ( ) ( )
2
2 2ln ln 2 ln 2 ln 1 2lnxy x x x x x x x x x x xx
¢ ¢¢ = × + × = + = + = + . 
Answer. ( )1 2lny x x¢ = + . 
5. The derivative of quotient of functions: ( )
( ) 2
U x V U U V
V x V
¢é ù ¢ ¢-
=ê ú
ë û
. 
If ( )
( )
U x
y
V x
= , then 2
U U U UV V U UV U Vy V V V V V V
+ D + D - - DD = - =
+ D + D
, 
2 20 0 2
lim lim
0x x
U VV U V U U V V U U Vy x xy x V V V V VV V xx
D ® D ®
D D- ¢ ¢ ¢ ¢- -D D D¢ = = = =
D D ¢+ ×+ D
D
. 
Example 7. Find the derivative of function 
21 2
sin
xy x
+= . 
Solution. Denote 21 2U x= +  and sinV x= . Use the formula of derivative of 
quotient of functions:  
( ) ( ) ( ) ( )2 2 2
2 2 2
sin 1 2 sin 1 2 4 sin 1 2 cos
sin sin
x x x x x x x xV U U Vy
V x x
¢ ¢× + - × + × - + ×¢ ¢-¢ = = = =   
( )( )
2
2
2
sin (4 (1 2 ) cot ) 1 4 1 2 cotsinsin
x x x x x x xxx
× - + ×= == - + × =  
( )2csc 4 cot 2 cotx x x x x= × - - . 
Answer. ( )24 cot 2 cot cscy x x x x x¢ = - - × . 
6. Derivative of composite function: x U xy y U¢ ¢ ¢= × . 
If ( )y f U x= é ùë û , where ( ) ( )U x xj= , then y  is a complicated 
function. 
If the argument x is incremented with xD , then ( )U x  gets the 
increment UD , and the function y  is incremented with yD . In this 
case, y y U
x U x
D D D
= ×
D D D
, and therefore 
0 0 0
lim lim lim
x x x
y y U
x U xD ® D ® D ®
D D D
= × =
D D D
 
U xy U¢ ¢= × , because if 0,xD ®  then 0UD ® . 
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Example 8. Find the derivative of function sin3y x= . 
Solution. Denote: 3U x= . Use the formula of derivative of composite function: 
( ) ( )sin 3 3 3 cos3x U x U xy y U x x x¢ ¢¢ ¢ ¢= × = × = ×  
Answer. 3 cos3xy x¢ = × . 
Example 9. Find the derivative of function 
2 1x xy e + -= . 
Solution. Denote: 2 1U x x= + - . Use the formula of derivative of composite 
function: ( ) ( ) ( )2 21 2 11 2 1x x x xx U x xUy y U e x x e x+ - + -
¢ ¢¢ ¢ ¢= × = × + - = × +  
Answer. ( ) 2 12 1 x xxy x e + -¢ = + × . 
7. Derivative of inverse function:  1x
y
y
x
¢ =
¢
. 
Suppose that the equality ( )y y x=  has the inverse relationship 
( )x x y= , for which it can be found the derivative yx¢ . It is easy to find 
the derivative of the original function. Indeed, if 1yx x
y
D
=
D D
D
 where 
0xD ®  and 0yD ® , we obtain 
0
0
1lim
lim
x
y
y
x x
y
D ®
D ®
D
=
D D
D
ух¢
=
1 . 
Example 10. Find the derivative of function 3y x= . 
Solution. Write the inverse function 3x y= . Find its derivative and obtain: 
32 23 3yx y x¢ = = . Compare this expression with the derivative from y  by x : 
23
1 1
3 у
y
хx
¢ = =
¢
. 
Answer. 
3 2
1
3
y
x
¢ = . 
8. The derivative of implicit function. 
Let’s suppose that ( ), 0F x y =  is implicit function and we need 
to calculate the derivative xy¢ . In order to do it is necessary to 
equate the derivatives from the left and right sides, assuming that y  
is a function of x . 
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Example 11. Find the derivative of function y , which is given as follows: 
22
2 2 1
yx
a b
+ = . 
Solution. ( )
22
2 2 1 x
x x
yx
a b
¢¢ æ öæ ö ¢+ =ç ÷ ç ÷è ø è ø
, 2 2
22 0xy yx
a b
¢×
+ = , then 2 22 2 0b x a yy¢+ =  
or 
2 2
2 2
2
2
b x b xy
a y a y
¢ = - = - . 
Answer. 
2
2
b xy
a y
¢ = -  
9. Logarithmic Differentiation 
Sometimes, before you find the derivative, it is useful to 
logarithm the function. 
Example 12. Find the derivative of function: xy x= . 
Solution. Logarithm of both sides of equality: ln lny x x= . 
Differentiate both sides of equality: 
1ln 1 lny x x xy x
¢
= + = + , therefore, ( ) ( )1 ln 1 lnxy y x x x¢ = + = + . 
Answer. ( )1 lnxy x x¢ = + . 
Example 13. Find the derivative of function: xy x= . 
Solution. 1ln lny xx= ; ( ) ( )lnln xy x ¢¢ = ;  
( )2 2
1 1 1 1ln 1 lny x xy x xx x
¢
= - + × = - ; ( )2 2
1 1 ln1 ln x xy y x x
x x
-¢ = × - =  
Answer. 2
1 lnx xy x
x
-¢ = .  
 
Answer the questions 
1. Write a formula of derivative of power function. 
2. What is the derivative of the function logay x= ? 
3. Write the formulas of derivatives of trigonometric functions.  
4. What is the derivative of the exponential function xy a= ? 
5. Write formulas for derivatives of inverse trigonometric 
functions. 
s 
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6. Write a formula for the derivative function ny x= .  
7. Write a formula for the derivative of the sum of functions.  
8. How can we find the derivative of implicit function?  
9. How is the function xy x=  called? 
10.4. Higher Order Derivatives 
Let’s suppose that the function ( )y f x=  has a derivative 
( ) ( )y x f x¢ ¢= , which is also a function of x . Then this derivative is 
called the derivative of the first order or the first derivative. We can 
also find the derivative from the first derivative (function), which will 
be called the second-order derivative or the second derivative:
 ( ) ( )y y f x¢¢¢ ¢ ¢¢= = . 
Similarly, you can find the derivatives of the third, fourth, fifth, 
... nth order. Higher order derivatives are designated as follows:  
dyy
dx
¢ =  – is a derivative of the first order;  
2
2
d yy
dx
¢¢ =  – is a second derivative;  
3
3
d yy
dx
¢¢¢ =  – is a third derivative;  
( )
n
n
n
d yy
dx
=  – is a derivative of the nth order. 
Example14. Find the fifth derivative of function 7y x= . 
Solution.  6 5 47 , 6 7 , 5 6 7y x y x y x¢ ¢¢ ¢¢¢= = × × = × × ×  
3 2 24 5 6 7 , 3 4 5 6 7 2,520 .IV Vy x y x x= × × × × = × × × × × =  
Answer. 22520Vy x= . 
If y U V W= + + +K , then its derivative of nth order is equal to 
sum of derivatives of nth order of functions U, V…W: 
 ( ) ( )( ) ( ) ( ) ( )nn n n ny U V W U V W= + + + = + + +K K . 
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Formula for derivative of product y U V= ×  can be written as 
Leibniz formula: 
( ) ( )( ) ( ) ( ) ( ) ( )1 2 .
1 2
nn n n n nn ny U V U V U V U V U V- -æ ö ¢ ¢¢= × = × + × × + × × + + ×ç ÷
è ø
K  
Using higher order derivatives, differentiable function can be 
represented as a polynomial of nth degree.  
 
REMEMBER! 
Taylor's theorem. The function which is differentiable n +1 times 
on a certain interval and contains the point x a= , can be written as a 
polynomial of nth degree and error term ( )nR x :  
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )2
1! 2! !
n
n
n
f a f a f a
f x f a x a x a x a R
n
¢ ¢¢
= + - + - + + - +K , 
where ( )
( ) ( )
1
1
1 !
n
n
n
f c
R x a
n
+
+= -
+
 is an error term.  
This form for the error term ( )nR x , derived in 1797 by Joseph 
Lagrange, is called the Lagrange formula for the remainder and can be 
converted to Taylor series. 
Numerical range is an expression 1 2
1
n k
k
a a a a
¥
=
+ + + + = åK K , 
where 1 2 3, ,a a a K are called terms of the range. 
Functions given at the same interval a x b£ £  are called 
functional ranges.  
Let’s expand the function ( )f x  in powers ( )x a- , using 
Taylor's theorem: ( ) ( ) ( ) ( ) ( ) ( )21! 2!
f a f a
f x f a x a x a
¢ ¢¢
= + - + - +  
( ) ( )
( ) ( ) ( )3 .3! !
n
nf a f ax a x a
n
¢¢¢
+ - + + - +K K  
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If we put 0a =  in the formula of function expanding, then we 
obtain: 
( ) ( ) ( ) ( ) ( )
( ) ( )2 30 0 0 00
1! 2! 3! !
n
nf f f ff x f x x x x
n
¢ ¢¢ ¢¢¢
= + + + + + +K K  . 
Example 15. Expand the function xy e=  in power x . 
Solution. Find the derivatives of this function:  
xy e¢ = , xy e¢¢ = , xy e¢¢¢ = , …, ( )n xy e= . 
( ) ( ) ( ) ( ) ( )0 0 0 0 1ny y y y¢ ¢¢ ¢¢¢= = = = =K . 
2 31 1 1 11
1! 2! 3! !
x ne x x x x
n
= + + + + + +K K  . 
With this formula, it can be approximately calculated number e  with any 
degree of accuracy.  
1 1 1 11 1 1 1 1 1 11 2 1 2 3 1 2 3 4 1 2 3 4 5e = + × + × + × + × + × +× × × × × × × × × × K  . 
Answer. For 3, 1 1 0.5 0.16667 2.66667n e= = + + + = . 
For 4, 1 1 0.5 0.1667 0.04166 2.70833n e= = + + + + = . 
For 5, 1 1 0.5 0.1667 0.04166 0.00833 2.71666n e= = + + + + + = . 
Example 16. Expand the function siny x=  in power x . 
Solution. Find ( )0 sin 0 0y = ° = . 
Let’s find seven first derivatives of the function, if 0x = : 
( ) cosy x x¢ =    ®    ( )0 1y¢ = , ( ) siny x x¢¢ = -    ®    ( )0 0y¢¢ = , 
( ) cosy x x¢¢¢ = -    ®    ( )0 1y¢¢¢ = - , ( ) sinIVy x x=    ®    ( )0 0IVy = , 
( ) cosVy x x=    ®    ( )0 1Vy = , ( ) sinVIy x x= -    ®    ( )0 0VIy = , 
( ) cosVIIy x x= -    ®    ( )0 1VIIy = - . 
Write eight first terms of expanding the function siny x= : 
2 3 4 5 6 71 0 1 0 1 0 1sin 0 1! 2! 3! 4! 5! 6! 7!x x x x x x x x= + + - + + + - +K ,  
or 
3 5 7
sin 3! 5! 7!
x x xx x= - + - +K . 
Answer. 
3 5 7
sin 3! 5! 7!
x x xx x= - + - +K . 
Example 17. Expand the function cosy x=  in power x . 
Solution. Find ( )0 cos0 1y = ° = . 
Let’s find seven first derivatives and their values, if 0x = : 
( ) siny x x¢ = -  ®    ( )0 0y¢ = , ( ) cosy x x¢¢ = -  ®    ( )0 1y¢¢ = - , 
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( ) siny x x¢¢¢ =  ®    ( )0 0y¢¢¢ = , ( ) cosIVy x x=  ®    ( )0 1IVy = , 
( ) sinVy x x= -  ®    ( )0 0Vy = , ( ) cosVIy x x= -  ®    ( )0 1VIy = - , 
( ) sinVIIy x x=  ®    ( )0 0VIIy = . 
Write eight first terms of expanding: 
2 4 61 1 1cos 1
1 2 1 2 3 4 1 2 3 4 5 6
x x x x= - + - +
× × × × × × × × ×
K  , 
or 
2 4 6
cos 1
2! 4! 6!
x x xx = - + - +K . 
Answer. 
2 4 6
cos 1
2! 4! 6!
x x xx = - + - +K . 
Similarly, we can obtain the expanding of other elementary 
functions.  
 
Answer the questions 
1. What is the derivative of third order? 
2. Write the formula of nth derivative for y U V W= + + +K .  
3. Write the formula of nth derivative for y UV= . 
4. How can ( )y f x= be expanded in a range of ( )x a-  power? 
5. Write the formulas of expanding: xy e= , siny x=  and 
cosy x=  in x  power. 
6. Write the Taylor’s theorem. 
7. What are numerical and functional ranges? 
10.5. Differential of Function  
Consider the graph of the function ( )y f x=  (Fig.10.4).  
The value of the function is equal to ( ) ( )0 0y x f x=  at the point 
М (х0, у0). Let us give the increment xD  (segment MK) to the 
argument of function. The value of function at the point 0x x+ D  
is equal to ( )0f x x+ D , and its increment is ( ) ( )0 0y f x x f xD = + D - . 
It is a segment NK at the Figure 10.4.  
s 
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Figure 10.4 
The value of the derivative of function at the point M is equal to 
tany a¢ = . This tangent cuts the segment KL at the interval NK. The 
segment KL is a part of the increment of function yD . This part of the 
increment of function is denoted dy  and is called the differential of 
the function. It can be written: tan dyy
x
a¢= =
D
, therefore, dy y x¢= × D . 
For a linear function y x=  it can be written: dy dx x= = D . The 
differential of the argument is equal to its increment. It is known, that: 
( )dy f x dx¢= , therefore,  dyy
dx
¢ = . 
 
REMEMBER! 
The differential represents the principal (linear) part of the 
change in a function ( )y f x=  with respect to changes in the 
independent variable. The differential dy  is defined by:  
( )dy f x dx¢= × . 
For ( ) ( )0 0y f x x f xD = + D -  it can be written: 
( ) ( ) ( )0 0 0f x x f x x f x¢ × D = + D - , therefore,  
 ( ) ( ) ( )0 0 0f x x f x f x x¢+ D = + D . 
K
 
L  
x0x  0x x+ D  0  
( )0y f x x= + D  
( )0y f x=  
N  
M  
b  yD  
dy
xD  
y  
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This formula is used for calculation the approximate value of the 
function in which the value of the increment xD  is small enough.  
Example 18. Find the approximate value of function 2y x=  at the point: 
1 1.1x = . 
Solution. Let’s calculate the initial value of the function at the point: ( )1 1y =  
and find 1.1 1 0.1xD = - = . Therefore, ( )
1
1 2 2
x
y x
=
¢ = = . 
The approximate value of the function at the point 1.1x =  can be found with 
formula: ( ) ( ) ( )1 1 1y x x y x y x x¢+ D = + D .Therefore, ( )1.1 1 2 0.1 1.2y = + × = .  
Calculate the value of function, if 1.1x =  and obtain: ( ) 21.1 1.1 1.21y = = . 
Error is equal to 0.01. 
Answer. ( )1.1 1.2y @  
Example 19. Calculate the approximate value of function  4 17y = . 
Solution. Let’s write the given expression as a function 4y x= . If the initial 
value of function is 0 16x = , therefore, 1 0 17 16 1x x xD = - = - = , and 
( ) 40 16 2y x = = . Therefore, the value of derivative of function 4y x=  is 
equal to: 
( )
1 3
4 41
4y x x x
-¢æ ö¢ = = ×ç ÷
è ø
. If 0 16x = , then: ( )0 3 344
0
1 1 1
324 4 16
y x
x
¢ = = = . 
If 17x = , then value of function will be: 
( ) ( ) ( )0 0 1 117 2 1 2 2.03132 32y y x y x x¢= + × D = + × = = . 
Find the values of function up to 10 7- , using calculator: 4 17 2.0305431y = = .  
The error of result is equal to: d = 0.0004569. 
Answer. 4 17 2.031y = » . 
Example 20. Find sin 29o . 
Solution. For the function siny x= , if 0 30x =
o , we obtain: 0
1
2y = ,  
1 0 29 30 1 180
x x x pD = - = - = - = -o o o o , 
( )sin cos ,y x x¢¢ = =  ( )0
3cos30
2
y x¢ = =o , 
1 3sin 29 0.5 0.0151071 0.48482 180 2y
p= = - × » - »o . 
Answer. sin 29 0.4848»o . 
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The second-order differential 2d y  is the differential from the 
first order differential. In case of ( )dy f x dx¢=  re-differentiation, it 
means that dx  is an independent one from x. That is why, the second-
order differential can be written as follows:  
( ) ( )2 2d y f x dx dx f x dx¢¢ ¢¢= =é ùë û . 
Similarly, the differential of n-th order can be written as 
follows: ( )n n nd y f x dx= . 
 
Answer the questions 
1. Which part of the increment of function is called a differential? 
2. What is the differential of argument? 
3. How do differential and derivative correspond with each other? 
4. How do we the differential of nth order write? 
10.6. L'Hôpital's Rule 
In calculus and other branches of mathematical analysis, an 
indeterminate form is an algebraic expression obtained in the context 
of limits. Limits involving algebraic operations are often performed by 
replacing sub expressions by their limits; if the expression obtained 
after this substitution does not give enough information to determine 
the original limit, it is known as an indeterminate form. The 
indeterminate forms include: 00 , 00 , 1
∞, ∞ − ∞, ¥
¥
, 0 × ∞, and 0¥ .  
l'Hôpital's rule, is also called Bernoulli's rule, uses derivatives 
to help evaluate limits involving indeterminate forms. Application (or 
repeated application) of the rule often converts an indeterminate form 
to a determinate form, allowing easy evaluation of the limit. The rule 
is named after the 17th-century French mathematician Guillaume de 
l'Hôpital. However, it is believed that the rule was discovered by the 
Swiss mathematician Johann Bernoulli.  
s 
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If you need to calculate ( )
( )0
lim
t t
t
t
j
y®
 with ( )0 0tj =  and ( )0 0ty = , 
then we obtain the indeterminate form 0
0
. In this case, the limit of the 
quotient of functions is equal to the limit of the ratio of their derivatives:  
( )
( )
( )
( )0 0
lim lim
t t t t
t t
t t
j j
y y® ®
¢
=
¢
. 
The differentiation of the numerator and denominator often 
simplifies the quotient and/or converts it to a determinate form, 
allowing the limit to be evaluated more easily. 
Example 21. Find the limit: 
2
1
1 lnlim xx
x x
e e®
- +
-
. 
Solution. The numerator and denominator tend to zero if 1x ® , and we have 
indeterminate form 0
0
. Use the L'Hopital rule:  
2
1 1
121 ln 3lim limx xx x
xx x x
ee e e® ®
+- + = =
-
. 
Answer. 
2
1
1 ln 3lim xx
x x
ee e®
- + =
-
. 
Example 22. Find the limit:  
( )0
lim
ln 1
x x
x
e e
x
-
®
-
+
. 
Solution. 
( )0 0
0lim lim 21ln 1 0
1
x x x x
x x
e e e e
x
x
- -
® ®
- +
= = =
+
+
. 
Answer. 
( )0
lim 2
ln 1
x x
x
e e
x
-
®
-
=
+
. 
We use the l'Hôpital's rule for the indeterminate form ¥
¥
. 
Example 23. Find the limit:   
4
4 2
5lim
3 1x
x x
x x®¥
-
- +
. 
Solution. 
4 3 2
4 2 3 2
5 4 5 12 24lim lim lim lim 1
243 1 4 6 12 6x x x x
x x x x x
xx x x x x®¥ ®¥ ®¥ ®¥
- ¥ -= = = = =
¥- + - -
. 
Answer.  
4
4 2
5lim 1
3 1x
x x
x x®¥
- =
- +
. 
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Example 24. Find the limit:   
2
2
2 lnlim
x
x x
x®¥
- . 
Solution. 
2 2
2 2
142 ln 4 1 8lim lim lim lim 22 42x x x x
xx x x xx
x xx x®¥ ®¥ ®¥ ®¥
-- -= = = = . 
We can obtain the solution another way:  
2
2 2 2 2
2 ln ln ln 1lim lim 2 2 lim 2 lim 2
x x x x
x x x x
x x x x x®¥ ®¥ ®¥ ®¥
- é ù= - = - = - =ê ú ×ë û
. 
Answer. 
2
2
2 lnlim 2
x
x x
x®¥
- = . 
 
Answer the questions 
1. What is the indeterminate form 0
0
 and ¥
¥
? 
2. Write the l'Hôpital's rule. 
3. What does the following formula: ( )
( )
( )
( )0 0
lim lim
t t t t
t t
t t
j j
y y® ®
¢
=
¢
 mean? 
 
Tasks № 21 
I. Find the derivatives of functions. 
1) 35y x= ; 2) 8y x= ; 3) 4 36 2y x x= + ; 4) 5 lny x x= × ;  
5) 23 siny x x= × ; 6) 2 2xy x= × ; 7) cos3y x= ;     8) arcsiny x= ; 
9) ( )2arccot 5 2y x= + ; 10) ( )22log 5 3y x= + ; 11) ( )73 5y x= + ;  
12) 
2 2x xy a e-= - ; 13) 
2 2
2 2 1
x y
a b
- = ; 14) 32 xy x= ;  
15) 
2
2
xxy æ ö= ç ÷
è ø
; 16) xy x= ; 17) y xx y= . 
II. Calculate the values of derivatives of given functions at the 
point: 
1) 2 3 2y x x= - +  if 2x = ;  3) 2 2 4 10 4 0x y x y+ - - + =  if 2x = ; 
2) 
2
2 1
xy
x
=
+
 if 1x = ;  4) 33
2 1y x
xx
= + -  if 1x = . 
s 
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III. Find the slope of the tangent to the curve 22 5 3y x x= - +  at the 
point with abscissa 1x = - .  
IV.  Find the angle between the tangent to the curve 
25 9 3y x x= - -  at the point 1x =  and x -axis.  
V.  Write the equation of the tangent to the curve 22 5 3y x x= - +  
at the point with abscissa 1x = - .  
VI. Write the equation of the normal to the curve 25 9 3y x x= - -  
at the point with abscissa 2x = . 
VII. Find the differentials of functions: 1) ( )32 3y x= + ; 
2) sin5y x= ; 3) 3y x= ; 4) 2 2xy x= + . 
VIII. Calculate the following values approximately: 1) sin 31o ; 
2) 15 . 
IX. Find derivatives of higher orders.  
1) Find the second derivative of the function 3 22 3 5 1y x x x= - + - . 
2) Find the third order derivative of the function 25 siny x x= . 
3) Find the sixth order derivative of the function 56y x= . 
X. Using the L'Hopital rule, find the limits of expressions.  
1) 
3
3 23
27lim
5 2 12x
x
x x x®
-
- + +
; 2) 21
2 1lim
1 1x x x®
æ ö-ç ÷- -è ø
; 3) 
3
0
1lim
sin
x
x
e
x®
-
; 
4) 
3
2lim 1x
x x
x® ¥
æ ö
-ç ÷+è ø
; 5) 
0
sin 3lim
sin5x
x
x®
; 6) 
0
1 coslim
tanx
x
x®
- ; 
7) 
3
20
3 1lim
sin 5
x
x
e x
x®
- - ; 8) 
( )0
lim
ln 1
x x
x
e e
x
-
®
-
+
. 
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APPLICATIONS OF DERIVATIVE.  
INVESTIGATING MONOTONICITY OF 
A FUNCTION 
 
Vocabulary section 
constant function постоянная функция 常数的函数 
continuous function непрерывная функция 连续函数 
critical point критическая точка 临界点 
decreasing function  убывающая функция 下降函数 
derivative  производная 导数 
differentiation  дифференцирование 分化 
extremum of function экстремум функции 极值函数 
function  функция 功能, 函数 
graph of concave 
function  
график функции вогнутый 函数图象（凹） 
graph of convex 
function 
график функции выпуклый 函数图象（凸） 
graph of function график функции  函数图像 
increasing function  возрастающая функция 上升函数 
monotonous function  монотонная функция 单调函数 
points of extremum точки экстремума 极值点 
tangent касательная 切线(正切) 
tangent method метод касательных 正切方法 
           
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11.1. Intervals of Monotonicity  
The function ( )y f x=  is differentiable on the interval [ ],a b , if 
it is differentiable at each point from this interval. In this case the 
derivative is also a function of x :     ( ) ( )y f x xj¢ ¢= = .  
A function cannot have a derivative at the point of discontinuity. 
If the function ( )y f x=  is differentiable at the point 0x x= , then it is 
continuous at this point.  
If the function ( )y f x=  does not have a derivative at the point 
0x x= , it means that a tangent line of the graph of function at this 
point does not exist, or that the tangent line makes an angle 90° with 
the x -axis.  
If the derivative does not exist at the point 0x x=  (there is no 
limit at this point), but there are limits from the left and right, 
therefore, these limits are called the left derivative ( )0 0f x¢ -  and the 
right derivative ( )0 0f x¢ + .  
Let us consider that the function ( )y f x=  is continuous on the 
interval ( ),a b  and has a derivative on this interval. In this case, the 
derivative at the point 0x x=  from this interval is equal to the slope of 
the tangent line to the х-axis.  
If the derivative of the function ( )y f x=  is equal to zero 
( ) 0y x¢ º  at all points from the interval ( ),a b , then this function is 
called a constant on this interval: ( )y f x C= = .  
The graph of constant function is a straight line, parallel to the х- 
axis (Fig. 11.1). The slope of the tangent line at each point of this 
graph is equal to zero, hence, tan 0a =  and the derivative of function 
at each point of the graph equals zero.  
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Figure 11.1 
If the first derivative of the function ( )y f x=  is positive 
( )( )0y x¢ >  at every point from the interval ( ),a b , then this function 
is increasing on this interval.  
   
Figure 11.2 
As we can see from the Figure 11.2, if the function ( )y f x=  
increases on the interval ( ),a b , then the slope of the tangent line is 
changing from 0˚ to 90˚. 
The value of tan ya ¢=  is greater than zero, if the slope of the 
tangent line is changing: 0 90a< <o o . 
If the first derivative of the function ( )y f x=  is negative 
( ( ) 0y x¢ < ) at every point from the interval ( ),a b , then this function 
is decreasing on this interval.  
0 b  a
1a  
2a
3a  
x
y  
1 2 3a a a> >  b) 
0 b
3a1a 2a
x
y
a
3 2 1a a a> >a) 
y  
0  a  b  
c  
x  
y c=  
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From Figures 11.3 a and 11.3 b, it can be defined that the slope 
of the tangent line is changing as: 90 180a< <o o . If the angle a  
changes from 90˚ to 180˚, then tan ya ¢=  is negative. 
   
Figure 11.3 
 
    REMEMBER! 
The condition of monotonicity 
If function is differentiable in its entire domain, the function 
increases on each interval, where its derivative is positive, and 
decreases on each interval, where its derivative is negative.  
Function is increasing when slope of tangent line is positive, and 
decreasing if slope of tangent line is negative. 
If the derivative on the interval ( ),a b  goes from positive values 
to negative or from negative to positive, then it must pass through 
zero.  
The points, where the value of the derivative equals zero, are 
called stationary points.  
a
3a
2a
1a
1 2 3a a a> >
0 x
y  
b) 
b  a
3a  2a  1a
1 2 3a a a> >  
0  x
y
a) 
b  
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    REMEMBER! 
In order to find the monotony intervals of function ( )y f x=  
(the intervals of increasing or decreasing), it is necessary: 
1) find the points, where the function equals zero: ( ) 0y x = ; 
2) find the first derivative of the function ( )y f x¢ ¢= ; 
3) find the stationary points, if 0y¢ = ; 
4) plot these points at the x -axis and check the sign of the derivative 
on each interval between neighbor stationary points 
Example 1. Find the monotony intervals of the function 2 2 3y x x= + - . 
Solution. 1. Find the points where the function is equal to zero: ( ) 0y x = , 
therefore, 2 2 3 0x x+ - = Þ 1 1x = , 2 3x = - . 
2. Find the first derivative of the function 2 2 3y x x= + -  and obtain 2 2y x¢= + . 
3. Find the stationary points from the condition:  ( ) 0y x¢ = , then 2 2 0x + =  and 
obtain 1x = - . 
4. Plot these points at the х-axis and check the sign of the derivative on each 
interval. 
 
Figure 11.4 
The point 4x = -  belongs to the interval ( ), 3-¥ - . Let’s calculate the 
value of the derivative at this point: ( ) ( )4 2 4 2 6 0y¢ - = × - + = - < . Therefore, 
the function is decreasing on this interval.  
The point 2x = -  belongs to the interval ( )3, 1- - . Let’s calculate the 
value of the derivative at this point: ( ) ( )2 2 2 2 2 0y¢ - = × - + = - < . Therefore, 
the function is decreasing on this interval.  
The point 0x =  belongs to the interval ( )1, 1- . Let’s calculate the value 
of the derivative at this point: ( )0 2 0 2 2 0y¢ = × + = > . Therefore, the function 
is increasing on this interval.  
– – 
0  -¥  +¥  x  1 1-  3-  
+ + 
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The point 2x =  belongs to the interval ( )1, + ¥ . Let’s calculate the value 
of the derivative at this point: ( )2 2 2 2 6 0y¢ = × + = > . Therefore, the function 
is increasing on this interval.  
Let us investigate monotonicity of function with the Table 11.1.  
Table 11.1 – Investigation monotonicity of the function 2 2 3y x x= + -   
x  ( ), 3-¥ -  3-  ( )3, 1- -  1-  ( )1, 1-  1 ( )1, + ¥  
( )y x¢  0<  0<  0<  0  0>  0>  0>  
( )y x  ( 0  ( 4-  & 0  & 
Conclusion Function is decreasing (  Function is increasing & 
From the Table 11.1 we can see that function 2 2 3y x x= + -  is decreasing on 
the interval ( ), 1-¥ -  and increasing on the interval ( )1,- + ¥ . 
At the stationary point 1x = -  the derivative is equal to: ( )1 0y¢ - = .  
Answer. Function is decreasing on the interval ( ), 1-¥ -  and increasing on the 
interval ( )1,- + ¥ . 
 
Answer the questions 
1. What does “the derivative from the left or the derivate from 
the right” mean? 
2. When function is constant on the interval? 
3. When is the meaning of a function increasing on the interval? 
4. When is the meaning of a function decreasing on the interval? 
5. Which points of the graph of function are called stationary 
points? 
6. How can we find the intervals of monotonicity of function? 
s 
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11.2. The Points of Extrema 
If some value ( )0f x  is greater than (or less) of all "neighboring" 
values of the function, the point 0x x=  is called the point of 
maximum (minimum). The value of function at this point is called the 
maximum (minimum) value of the function.  
The values of the function at the points of maximum and 
minimum are called extremes of the function (maximum and 
minimum of the function).  
 
A necessary condition for extremum. At the points of 
extremum the derivative of function ( )f x  is either equal to zero or 
does not exist, i.e. if 0x  is the point of extremum, then ( )0 0f x¢ =  or 
( )0f x¢  does not exist. (Nevertheless, not in every point 0x  will be 
extremum, if ( )0 0f x¢ =  or ( )0f x¢  does not exist!).  
A sufficient condition for extremum. If the function ( )f x  is 
continuous at the point 0x  and the derivative ( )f x¢  changes the sign 
passing through the point 0x , therefore, the point 0x  is a point of 
extremum of the function ( )f x .  
If the first derivative ( )y f x¢ ¢=  changes its sign from "+" to "–", 
passing through the point x a= , then x a=  is the maximum point.  
If the first derivative ( )y f x¢ ¢=  changes its sign from "–" to "+", 
passing through the point x b= , then x b=  is the minimum point.  
Extreme points are fixed points. However, not all stationary 
points are points of extremum.  
For example, in the task mentioned above the point 1x = -  is the 
point of extremum of function 2 2 3y x x= + -  (minimum point), 
because the derivative changes sign from "–" to "+", passing through 
this point.  
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Points where the derivative equals zero or does not exist are 
called critical points.  
 
REMEMBER! 
To investigate a function problem extrema, it is necessary:  
1) find the domain of the function;  
2) find the first derivative of the function;  
3) find the critical points of function;  
4) find the intervals of increasing and decreasing of function;  
5) check the sign of the derivative before and after critical point;  
6) calculate the value of functions at the points of extrema.  
Example 2. Investigate the function 3 22 3 1y x x= - +  problem extrema. 
Solution. The domain of the function is: x RÎ . There are no points of 
discontinuity there.  
1. Find the function’s intersection points with х-axis. If 0y = , therefore, 
3 22 3 1 0x x- + = Þ ( )( )21 2 1 0x x x- - - = Þ 1 1x = ,   2 1x = ,   3 12x = - . 
2. Find the first derivative of the function: ( ) ( )26 6 6 1y x x x x x¢ = - = - . 
3. If the derivative is equal to zero: ( ) 0y x¢ = , then: ( )6 1 0x x - = Þ   4 0x = ,  
5 1x = . The obtained points are the critical points. 
4. To determine the intervals of increasing and decreasing of function, let’s make 
the Table 11.2 and find the sign of the derivative on each of the intervals 
( ), 0 ,-¥  ( )0, 1  and ( )1, + ¥ .  
а) Define the sign of derivative at the point 1
4
x = -  from the interval ( ), 0-¥ : 
( ) ( ) ( ) ( ) ( )1 1 1 1 5 156 1 6 04 4 4 4 4 8y¢ - = × - × - - = × - × - = > . 
b) Define the sign of derivative at the point 1
2
x =  from the interval ( )0, 1 : 
( ) ( )1 1 1 36 1 02 2 2 2y¢ = × × - = - < . 
c) Define the sign of derivative at the point 2x =  from the interval ( )1, + ¥ : 
( ) ( )2 6 2 2 1 12 0y¢ = × × - = > . 
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Write all obtained results in the Table 11.2. 
Table 11.2 – Investigation monotonicity of function  3 22 3 1y x x= - +   
x  ( ), 0-¥  0  ( )0, 1  1 ( )1, + ¥  
( )y x¢  0>  0  0<  0  0>  
( )y x  & 1 ( 0  & 
Conclusion Function is increasing & max 
Function is 
decreasing ( min 
Function is  
increasing & 
Using the data from the Table 11.2, add them with following values: 
( )1 4y - = -  and ( )2 5y = . Plot obtained points on the graph (Fig. 11.5). 
As it is shown at the Table 11.2 and Figure 11.5, the function is increasing 
on the intervals ( ), 0-¥  and ( )1, + ¥ , where the derivative is positive. The 
function is decreasing on the interval ( )0, 1  where the derivative is negative. 
5. Define the value of function at the points 
0x =  and 1x = . The derivative changes its 
sign passing through them: ( )0 1,y =  
( )1 0y = . 
Passing through the point 0x = , the 
derivative changes its sign from "+" to "–". 
At this point the function has maximum 
( )max 0 1y y= = . 
Passing through the point 1x = , 
derivative changes its sign from "–" to "+". 
At this point the function has minimum 
( )min 1 0y y= = . 
Answer. Function has maximum at the point 
0x =  and minimum at the point 1x = .  
Figure 11.5 
 
 
Answer the questions 
1. What points of the graph of function are called points of 
extrema? 
2. What is the necessary condition for extremum? 
3. What is the sufficient condition for extremum? 
4. What points are called critical points? 
5. How can we investigate the function for extremum?  
s 
0  x  
4-  
1-  
1-  
3-  
3-  
1 
1 
2-  
2-  
2  
2  
3  
3  
4  
5  
y  
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11.3. Maximum and Minimum Values of a Function on the 
Interval  
Suppose that the function ( )y f x=  is continuous on the closed 
interval [ ],a b  and its first derivative is continuous on the same 
interval. Let us find maximum and minimum values of function on 
this interval.  
To solve this problem we must know the extremes of the 
function and consider the function values at the endpoints of the 
interval.  
The Figure 11.6 shows that the extrema of a function on the 
interval [ ],a b  will be at the points 1x x=  and 2x x= . However, these 
points do not correspond to the highest and lowest values on the 
interval.  
The highest value of the function will be at the endpoint of the 
interval, where x b= , ( )by f b=  and the lowest value will be the 
value of function on the other side of the interval, where x a=  and 
( )ay f a= .  
 
Figure 11.6 
 
Theorem 1. If the function is continuous and has only one 
extremum on an interval, and if this is the maximum (minimum), it 
will be the highest (lowest) value of the function on this interval 
(Fig. 11.7 a, b). 
a0 x
y
b  2x  1x  
( )y a  
( )y b
( )min 2y f x=
( )max 1y f x=
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Figure 11.7 
The graph of functions with only one extremum on the interval 
(infinite or finite) is shown at the Figures 11.7 a and 11.7 b.  
Theorem 2. If the function is continuous on the interval [ ],a b , 
then it has maximum and minimum values on this interval. These 
values will be on the points of extrema or at the endpoints on the 
interval. 
   
Figure 11.8 
The function ( )y f x=  has maximum value: ( )max y f a=  at 
the endpoints on the interval and the lowest value: 
( )min 3min y y f x= =  inside the interval (Fig. 11.8 a).  
The function ( )y xj=  has maximum value 
( )max 1max y y xj= =  at the extremum point 1x x=  and the lowest 
value  ( )min 4min y y xj= =  at the extremum point 4x x=  (Fig. 11.8 b).  
a  0 x  
y
b) 
b  
miny
1x  2x  3x  4x
maxy ( )y xj=
y
a0 x
а) 
b  
ay
miny
1x 2x 3x
( )y f x=  
by  
a  0 x  
y  
b) 
x b  
ay
miny
by
a0 x
y
а) 
x b  
ay
maxy
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REMEMBER! 
To find the highest and lowest values of function ( )y f x=  on 
the interval [ ],a b , it is necessary:  
1) find the critical points of function from this interval;  
2) find the values of these critical points;  
3) find the function values at endpoints of the interval;  
4) investigate obtained results and find the maximum and minimum 
values of function on the interval. 
Example 3. Find the maximum and minimum values of function 
3 23 9 35y x x x= - - +  on the interval [ ]4, 4- . 
Solution. Given function is continuous on the interval and has the first derivative 
23 6 9y x x¢ = - - . According the Theorem 2, it has maximum and minimum 
values on this interval. Find these values. 
1. Critical points of this function will be the points where the first derivate 
equals zero ( )0y¢ = . It is known that 23 6 9y x x¢ = - - , therefore, 
23 6 9 0x x- - = Þ  1 3x = , 2 1x = - . The function has extrema in these points. 
2. Find the values of function at critical points: ( )3 8y = , ( )1 40y - = . 
3. Find the values of function at points 4x = -  and 4x = , e.g. at the endpoints of 
the interval: ( )4 41,y - = -  ( )4 15.y =  
4. Investigate obtained values of function at critical points and at the endpoints 
of the interval [ ]4, 4- . Minimum value ( min 41y = - ) of the function is at 
the endpoint 4x = - , and maximum value ( maxmax 40y y= = ) is at the critical 
point 2 1x = - . 
Answer. min 41y = - , max 40y = .  
  
Answer the questions 
1. Where does continuous function have the lowest or highest 
values on the interval ( ),a b ?  
2. Continuous function ( )y f x=  has one minimum on the interval 
( ),a b  at the point 0x . Where is the lowest value of the function? 
3. How can we find the maximum and minimum values on the 
interval ( ),a b ?  
s 
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11.4. Convex or Concave of the Curve. The Inflection Points of 
the Graph  
The curve of the graph is called a convex on the interval ( ),a b , 
if the points of the curve lie above the chord a bM M  (Fig. 11.9 a). The 
curve of the graph is called a concave on the interval ( ),a b , if the 
points of the curve lie below the chord a bM M  (Fig. 11.9 b).  
A chord is a segment that connects two points of the graph. 
   
Figure 11.9 
Theorem. If the curve ( )y f x=  is a convex on the interval 
( ),a b , then its second derivative is negative on this interval: 0y¢¢ < . 
If the curve ( )y f x=  is concave on the interval ( ),a b , then its 
second derivative is positive on this interval: 0y¢¢ > . 
A point at which a twice-differentiable function changes from 
being convex to concave or vice versa, is an inflection point 
(Fig.11.10). At the point of inflection, the second derivative is equal to 
zero. It changes sign passing through this point.  
   
Figure 11.10 
ax
M
0 x
y  
b) 
ax
M
0 x
y  
a) 
y  
a0 xb) b  
ay  
by  
M
bM
aM
bM
aM  
a0 x
y
a) b
ay  
by  
M
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REMEMBER! 
To investigate convexity, concavity and inflection point of the 
function ( )y f x= , it is necessary: 
1) find the domain and the intervals where the function is continuous;  
2) find the second derivative of the function and the internal points, 
where ( ) 0y x¢¢ =  or does not exist;  
3) find the second derivative’s sign of the function and investigate 
convexity, concavity of the function on obtained intervals. 
Example 4. Find the inflection point and investigate convexity and concavity of  
the function 2
1
xy e
-
= .  
Solution. 1. Find the domain of function ( ) : \ 0.D f x RÎ  
2. Find the first and second derivatives of the function: 
( )2 2 2
1 1 1
2 3
2
1 2x x xy e e x x e
x
- - -
- -
¢ ¢æ ö¢ = × - = × - = × ×ç ÷
è ø
; 
( ) ( )2 2 2
1 1 1
4 3 3 4 22 3 2 2 2 2 3x x xy x e x e x x e x
- - -
- - - - -¢¢ = × - × × + × × × = × × - . 
The second derivative 0y¢¢ =  equals zero at the point 21,2 3x = ±  and it doesn’t 
exist at the point 3 0x = . It is known, that if 3 0x = , therefore, the function 
2
1
xy e
-
=  doesn’t determine. 
3. Obtained points cut the domain of function on the intervals: 2,
3
-¥ -
öæ
ç ÷
è ø
, 
2, 0
3
-
öæ
ç ÷
è ø
, 20,
3
öæ
ç ÷
è ø
 и 2 ,
3
+ ¥
öæ
ç ÷
è ø
. Let us investigate the signs of the second 
derivative on these intervals and write results in the Table 11.3. 
Multipliers 42 0x- >  and 2
1
0xe
-
>  are greater than zero at all domain of 
function. Therefore, the sign of the second derivative will be determined 
with ( )22 3x- - . Let us investigate the sign of ( )22 3x- -  on each interval. 
а) Find the sign of the second derivative on the interval 2,
3
-¥ -
öæ
ç ÷
è ø
. Substitute 
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1x = -  from this interval in ( )22 3x- - . Obtain: ( )2
1
2 3 1 0
x
x-
=-
- = - < . 
Therefore, 0y¢¢ <  and the curve of the graph is convex.  
b) Find the sign of the second derivative on the interval 2, 0
3
-
öæ
ç ÷
è ø
. Substitute the 
value 13x = -  from this interval in ( )
22 3x- - . Obtain: ( )2 1
3
2 3 3 0
x
x-
=-
- = > . 
Therefore, 0y¢¢ >  and the curve of the graph is concave.  
c) Find the sign of the second derivative on the interval 20,
3
æ ö
ç ÷
è ø
. Substitute the 
value 13x =  from this interval in ( )
22 3x- - . Obtain: ( )2 1
3
2 3 3 0
x
x-
=
- = > . 
Therefore, 0y¢¢ >  and the curve of the graph is concave.  
d) Find the sign of the second derivative on the interval 2 ,
3
+ ¥
öæ
ç ÷
è ø
. Substitute 
the value 1x =  from this interval in ( )22 3x- - . Obtain: 
( )2
1
2 3 1 0
x
x-
=
- = - < . Therefore, 0y¢¢ <  the curve of the graph is convex.  
Table 11.3 – Investigation convexity and concavity  of function 2
1
xy e
-
=   
x  2, 3-¥ -
öæ
ç ÷
è ø
 2
3-  
2 , 0
3
-
öæ
ç ÷
è ø
 0 20, 3
öæ
ç ÷
è ø
 2
3  
2 ,
3
+ ¥
öæ
ç ÷
è ø
 
y¢¢  0<  0 0>  Doesn’t exist 0>  0 0<  
y  Convex  
The 
inflection 
point 
Concave  Doesn’t determine Concave  
The 
inflection 
point  
Convex  
The second derivative changes its sign passing through the points 2
3
x = -  
and 2
3
x = . These points are points of inflection.  
Answer. The function is convex on the intervals 2,
3
-¥ -
öæ
ç ÷
è ø
 and 2 ,
3
+ ¥
öæ
ç ÷
è ø
. The 
function is concave on the intervals 2, 0
3
-
öæ
ç ÷
è ø
 and 20,
3
öæ
ç ÷
è ø
. Points 2
3
x=-  and 
2
3
x=  are the inflection points.  
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Answer the questions 
1. What graph of function is called convex or concave on the 
interval ( , )a b ?  
2. What point of the graph of function is called an inflection point? 
3. What sign has the second derivative if the graph of function is 
convex or concave?  
11.5. Investigating Functions for the Extrema with Higher 
Order Derivatives  
Let us consider a continuous, differentiable function ( )y f x=  
and investigate it for the extrema with the second derivative.  
If the function ( )y f x=  has first and second derivatives, the 
first derivative equals zero ( )0 0y x¢ =  at 0x x=  and the second 
derivative is not equal to zero ( )0 0y x¢¢ ¹ , therefore, at this point it is 
maximum of function, if ( )0 0y x¢¢ < , or it is minimum of function, 
if ( )0 0y x¢¢ > .  
 
REMEMBER! 
To investigate the function for the extremum use the Second 
Derivative Test:  
1) find the first derivative ( )f x¢  and critical points of functions ( )y f x= ;  
2) find the second derivative ( )f x¢¢  and investigate the sign of the 
second derivative at obtained critical points:  
– if the second derivative at the critical point is negative, the function 
at this point has maximum;  
– if the second derivative at the critical point is positive, the function 
at this point has minimum; 
– if the second derivative equals zero, then the rule for this function is 
not applicable, and the extremum to be found by using the first 
derivative;  
3) calculate the value of function at points of extremum. 
s 
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Example 5. Investigate the function ( ) 3 22 3f x x x= -  for the extremum. 
Solution. 1. Find the first derivative: ( ) 26 6f x x x¢ = - . Let’s equate it to zero 
and find the critical points: 2 16 6 0 0,x x x- = Þ =  2 1x = . 
2. Find the second derivative: ( ) 12 6f x x¢¢ = - . Find the sign of second 
derivative at the critical points: ( )0 6 0f ¢¢ = - < . Therefore, 0x = is a 
maximum point; and if ( )1 6 0f ¢¢ = > , therefore, 1x =  is a minimum point. 
3. Calculate the values of function at critical points:  
( )max 0 0f f= = , ( )min 1 1f f= = - . 
Answer. ( )max 0 0f f= = ; ( )min 1 1f f= = - . 
Consider a continuous and differentiable function ( )y f x= , and 
investigate it to extremum with higher derivatives.  
If at the point 0x x=  the first derivative is equal to zero 
( )0( ) 0y x¢ = , and the second derivative is also equal to zero 
( )0( ) 0y x¢¢ = , therefore, at this point investigating for the extremum 
can be performed with higher-order derivatives.  
For this purpose, the following property of continuous functions 
is used: "If the function ( )y f x=  is continuous and nonzero at the 
point 0x x= , then the function is also nonzero in some neighborhood 
of the point 0x x=  and has the same sign as the sign of function at this 
point". 
 
REMEMBER! 
Suppose that at the point 0x x=  the function ( )y f x=  has 
derivatives of (n-1) order equal zero, and the derivative of nth order is 
continuous and doesn’t equal to zero: 
( ) ( ) ( ) ( )10 0 0 0nf x f x f x-¢ ¢¢= = = =K   and  ( ) ( )0 0nf x ¹ . 
Therefore, if ( )( )0 0nf x <  the function has maximum at 0x x= , 
and if ( ) ( )0 0nf x >  the function has minimum at 0x x=  (n is an even 
number). If n is an odd number, then the function has no extrema at 
the point 0x x= .  
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Example 6. Investigate the function 45y x=  for the extremum. 
Solution. The given function is defined and is positive on the number line. 
Find the first derivative: 320y x¢ = . 
The derivative is equal to zero at the critical point 0x = .  
The second derivative 260y x¢¢ =  and third derivative 120y x¢¢¢ =  are also 
equal to zero at the point 0x = .  
The fourth derivative 120IVy =  is not equal to zero at the point 0x = .  
The order of the derivative 4n =  is an even number, and the sign of the 
derivative is 120 0IVy = > . Hence, the point 0x =  is the point of minimum of 
function.  
Answer. At the point 0x =  the function 45y x=  has minimum.  
Example 7. Investigate the function 52 1y x= +  for the extremum. 
Solution. Find the first derivate 410y x¢ =  Þ  0y¢ =  at the point 0x = . 
The second derivate ( 340y x¢¢ = ), the third derivate ( 2120y x¢¢¢ = ) and the forth 
derivate ( 240IVy x= ) are equal to zero at the point 0x = . 
The fifth derivate 240Vy =  is not equal to zero and has a positive value. 
The order of the derivate 5n =  is an odd number. At the point 0x =  the 
function does not have the extrema. 
Answer. The function 52 1y x= +  does not have the extrema. 
 
Answer the questions 
1. How do we find extremum of the function using higher order 
derivatives?  
2.  When the function will have maximum or minimum, if the nth 
derivative is not equal to zero: ( ) 0ny ¹ ?  
11.6. Asymptotes of the Graph of the Function 
There are potentially three kinds of asymptotes: horizontal, 
vertical and oblique asymptotes. It can be many vertical asymptotes of 
the graph. For example, there are infinite numbers of them for the 
function tany x=  (Fig. 11.11).  
s 
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Figure 11.11 
If ( )lim
x a
f x
®
= ¥ , then the line x a=  is called a vertical 
asymptote of the graph.  
For example, lines 2x k
p p= ±  are vertical asymptotes of the 
graph of function tany x=  (Fig. 11.11).  
It can not be more than two non vertical asymptotes (the first 
one, if x ® +¥  and the second one, if x ® -¥ ).  
If the line y kx b= +  is the asymptote of the graph ( )y f x= , 
where x ® +¥ , then ( )asympt. graph.y y kx b f xd = - = + -  and if x  tends 
to infinity, then d  tends to zero (Fig. 11.12).  
 
Figure 11.12 
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From the condition ( )kx b f x d+ - =  we can find the value for 
the slope k :     ( )f xbk
x x x
d+ - = ,  therefore,  ( )f x bk
x x x
d= + - . 
Find the limiting value of this expression for x ® +¥  
 ( ) ( )lim lim
x x
f x f xbk x x x x
d
®+¥ ®+¥
æ ö
= + - =ç ÷
è ø
.  
Now find ( )b f x kx d= - +  from the equation 
( )kx b f x d+ - = .  
If x ® +¥ , therefore, the limiting value for b will be equal to:  
( ) ( )lim lim
x x
b f x kx f x kxd
®+¥ ®+¥
= - + = -é ù é ùë û ë û . 
If there are limits and they are finite, then the line y kx b= +  is 
the asymptote of the graph ( )y f x= . If these limits do not exist, then 
we do not have non-vertical asymptotes.  
Similarly, we can show that if the function ( )y f x=  is defined 
on the interval ( ), a-¥ , then ( )lim
x
f x
k
x®-¥
=  and ( )lim
x
f x kx b
®-¥
- =é ùë û .  
If 0k ¹ , then the line y kx b= +  is called oblique asymptote.  
If   0k = ,   then  the   line  y b=  is called the horizontal asymptote.  
Example 8. Find the asymptotes of the graph of function 
22 6 3
3
x xy x
- +=
-
. 
Solution. The domain of function is the number line, except the point 3x =  
( )( ): ( , 3) (3, )D y x Î -¥ + ¥U .  
At the point 3x =  there is an infinite gap. The line 3x =  is a vertical 
asymptote.  
Find the equation of non-vertical asymptotes with formula ,y kx b= +  where 
( )lim
x
f xk x®¥= ,  ( )limxb f x kx®¥= -é ùë û . Obtain:  
( ) ( )
2
2 22 6 3 2 6 3lim lim lim
3 3x x x
x
x x x xk
x x x x®¥ ®¥ ®¥
- + - += = =
- -
( )2
2
6 32 x x
x
- +
( )
2
31 x
=
-
;  
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2 22 6 3 2lim 2 lim
3x x
x x xb x
x®¥ ®¥
é ù- +
= - =ê ú-ë û
6x- 23 2x+ - 6x+ 3lim 0
3 3xx x®¥
= =
- -
. 
Then the equation of the oblique asymptote is 2y x= . 
Answer: The vertical asymptote is 3x =  and the oblique asymptote is 2y x= . 
 
Answer the questions 
1. When does the graph of function ( )y f x=  have vertical 
asymptotes?  
2.  How many vertical asymptotes can graph of function have? 
3. What specific conditions do we need for oblique asymptotes?  
4. Write a formula for k in case of oblique asymptote for the 
function ( )y f x= .  
5. Write the formula for the free term b in case of oblique 
asymptote for the function ( )y f x= .  
6. How many oblique asymptotes can the graph of function 
( )y f x=  have? 
7. Write a formula for a horizontal asymptote.  
11.7. Plan of Function Investigation  
For a full investigation and drawing a graph of function, we should 
use the definitions of intervals of monotonicity of functions, extremum 
of the function, intervals of convexity and concavity of the graph, points 
of inflection, and asymptotes.  
We can use the following plan for function investigation. To 
draw a graph of a function, it is necessary: 
1) to find the domain and the points of discontinuity; 
2) to find, if the function is even, odd neither; 
3) to find zeros of the function and its values at  x = 0; 
4) to find intervals of a sign constancy; 
s 
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5) to determine the asymptotes of the graph:  
a) vertical 0x x= , if ( )
0
lim
x x
y x
®
= ¥ ; 
b) slope y kx b= + , where ( )lim
x
f xk
x®±¥
=  and [ ]lim ( )
x
b f x kx
®±¥
= - ; 
6) to determine, if the function is periodic or not; 
7) to find points of extrema (the points where ( ) 0f x¢ = , or the first 
derivative does not exist); 
8) to find intervals of monotonicity, intervals of increasing 
( ( ) 0f x¢ > ) or decreasing ( ( ) 0f x¢ <  of function); 
9) to analyze the behavior of a function near “special” points 
(changing sign of the derivative); 
10) to determine the values of the points of extrema; 
11) to find points of gap and zeros of the second derivative; 
12) to find the intervals of convexity ( ( ) 0f x¢¢ < ) or concave 
( ( ) 0f x¢¢ > ) of the function (on critical points of the second 
derivative); 
13) to find the inflection points (changing the sign of the second 
derivative); 
14) to draw the results on the graph.  
It is recommended, to calculate the values at some additional 
points and plot them on the coordinate plane.  
Example 9. Investigate the function 
2
1
xy x= +  and draw the graph. 
Solution.  
1. The denominator of this fraction tends to zero ( 1 0x + = ), if 1 1x = - . 
Therefore, at this point the function is not defined. 
The domain of the function is: ( ) ( ) ( ){ }, 1 1,D f x= Î -¥ - - ¥U .  
Point 1x = -  is a point of discontinuity of function. Approaching to the 
point 1 1x = -  from the left, x  will always be less than ( )1- , and hence the 
denominator will be: 1 0x + <  and the numerator will be: 2 0x > . Therefore, 
2
1 0
lim lim 1x
xy x®- -= = -¥+ .  
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Approaching to the point 1 1x = -  from the right, x  will always be greater 
than ( )1- , hence 1 0x + >  and 2 0x > . Therefore, 
2
1 0
lim lim 1x
xy x®- += = +¥+ .  
2. The both conditions for even ( ) ( )f x f x- =  and odd ( ) ( )f x f x- = -  
functions do not satisfy for the given function. Therefore, this function is 
neither even, nor odd.  
3. The function 
2
1
xy x= +  tends to zero, if its numerator is zero ( )
2 0x = . 
Therefore, 2 0x = . At the point 2 0x =  the function equals zero.  
4. Define the intervals of positive, negative and investigate behavior of the 
function at the 1 1x = -  and 2 0x = . These are the points where the function is 
equal to zero.  
From the left of the point 1 1x = -  the function is always negative, and 
from the right it is positive. On the interval ( ), 1-¥ -  the function is negative, 
and on the interval ( )1,- + ¥  the function is positive. When the function 
passes through the point 0x = , it does not change its sign and remains 
positive.  
5. Equation of vertical asymptote is 1x = - .  
Obtain: 
2
1 0
lim
1x
x
x®- -
= -¥
+
 and 
2
1 0
lim
1x
x
x®- +
= +¥
+
.  
The equation of oblique asymptote is y kx b= +  and we obtain: 
( )lim lim 1
1x x
f x xk
x x®¥ ®¥
= = =
+
, 
( )
2 2 2
lim lim lim lim 1
1 1 1x x x x
x x x x xb f x kx x
x x x®¥ ®¥ ®¥ ®¥
é ù é ù- - -é ù= - = - = = = -é ùë û ê ú ê ú ê ú+ + +ë ûë û ë û
 
Therefore, the equation of oblique asymptote is: 1y x= - .  
6. Function is non periodic.  
7. Find the derivative of the function: 
( )
2
2
2( )
1
x xy x
x
+¢ =
+
.  
Critical points of the first derivative can be defined from the following 
conditions:  
– the first derivative is equal to zero, if 2 2 0x x+ = . The solution of this equation 
are two points 3 2x = -  and 4 0x = ;  
– the first derivative does not exist if ( )21 0x + = . The solution of this equation is 
the point 5 1x = - . 
The point 5 1x = -  is a point of discontinuity of the derivative, and it coincides 
with the point of discontinuity 1 1x = - . 
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The point 4 0x =  coincides with the point 2 0x = , where the function is equal to 
zero. Thus, for the function and its first derivative, we have three critical points: 
1 1x = - , 2 0x = , 3 2x = - . 
At the point 1 1x = -  the function and its first derivative ( )1f ¢ -  does not exist, 
because 1 1x = -  is a point of discontinuity of the function and its derivative. 
At the point 2 0x = : ( )0 0f =  and ( )0 0f ¢ = . 
At the point 3 2x = - : ( )2 0f - ¹ , and ( )2 0f ¢ - = . 
8. Consider the intervals between critical points and define the sign of the derivative 
on each interval (Table 11.4). Take one point of each interval and calculate the 
value of the derivative at this point to determine the sign of the derivative.  
From the interval ( ), 2-¥ -   take the point 3x = -  and obtain ( ) 33 0.4y¢ - = >   
From the interval ( )2, 1- -  take the point 3
2
x = -  and obtain ( )3 21 02 2y¢ - = - < . 
From the interval ( )1, 0-  take the point 1
2
x = -  and obtain ( )1 3 02y¢ - = - < .  
From the interval ( )0, + ¥   take the point 1x =  and obtain ( ) 31 04y¢ = > . 
Table 11.4 – Investigation of the function 
2
1
xy x= +  and its derivative 
 ( ), 2-¥ -  –2 ( )2, 1- -  –1 ( )1, 0-  0 ( )0, + ¥  
y¢  0>  0 0<  Doesn’t exist 0<  0 0>  
y  0<  –4 0<  Doesn’t exist  0>  0 0>  
Conclusion 
Function 
increases 
& 
max 
Function 
decreases 
( 
The inflection 
point  
Function 
decreases 
( 
min 
Function 
increases 
& 
The Table 11.4 shows that on the interval ( ), 2-¥ -  function increases: 0y¢ > ; 
on the interval ( )2, 0-  function decreases; 0y¢ < ; on the interval ( )0, + ¥  
function increases 0y¢ > . 
9. Table 11.4 shows that if the first derivative is passing through the critical 
point 2x = - , it changes the sign from plus to minus. Therefore, it is an 
extremum (maximum) of function at the point 2x = - .  
At the point 1x = -  the derivative and the function does not exist. This point 
is the point of discontinuity. When the first derivative is passing through the 
point 0x = , it changes the sign from minus to plus. Therefore, it is an 
extremum (minimum) of function at the point 0x = .  
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10. Find the value of the function at the extremum point:  
( )max 2 4y - = - ,   ( )min 0 0y = . 
11. Find the second derivative of the function: 
( )3
2
1
y
x
¢¢ =
+
.  
0y¢¢¹  for any value of x . The second derivative does not exist at the point 
1x = - , because the denominator is equal to zero. Hence, it is a gap of the 
second derivative at the critical point 1x = - .  
12. It is only one critical point 1x = -  for the second derivative. Consider two 
intervals of changing sign of the second derivative.  On the interval ( ), 1-¥ -  
the second derivative is: ( )2 2 0y¢¢ - = - < . Consequently, the graph of 
function is convex.  On the interval ( )1,- + ¥  the second derivative is: 
( )0 2 0y¢¢ = > . Consequently, the graph of function is concave.  
13. There are no inflection points, because the second derivative does not equal 
to zero for any x .  
14. Add the Table 11.4 with the results of the analysis of the second derivative 
and obtain the Table 11.5.  
Table 11.5 – Investigation of the function 
2
1
xy
x
=
+
 and its derivatives 
x  ( ), 2-¥ -  –2 ( )2, 1- -  –1 ( )1, 0-  1 ( )0, + ¥  
y¢  0>  0 0<  Doesn’t exist 0<  1 0>  
y  0<  –4 0<  Doesn’t exist  0>  0 0>  
Conclusion 
Function 
increases  
& 
max 
Function 
decreases 
( 
The inflection 
point 
Function 
decreases 
( 
min 
Function 
increases 
& 
y¢¢  0<  Doesn’t exist  0>  
Conclusion The convex curve  The inflection point  The concave curve 
Let us calculate the values at additional points (Table 11.6). 
Table 11.6 – Values of the function 
2
1
xy
x
=
+
 at additional points. 
x  –5 –4 –3 32-  
1
2-  
1
2  2 3 4 5 
y  –6.25 –5.33 –4.5 –4.5 12  
1
6  1.33 2.25 3.2 4.16 
Draw asymptotes of the function according to the results from the 
Tables 11.5 and 11.6. Then draw the graph of function (Fig. 11.13).  
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Figure 11.13 
Answer. The graph of the function is shown at the Figure 11.13. 
 
Answer the questions 
1. What are the main points of function’s investigating?  
2.  How can we find the conditions for intervals of sign constancy 
of the function ( )y f x= ?  
3. How can we find the intervals of increasing or decreasing of 
function?  
4. How can we find the points of extremum of the function?  
5. How can we find the intervals of convexity or concavity?  
6. How can we draw asymptotes of the function?  
 
0  1  2  3  4  4-  5-  5  6  6-  3-  2-  1-  x  
y  
1-  
1  
2  
3  
4  
4-  
5-  
5  
6  
6-  
7-  
3-  
2-  
s 
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Tasks № 22 
I. Find the intervals of increasing or decreasing of function. 
1) 22 14 24y x x= - + ; 2) 2 7 6y x x= - + - ;  3) 21y x= - ; 
4)  
2 1
1
xy
x
-
=
+
;    5) 3 23 2 4y x x x= + - - ;  
6) 
2 5 42x xy - += ;   7) ( )lg 5y x= + . 
II. Find the points of extremum of the function. 
1) 2 2 35y x x= - - ; 2) 4 25 4y x x= - + ; 3) 3 22 3 6y x x x= - + + ;  
4) 1y x= - ;  5) 2
5
xy
x
-
=
+
;  6) 2 5 6y x x= - + - ; 
7) ( )2 6y x x= - ; 8) 2 xy x e-= × ;  9) sin cosy x x= + ; 
10) 233 2y x= - ; 11) 
ln
xy
x
= ;  12) 
2
2
8
2
xy
x
= + . 
III. Find the maximum and minimum values of the function on the 
intervals. 
1) 22 14 12y x x= - +  on the interval [ ]0, 7 ;  
2) 3 29 24 10y x x x= - + -  on the interval [ ]0, 3 ;  
3) 2lny x x= -  on the interval [ ]1, e ;  
4) 4 22 5y x x= - +  on the interval [ ]2, 2- ;  
5) 2 2y x x= +  on the interval [ ]0, 4 ;  
6) 1
1
xy
x
-
=
+
 on the interval 0 4x£ £ ;  
7) sin 2y x x= -  on the interval 
2 2
xp p- £ £ ; 
8) 
2
2
1
1
x xy
x x
- +=
+ -
 on the interval 0 1x£ £ . 
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IV. Find the intervals of convexity or concavity of the function and 
its flexible points. 
1) 5 43 5 4y x x= - + ;  2) 4 3 212 48 50y x x x= - + - ;  
3) 2 3 436 2y x x x x= + - - ;  4) ( )753 2y x= - + ;  
5) ( )62 2 2y x x= + + + . 
V. Find the extrema of the functions using the second derivate. 
1) 22y x x= - ; 2) ( )22y x a x= - . 
VI. Find the extrema of the functions using the higher derivatives. 
1) 46y x= - ; 2) 64 15y x= + . 
VII. Find the asymptotes of the graphs of functions. 
1) xy xe= ; 2) sin xy x
x
= + ; 3) ( )2ln 4y x= - ;  
4) 
22 9
2
xy
x
-
=
+
; 5) 3 23 6y x x= - ; 6) 1
3
xy
x
-
=
-
. 
VIII. Investigate the functions and draw their graphs. 
1) 3 23 9 1y x x x= + - + ; 2) 3 44 1,5y x x= - ;  
3) 2 32 9 3y x x x= + + - ; 4) 4 22y x x= - ;  
5) 3 2y x= - - ; 6) 2 48y x x= - ;  
7) 1 1y
x
= - . 
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INTEGRALS. APPLICATIONS OF INTEGRALS 
 
Vocabulary section  
antiderivative 
(primitive) 
первообразная 原型 
basis of trapezium  основание трапеции 梯形的基地 
bottom limit of 
integration  
нижний предел 
интегрирования 
底部的极限一体化 
curvilinear trapezium  криволинейная трапеция 曲线梯形 
definite integral  определенный интеграл 定积分 
indefinite integral  неопределенный интеграл 不定积分 
integral  интеграл 积分 
integrated sum  интегральная сумма 总和总结 
integration by parts  интегрирование по частям 综合化部分 
interval of integration  интервал интегрирования 间隔时间综合化 
limit of integration  предел интегрирования 综合化极限 
method of 
decomposition  
метод разложения 分解的方法 
method of substitution  метод замены переменой 方法所取代的变化量 
underintegral 
expression 
подынтегральное 
выражение 
综合化的元素 
underintegral function  подынтегральная функция 被积函数 
upper limit of 
integration  
верхний предел 
интегрирования 
上部积分域 
variable of integration  переменная 
интегрирования 
可变一体化 
           
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12.1. The Concept of Antiderivative and Indefinite Integral  
The basic problem of the differential calculus is to find the 
derivative ( )y x¢  from given function ( )y f x= .  
There are many problems in science and technology where the 
function ( )F x  of given derivative ( ) ( )F x f x¢ =  is used. 
The function ( )F x  is called an antiderivative for the function 
( )f x  on the interval [ ],a b , if the function ( )F x  is differentiable at 
any point of this interval and it is true that: ( ) ( )F x f x¢ = .  
For example, the function 
3
( )
3
xF x =  is an antiderivative for the 
function 2( )f x x=  on the real axis ( x RÎ ), because 
3
2( ) ( ), .
3
xF x x f x x R
¢
æ ö¢ = = = Îç ÷
è ø
 Obviously, that ( )
3
3
xF x C= +  is 
also an antiderivative for the function 2y x= , where C  is a constant.  
Theorem. If the function is continuous on the interval [ ],a b , it 
has a lot of antiderivatives differed by a constant on this interval.  
Finding the antiderivative of the function is the basic problem of 
integral calculus.  
The set of antiderivatives ( )F x C+  for a given function ( )f x  
on the interval [ ],a b  is called the indefinite integral of the function 
( )f x  on this interval and is denoted as: ( )f x dxò .  
 
REMEMBER! 
If  F(x) is any antiderivative of the function ( )f x , then 
 ( ) ( )f x dx F x C= +ò ,  
where ( )f x dx  is the integrand; x  is the integration variable; ò  is the 
sign of the indefinite integral; C  is an arbitrary constant. 
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For example, 
3
2
3
xx dx C= +ò . 
Finding the indefinite integral (or antiderivative) of the function 
is called the integration of this function.  
Integration is often introduced as the reverse process to 
differentiation.  
 
Answer the questions 
1. Which function is called an antiderivative for the function 
( )f x  on the interval [ ],a b ? 
2. How many antiderivatives does the continuous function [ ],a b  
have on the interval? 
3. What is the basic problem of integral calculus? 
4. What is the indefinite integral? 
5. What is the integration? 
12.2. Formulas for Calculating the Elementary Integrals  
A list of formulas for calculating the elementary integrals are 
represented below. These formulas have corresponding differentiation 
formulas.  
1. 
1
, ( 1),
1
n
n xx dx C n
n
+
= + ¹ -
+ò  ( )
1 1 1
1 ;
1 1
n n
nx xC n x
n n
+ + -¢æ ö
+ = + × =ç ÷+ +è ø
 
2. { }ln , ( \ 0 ),dx x C x R
x
= + Îò   ( )
1ln x C
x
¢
+ = ; 
3. sin cos , ( ),x dx x C x R= - + Îò   ( )cos sinx C x
¢- + = ; 
4. cos sin , ( ),x dx x C x R= + Îò   ( )sin cosx C x
¢+ = ; 
5. 2 tan , , ,cos 2
dx x C x k k Z
x
p
pæ ö= + ¹ + Îç ÷
è øò   ( ) 2
1tan
cos
x C
x
¢+ = ; 
6. ( )2 cot , , ,sin
dx x C x k k Z
x
p= - + ¹ Îò   ( ) 2
1cot
sin
x C
x
¢- + = ; 
s 
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7. ( )2
arctan ,
,
arccot ,1
x Cdx x R
x Cx
+ì
= Îí- ++ î
ò  
( )
( )
2
arctan 1
1arccot
x C
xx C
¢ ü+ ï =ý¢ +ï- + þ
; 
8. ( )
2
arcsin ,
1
arccos ,1
x Cdx x
x Cx
+ì
= <í- +- î
ò , 
( )
( ) 2
arcsin 1
1arccos
x C
xx C
¢ ü+ ï=ý¢ -- + ïþ
; 
9. ( ), 0, 1 ,
ln
x
x aa dx C a a
a
= + > ¹ò  ;ln
x
xa C a
a
¢
æ ö
+ =ç ÷
è ø
 
10. ,x xe dx e C= +ò  ( )x xe C e
¢
+ = ; 
11. 2 2
1 ln , ;
2
dx x a C x a
x a a x a
-
= + ¹
- +ò   2 2
1 1ln
2
x a C
a x a x a
¢
-æ ö
+ =ç ÷+ -è ø
; 
12. 2 2
2 2
ln ,dx x x a C
x a
= + ± +
±ò
 ( )2 2 2 21ln x x a C x a
¢
+ ± + =
±
. 
It should be noted that there are integrals that cannot be found 
with help of elementary functions, such as: 
2
;xe dx-ò    sin x dxxò  etc. 
 
Answer the questions 
1. Write a formula for calculating the integral of the function ny x= .  
2. Find the integral of the function 1y x-= .  
3. What is the integral of the function ( ) 2 2
1f x
x a
=
-
?  
4. Write the basic formulas of integrals for trigonometric functions.  
5. Write the function, which integral is equal to tan x ?  
6. Write the integrand, if its antiderivate is equal to arctan x  or 
arccot x .  
7. How does the antiderivate of exponential function xy a=  change, 
if its base is equal to a e= ?  
s 
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12.3. Basic Properties of the Indefinite Integral  
1. The differential of the indefinite integral is equal to the 
integrand: ( )( ) ( )d f x dx f x dx=ò .  
2. The indefinite integral of differential of some function is 
equal to this function plus an arbitrary constant: ( ) ( )d F x F x C= +ò . 
Hence, differentiation and integration are mutually inverse operations. 
3. Constant factor can be pulled out of the integral: 
( ) ( )k f x dx k f x dx=ò ò , ( const, 0)k k= ¹ .  
4. The indefinite integral of the sum of functions equals the sum 
of indefinite integrals: ( ) ( ) ( ) ( )1 2 1 2f x f x dx f x dx f x dx± = ±é ùë ûò ò ò .  
5. We can use all formulas of integration with any differentiable 
function of x . If ( ) ( )f x dx F x C= +ò , then ( ) ( )f u du F u C= +ò , 
where ( )u xj=  is any differentiable function of x . 
Example 1. Find the integral: sin cosx x dx×ò . 
Solution. We know that cos x  is the derivative of sin x , that is why the integral 
can be rewritten as follows: ( )sin cos sin sinx x dx x d x udu× = × =ò ò ò . 
We have sinu x= , and ( )cos sinx dx d x du= × = . The obtained integral is a 
tabular one: 
2 2sin
2 2
u xudu C C= + = +ò . 
Answer. 
2sinsin cos
2
xx x dx C× = +ò . 
Example 2. Find the integral: 5xe dx-ò . 
Solution. Multiply and divide the integral by (–5) and put the factor (–5) in the 
sign of the integral: ( ) ( )5 51 15 55 5
x xe dx e d x- -- - × = - -ò ò . 
Substitute 5u x= - , then 5du dx= - . We obtain the tabular integral: 
5
5 1
5 5
x
x u ee dx e du C
-
- = - = - +ò ò . 
Answer. 
5
5
5
x
x ee dx C
-
- = - +ò . 
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As it is shown from the examples above, for calculating the 
integrals we need to lead the integrand to the tabular integral form.  
 
Answer the questions 
1. What is the differential of an indefinite integral?  
2. What is the integral of the differential of a function?  
3. Write a formula for the integral of the sum of functions.  
4. How does the formula of integration change, if we use a 
differentiable function as an independent variable?  
5. Can we pull out a constant factor of the integral?  
12.4. Basic Methods of Integration  
Let’s consider some methods of integration.  
The variable of integration substitution is one of the most 
important methods of calculating integrals.  
The first method (substituting a new variable). If you know that 
( ) ( )f x dx F x C= +ò , then the equality ( ) ( ) ( )f t t dt F t Cj j j¢ = +é ù é ùë û ë ûò  
is true, where ( )tj  is a differentiable function.  
Example 3. Find the integral: cos5x dxò . 
Solution. Make substitution: 5t x= , then 5dt dx= , and 
5
dtdx = . The integral 
will be a tabular one: 1 1 1cos cos sin sin5
5 5 5 5
dtt t dt t C x C= = + = +ò ò . 
Answer. 1cos5 sin5
5
x dx x C= +ò . 
Example 4. Find the integral: 7sin cosx x dxò . 
Solution. Make substitution: cos x t= , and find sindt x dx= - , then  
8 8
7 7 cossin cos 8 8
t xx x dx t dt C C= - = - - = - +ò ò . 
Answer. 
8
7 cossin cos 8
xx x dx C= - +ò . 
s 
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Example 5. Find the integral: 
3ln x dx
xò . 
Solution. Make substitution: ln x t=  and find 1dt dxx= , then 
3 4 4
3ln ln
4 4
x dx t xt dt C Cx = = + = +ò ò . 
Answer. 
3 4ln ln
4
x dx x Cx = +ò . 
Example 6. Find the integral: 
( )52 1
dx
x -ò . 
Solution. Make substitution: 2 1x t- = , and obtain 2 2
dtdx dt dx= Þ = , then 
( ) ( ) ( )
5 1 4
5 5 4
1 1 1
2 2 85 12 1 8 2 1
dx dt t t C C
tx x
- + -
= = × = - + = - +
- +- -ò ò . 
Answer. 
( ) ( )5 4
1
2 1 8 2 1
dx C
x x
= - +
- -ò . 
Example 7. Find the integral: 
( )
( )
2
3 2
9 2
3 2 4
x dx
x x
+
+ -ò . 
Solution. Make substitution: 33 2 4x x t+ - = , then ( )29 2dt x dx= + . Obtain: 
( )
( )
2
2 33 2
9 2 1 1
3 2 43 2 4
x dx dt C Ctt x xx x
+
= = - + = - +
+ -+ -ò ò . 
Answer. 
( )
( )
2
33 2
9 2 1
3 2 43 2 4
x dx
C
x xx x
+
= - +
+ -+ -ò . 
The second method (expanding method).  
If ( ) ( ) ( )1 2f x f x f x= + ; ( )2f x  and ( )2f x  have the antiderivatives, then 
 ( ) ( ) ( )1 2f x dx f x dx f x dx= +ò ò ò . 
Example 8. Find the integral: ( )5 45 3 4x x x dx- - +ò . 
Solution. Write this integral as algebraic sum of the integrals and find each of 
them separately: ( )5 4 5 45 3 4 5 3 4x x x dx x dx x dx x dx dx- - + = - - + =ò ò ò ò ò  
6 5 6
2 5 23 35 4 4 .6 5 2 6 2
x x xx x C x x x C= - - + + = - - + +  
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Check. Find the derivative of the result: 
6
5 2 5 43 4 5 3 46 2
x x x x C x x x
¢
æ ö- - + + = - - +ç ÷
è ø
.  
We obtained the integrand. Therefore, the result is correct .  
Answer. ( )
6
5 4 5 235 3 4 46 2
xx x x dx x x x C- - + = - - + +ò . 
Example 9. Find the integral: 
23
3
2 3x x x
x
+ -ò . 
Solution. Change the integrand. Divide each term of numerator of the 
polynomial by the denominator and write the result as a sum of integrals: 
51 11513 2 62
62
3
2 3 2 3 2 3 ln1 51 1
2 6
x x x dx x xdx x dx x dx x C
xx
- +- +
--+ -
= + - = + - + =
- + - +
ò ò ò ò  
11
62
62 3 ln 4 18 ln .1 1
2 6
x x x C x x x C= + - + = + - +  
Answer. 
3 2
6
3
2 3 4 18 lnx x x x x x C
x
+ -
= + - +ò . 
 
REMEMBER! 
If the greatest exponent of the polynomial numerator in the 
integrand equals to the greatest exponent of the polynomial 
denominator, it is necessary to divide the numerator by the 
denominator and write the integral in the form of algebraic sum of the 
integrals.  
Example 10. Find the integral: 14
x dxx
-
+ò . 
Solution. Change the integrand and separate the whole part of the fraction.  
For this, add and subtract 4 in the numerator:  
( )4 4 1 4 5 514 4 4x xdx dx dxx x x+ - - + -= = -+ + +ò ò ò . 
The resulted integral is represented as the sum of integrals:  
( )5 51 5 5ln 44 4 4dxdx dx dx dx x x Cx x x- = - = - = - + ++ + +ò ò ò ò ò . 
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Then, ( )4 ln 44 4
d xdx x Cx x
+
= = + +
+ +ò ò , because ( )4d x dx+ = . 
Answer. 1 5ln 44
x dx x x Cx
- = - + +
+ò . 
 
REMEMBER! 
If the numerator of the integrand is a constant, and the 
denominator is a quadratic trinomial, then denominator can be 
extended to the complete square, and the integral is reduced to the 
tabular integral form:  
2 2
1 arctan
2
du u C
u a a
= +
+ò   or  2 2
1 ln
2
du u a C
u a a u a
-
= +
- +ò . 
Example 11. Find the integral: 2 6 5
dx
x x+ +ò . 
Solution. Add and subtract “4” in the denominator and obtain: 
2 2 26 5 6 5 4 4 6 9 4
dx dx dx
x x x x x x
= = =
+ + + + + - + + -ò ò ò  
( ) ( ) ( )2 2 23 4 3 2
dx dx
x x
= =
+ - + -ò ò . 
Substitute a new variable: 3u x= + , then du dx= . Rewrite the integral as: 
( ) ( ) ( )2 2 22
1 2ln2 2 23 2 2
dx du u Cux u
-= = + =
× ++ - -ò ò  
1 3 2 1 1ln ln4 3 2 4 5
x xC Cx x
+ - += + = +
+ + +
. 
Answer. 2
1 1ln4 56 5
dx x Cxx x
+= +
++ +ò . 
Example 12. Find the integral: 2 6 13
dx
x x+ +ò . 
Solution. Make transformations in denominator and rewrite the integral:  
( ) ( )2 2 26 9 4 3 2
dx dx
x x x
=
+ + + + +ò ò . Substitute a new variable 3u x= + , 
then: 
( ) ( ) ( )2 2 22
1 1 3arctan arctan2 2 2 23 2 2
dx dx u xC C
x u
+= = + = +
+ + +ò ò . 
Answer. 2
1 3arctan2 26 9 4
dx x C
x x
+= +
+ + +ò . 
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The third method (integrating by parts). The formula of 
integration by parts is given by: UdV UV VdU= -ò ò . 
Example 13. Find the integral: sinx x dxò . 
Solution. If U x= , sindV x dx= , then dU dx= , cosV x= - .  
From the formula of integration by parts, it can be written: sinx x dx =ò  
( ) ( )cos cos cos cos cos sinx x x dx x x x dx x x x C= - - - = - + = - + +ò ò . 
Answer. sin cos sinx x dx x x x C= - + +ò . 
 
REMEMBER! 
The integrals ( )sin ,P x kxdxò  ( )cos ,P x kxdxò  ( ) ,kxP x e dxò  can 
be computed by parts, where ( )P x  is a polynomial that denotes as U . 
Example 14. Find the integral: ( ) 21 xx e dx-ò . 
Solution. If  1,U x= -  2 ,xdV e dx=  then ,dU dx=  212
xV e= .  
From the formula of integration by parts, it can be written: 
( ) ( ) ( )2 2 2 2 21 1 1 11 1 12 2 2 4
x x x x xx e dx x e e dx x e e C- = - - = - - +ò ò . 
Answer. ( ) ( )2 2 21 11 12 4
x x xx e dx x e e C- = - - +ò . 
 
REMEMBER! 
The integrals ( ) ln ,P x x dxò  ( )arcsin ,P x x dxò  
( )arccos ,P x x dxò  ( )arctanP x x dxò  can be computed by parts, where 
( )P x  is a polynomial of x  and ( )dV P x dx= . 
Example 15. Find the integral: ( )34 6 7 ln .x x xdx+ -ò  
Solution. If ln ,U x=  ( )34 6 7 ,dV x x dx= + -  then ,dxdU x=  
4 23 7V x x x= + - . From the formula of integration by parts, it can be written: 
Integrals. Applications of integrals  
 375
( ) ( )
4 2
3 4 2 3 74 6 7 ln 3 7 ln x x xx x x dx x x x x dxx
+ -+ - = + - - =ò ò  
( )
4 2
4 2 33 7 ln 7 .4 2
x xx x x x x Cæ ö= + - - + - +ç ÷
è ø
 
Answer. ( ) ( )
4 2
3 4 2 34 6 7 ln 3 7 ln 74 2
x xx x x dx x x x x x Cæ ö+ - = + - - + - +ç ÷
è øò . 
The forth method (integrating rational functions). Rational 
functions are always integrated in elementary functions. All rational 
functions (polynomials) can be integrated as follows:  
( )
1 2
1
0 1 1 0 1 11 2
n n
n n
n n n n
x x xa x a x a x a dx a a a a x Cn n
+
-
- -+ + + + = + + + + ++ò K K . 
The integral of a rational function can be found as a sum of 
elementary terms.  
If the power of the numerator ( )P xé ùë û is greater than or equal to the 
power of the denominator of polynomial we need to divide a polynomial 
( )P x  by a polynomial ( )Q x . We obtain a rational function ( )N x  and 
fractional rational function ( )( )
1P x
Q x
. The power of the polynomial ( )1P x  is 
less than the power of the polynomial ( )Q x : 
( )
( ) ( )
( )
( )
1P x P xdx N x dx
Q x Q x
æ ö
= +ç ÷
è ø
ò ò  
The integration of an entire rational function is not complicated, 
but proper rational fraction can be represented as a sum of elementary 
fractions of two types: 
( )m
A
x a-
 and 
( )2 n
M x N
x px q
+
+ +
, where m and n 
are positive numbers.  
To write a proper rational fraction as a sum of elementary 
fractions, we should factor its denominator ( )Q x .  
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1. If the equation ( ) 0Q x =  has only real roots, and they are 
different, then we obtain all the terms of the form 
( )
A
x a-
:  
( )
( )
1 1 2
1 2
n
n
P x A A Adx dx dx dx
Q x x a x a x a
= + + +
- - -ò ò ò òK . 
2.  If the equation ( ) 0Q x =  has real roots, but they are multiple 
with multiplicities k , then:  
( )
( ) ( ) ( ) ( ) ( )
1 1 2
2
k
k k
P x B B dx B dx B dxdx dx
Q x x bx b x b x b
= = + + +
-- - -ò ò ò ò òK . 
3. If the equation ( ) 2 0Q x x px q= + + =  has no real roots, but it 
has one pair of complex conjugate numbers ( );a a , then  
( )
( )
1
2
P x Cx Ddx dx
Q x x px q
+
=
+ +ò ò .  
4. If the equation ( ) ( )2 tQ x x px q= + +  has a pair of complex 
conjugate numbers of multiplicities t, then: 
( )
( ) ( )
( ) ( )
1
2
1 1 2 2
22 2 2
.t
t
t t
P x Mx Ndx dx
Q x x px q
M x NM x N M x Ndx dx dx
x px q x px q x px q
+
= =
+ +
++ +
= + + +
+ + + + + +
ò ò
ò ò òK
 
To determine coefficients A, B, C, D, M and N we need to write 
the system of equations, using the equality of the coefficients with 
equal powers of x at the left and right sides of these formulas.  
Let us analyze methods of integration of rational functions with 
some examples.  
Example 16. Find the integral: ( )
3
2
1x
dx
x x
+
-ò . 
Solution. This integrand is an improper fraction (in numerator the highest power 
of variable x  equals 3, and in the denominator the highest power of 
Integrals. Applications of integrals  
 377
variable x  equals 2). Isolate an entire part of the fraction. For this divide the 
numerator ( )3 3 21 3 3 1x x x x+ = + + +  by the denominator 2x x- . We obtain:  
3 2 2
3 2
2
2
3 3 1
4
4 3 1
4 4
7 1
x x x x x
x x x
x x
x x
x
+ + + -
- +
+ +
-
+
 
Rewrite the integrand in the form: ( )
3 3 2
2 2 2
1 3 3 1 7 14
x x x x xx
x x x x x x
+ + + + +
= = + +
- - -
. 
Since the roots of the equation: 2 0x x- =  are real numbers 1 0x = , 2 1x = , 
then the proper fraction 2
7 1x
x x
+
-
 can be represented as a sum of terms: 
2
1 2
7 1
1
x A B A B
x x x x x x x x
+
= + = +
- - - -
. 
Let us find the unknown coefficients A and B. For this, equate coefficients of 
like powers of a variable x  in the resulted equality. Here is the common 
denominator of the right side of the last equality:  
( )
( ) ( )
( )
( )2
1
17 1 .
1 1 1 1
x x
A x Bx A B x Ax Ax A BxA B
x x x x x x x x x x
-
- + + -+ - +
= + = = =
- - - - -
 
In the equality ( )
( )2
7 1
1
A B x Ax
x x x x
+ -+
=
- -
 the denominators at left and right sides 
are equal: ( )2 1x x x x- = - . It is known that fractions are equal, if the 
denominators and numerators of fractions are equal. Therefore, if we need 
equality of fractions, the  numerators must be also equal: 
( )7 1x A B x A+ = + - . Therefore, 7A B+ =  and 1A- = . We obtain a system 
of two equations and calculate the coefficients A  and B : 
7
1, 8.
1
A B
A B
A
+ =ì
Þ = - =í- =î
   2
7 1 1 8
1
x
x x x x
+ -
= +
- -
. All the integrand can be 
written as:  ( )
3
2 2
1 7 1 1 84 4
1
x xx x
x x x x x x
+ +
= + + = + - +
- - -
. 
Check. Let us find the derivative of the obtained expression:  
2 2 1 14 ln 8ln 1 4 8
2 2 1
x xx x x C
x x
¢
æ ö
+ - + - + = + - + =ç ÷ -è ø
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( ) ( ) ( ) ( )
( )
2 24 8 11 1 1 8
4 1 1
x
x x x x x x xx x x x x
x x x x x
- + - + - +- - -
= + - + = =
- -
 
( ) ( )
( )33 2 2 3 2
2
14 4 8 1 3 3 1
1 1
xx x x x x x x x x
x x x x x x
+- + - + - + + + +
= = =
- - -
. 
The given integral can be represented as a sum of integrals:  
( )3
2
1 1 8 84 4
1 1
x dxdx x dx xdx dx dx
x x x x x x
+ æ ö= + - + = + - + =ç ÷- - -è øò ò ò ò ò ò  
Cxxxx +-+-+= 1ln8ln4
2
2
. 
The expression ( )
3
2
1x
x x
+
-
 is the integrand. Therefore, the found integral is 
correct.  
Answer. ( )
3 2
2
1
4 ln 8ln 1
2
x xdx x x x C
x x
+
= + - + - +
-ò . 
Example 17. Find the integral: 
3 2
4
4 2 1x x x dx
x x
+ - +
+ò . 
Solution. The integrand is a proper fraction. Factor the denominator ( )( )4Q x x x= +  
and equate it to zero: ( ) ( ) ( )4 3 21 1 1 0x x x x x x x x+ = + = + - + = . The roots 
of this equation are two real numbers: 1 0x = , 2 1x = -  and a pair of complex 
conjugate numbers: 3,4 1 3x i= ± . Therefore, the integrand fraction can be 
represented as a sum of elementary fractions:  
 
( )
( ) ( )
3 2
1 2
22
4 2 1
1 11 1
x x x dx A A Bx C dx
x x x xx x x x
+ - + +æ ö= + +ç ÷+ - ++ - + è øò ò . (*) 
Equating the integrands of the left and right-hand side of expression:  
( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( )
2 23 2
1 2
2 2
1 1 1 14 2 1
1 1 1 1
A x x x A x x x Bx C x xx x x
x x x x x x x x
+ - + + × - + + + × ++ - +
=
+ - + + - +
. 
After transformation we obtain:  
( ) ( )
( ) ( ) ( )
( ) ( )
3 23 2
1 2 2 2 1
2 2
4 2 1
1 1 1 1
A A B x B C A x C A x Ax x x
x x x x x x x x
+ + + + - + + ++ - +
=
+ - + + - +
. 
Multiply the left and right side of the equation by ( ) ( ) ( )21 1Q x x x x x= + - + , 
then ( ) ( ) ( )3 2 3 21 2 2 2 14 2 1x x x A A B x B C A x C A x A+ - + = + + + + - + + + .  
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Equate coefficients of identical powers x  and obtain four equations. Find 
1 2, ,A A B  and C :  
1 2 1
2 2
2
1
1 1
4 2
2 2
1 0 .
A A B A
B C A A
C A B
A C
+ + = =ì ì
ï ï+ - = = -ï ïÞí í+ = - =ï ï
ï ï= =îî
 
Substitute the obtained values 1 2, ,A A B  and C  in the formula (*):  
3 2
1 2
4 2
4 2 1
1 1
x x x A A Bx Cdx dx
x x x x x x
+ - + +æ ö= + + =ç ÷+ + - +è øò ò  
2 2
1 2 2 22
1 1 1 1
x dx dx xdxdx
x x x x x x x x
æ ö= - - = - -ç ÷+ - + + - +è øò ò ò ò . 
We will find each of the integrals separately.  
The first integral is a tabular integral: 1 ln
dxI xx= =ò . 
In the second integral 2 2 1
dxI x= +ò  we substitute a new variable 1t x= + , 
then dt dx=  obtain the tabular integral of t :  
2 2 2 2ln 2ln 11
dx dtI t xx t= = = = ++ò ò . 
In the third integral 3 2
2
1
xdxI
x x
=
- +ò  we add and subtract “1” in the numerator, 
then: 3 4 52 2 2
2 1 1 2 1
1 1 1
x x dxI dx dx I I
x x x x x x
- + -= = + = +
- + - + - +ò ò ò . 
In the integral 4I  we substitute a new variable 
2 1U x x= - +  and obtain 
( )2 1dU x dx= - , then: 24 2
2 1 ln 1
1
x dUI dx x xUx x
-= = = - +
- +ò ò . 
Integral 
( )
5 2 222 1 31 1 34 4 2 2
dx dx dxI
x x x x x
= = =
- + æ ö- + + - + ç ÷
è ø
ò ò ò . 
If we substitute: 1
2
z x= -  in the integral 5I , then dz dx=   and we obtain: 
( )
5 2 2 22
2
1 1 3 3
2 2 2
dx dx dzI
x x
x z
= = = =
- + æ ö æ ö- + +ç ÷ ç ÷
è ø è ø
ò ò ò  
( )2 1 21 1 2 2 1arctan arctan arctan .
3 3 3 2 3 3 3
2 2 2
xz x- × -= = =
×
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Obtain: 23 4 5
2 2 1ln 1 arctan
3 3
xI I I x x -= + = - + + . Now it can be written: 
3 2
2
1 2 34
4 2 1 ln 2ln 1 ln 1x x xI dx I I I x x x x
x x
+ - +
= = - + = - + + - + +
+ò  
( )
( )
2
2
12 2 1 2 2 1arctan ln arctan .
3 3 3 31
x x xx xC C
x
× - +- -
+ + = + +
+
 
Answer. 
( )
( )
23 2
24
14 2 1 2 2 1ln arctan .
3 31
x x xx x x xdx C
x x x
× - ++ - + -
= + +
+ +ò  
 
Answer the questions 
1. What basic methods of integration do you know?  
2. What techniques for integrating rational functions do you 
know?  
3. Write the formula of integration by parts.  
4. What terms are denoted by U and by dV in the integrals 
( ) lnP x x dxò  and ( ) sinP x x dxò ?  
5. When do we use the method of substitution in integration?  
12.5. The Concept of the Definite Integral   
Let us consider a flat figure ABCD in the xy -plane (Fig. 12.1). 
This figure is called a curvilinear trapezoid.  
 
Figure 12.1 
B  
( )iy f x=  
y  
C  
nx b=  
D  A  
0  1ix -  ix  1nx -  0x a=  1x  2x  K K x  
nx b=  
s 
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Curvilinear trapezoid is a figure which is bounded by the x-axis, 
the line ( )y f x=  and two straight lines x a=  and x b= . 
Any line, parallel to the у-axis, crosses the line ( )y f x=  at the 
only one point. 
Interval [ ],a b  on the x-axis is called the base of the curvilinear 
trapezoid. Let’s divide the interval [ ],a b  into n parts by the points 
0 ,x 1,x ..., nx . Construct a new rectangle with base ( )1i i ix x x x -D D = -  
and height ( )if x  on each interval. The area of the i-th rectangle is 
equal to ( )i if x xD , and the sum of all squares is:  
( ) ( ) ( )
1
0 0 1 1 1 1
0
( )
n
n n n i i
i
S f x x f x x f x x f x x
-
- -
=
= D + D + + D = DåK  
When 0ixD ®  (n ® ¥ ), then the area of the curvilinear 
trapezoid is equal to: lim nnS S®¥= . This limit does not depend on the 
method of dividing the interval [ ],a b  into parts, it is necessary only 
that the largest of xD  should tend to zero.  
 
Theorem. There is a limit ( )
1max 0
lim
i
n
i in ix
f x x
® ¥
=D ®
Då  for any 
continuous function ( )f x  on the interval [ ],a b . This limit does not 
depend on the method of partitioning the interval by points ix . 
The sum ( )
1
0
n
i i
i
f x x
-
=
Då  is the integral sum of function ( )f x  on 
the interval [ ],a b . The operation of finding the limit of this sum is 
called the integration of functions on the interval.  
The limit of the integral sum is called the definite integral of 
function ( )f x  on the interval [ ],a b :  ( )lim
b
nn
a
S f x dx
® ¥
= ò . 
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Consequently, the area of the curvilinear trapezoid can be found 
from the formula: ( ) ,
b
a
S f x dx= ò  where а is the lower limit of 
integration; b is the upper limit of integration; [ ];a b  is the integration 
interval.  
The Properties of Definite Integrals  
1. ( ) ( ) , const
b b
a a
k f x dx k f x dx k= -ò ò . 
2. ( ) ( ) ( ) ( )
b b b
a a a
f x x dx f x dx x dxj j+ = +é ùë ûò ò ò . 
3. ( ) ( )
b a
a b
f x dx f x dx= -ò ò . 
4. ( ) ( ) ( )
b c b
a a c
f x dx f x dx f x dx= +ò ò ò ,    [ ],c a bÎ . 
5. ( ) ( ) [ ]0, 0 ,
b
a
f x dx if f x on a b³ ³ò . 
6. ( ) 0,
b
a
f x dx if a b= =ò . 
 
REMEMBER! 
The fundamental theorem of calculus, or "FTC" (or the Newton-
Leibniz formula), offers a quick and powerful method of evaluating 
definite integrals: ( ) ( ) ( ) ( ) ,
b
a
b
f x dx F x F b F a
a
= = -ò  where ( )F x  
is the antiderivative of the function ( )f x .  
It must be emphasized, that an indefinite integral is a function, 
and the definite integral is a number.  
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Example 18. Find the definite integral: ( )
3
3 2
2
2 5x x dx+ -ò . 
Solution. First, find the antiderivative: ( )
4 3
3 22 5 2 5
4 3
x xx x dx x+ - = × + -ò  
Use the Newton-Leibniz formula:   
( )
33 4 3 4 3 4 3
3 2
2 2
3 3 2 2 2032 5 5 5 3 5 2
2 3 2 3 2 3 6
x xx x dx x
æ ö æ ö æ ö
+ - = + - = + - × - + - × =ç ÷ ç ÷ ç ÷
è ø è ø è ø
ò . 
Answer. ( )
3
3 2
2
2032 5
6
x x dx+ - =ò . 
Example 19. Find the definite integral: 
2
0
cos x dx
p
ò . 
Solution. First, find the antiderivative and use the Newton-Leibniz formula:  
2
2
0
0
cos sin sin sin0 1
2
x dx x
p
p
p
= = - =ò . 
Answer. 
2
0
cos 1x dx
p
=ò . 
 
Answer the questions 
1. Which figure is called a curvilinear trapezoid?  
2. What is the basis of a trapezoid?  
3. How many points of intersection with the graph of the curve 
( )y f x=  may have a line parallel to the у-axis on the interval 
[ ],a b ?  
4. What does the expression 
1
0
( )
n
i i
i
f x x
=
=
Då  mean?  
5. What is the limit of the integral sum: ( )lim
b
nn
a
S f x dx
® ¥
= ò ?  
6. What is the area of the curvilinear trapezoid?  
 
s 
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12.6. Methods of Integration for Definite Integrals 
For the definite integral, calculating it is used the same rules as 
for indefinite integral calculating.  
 
REMEMBER!  
The formula of integration by parts for definite integrals is 
given by formula: 
( )
b b
a a
b b
U dV U V V dU UV V dU
a a
× = × - × = - ×ò ò ò . 
Example 20. Find the integral: ( )ò ×-
6
0
3sin2
p
dxxx . 
Solution. If we substitute: xU -= 2 , then: sin3dV x dx= .  
Find ( )2dU dx dxx ¢= = -- , and cos3sin 3 3
xV x dx= = -ò . 
We use the formula of integration by parts:  
( ) ( ) ( ) ( ) ( )6 66
00 0
cos3 cos32 sin 3 2 3 3
x xx x dx x dx
p pp
é ù- × = - × - - - × - =ê úë ûò ò  
( ) ( ) ( ) ( )66 6 6
0 00 0
cos3 3cos3 1 1 12 2 cos3 sin33 3 3 3 9
x d xxx x x x
pp p p
é ù= - × - - = - - × - =é ùë ûê úë û ò  
( ) ( ) ( ) ( ) ( ) ( )1 2 3cos 2 0 3cos sin sin3 33 0 3 09 6 6 6p p pé ù= - - × - - × + - =× ×× ×ê úë û  
[ ]1 50 2 3 1 09 9= - - × + - = . 
Answer. ( )
6
0
52 sin 3 9x x dx
p
- × =ò . 
Example 21. Find the integral: 
4
1
ln
e
x x dxò . 
Solution. If lnU x= , then dV x dx= .  
Find: ( )ln dxdU x dx x
¢= =  and 
3
1 2
2 2 2
3 3
xV dV x dx x dx x x= = = = =ò ò ò . 
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We use the formula of integration by parts: 
4 44 4 4
1 1 11 1
2 2 2 2 2ln ln ln3 3 3 3 3
e ee e ex x dxx x dx x x x x x x x xx
×= × × - × = × × - × × =ò ò  
4
4 4 4
1
2 2 2 2 2 2ln ln 1 1 ln13 3 3 3 3 3
e
x x x e e eæ ö æ ö æ ö= - + = × × - + - × × - + =ç ÷ ç ÷ ç ÷
è ø è ø è ø
 
( )6 62 2 2 2 44 5 13 3 3 3 9e e
æ ö æ ö= × - + - × - = +ç ÷ ç ÷
è ø è ø
. 
Answer. ( )
4
6
1
4ln 5 19
e
x x dx e= +ò . 
 
REMEMBER! 
Formula for definite integrals with substitution: 
( ) ( ) ( )
2 2
1 1
x t
x t
f x dx f t t dt¢= Y × Yé ùë ûò ò , 
where ( )x t= Y  is a continuous and differentiable function on the 
interval [ ]1 2,t t . This interval cannot be smaller than the interval 
[ ]1 2,x x , where a continuous function ( )f x  is being integrated.  
The original limits of integration 1x  and 2x  relate with new 
limits of integration 1t  and 2t  as the original variable x  relates with a 
new variable t .  
Example 22. Find the definite integral: ( )
3
3
2
2 1x dx-ò . 
Solution. Substitute a new variable: 2 1t x= - , then 2dt dx= , where 
2
dtdx = .  
The new limits of integration will be the following: if 1 2x = , then 1 3t = ; and 
if 2 3x = , then 2 5t = . 
( )
53 5 5 4 4 43 3 3
32 3 3
1 5 32 1 682 2 8 8 8
dt tx dx t t dt- = × = = = - =ò ò ò . 
Answer. ( )
3
3
2
2 1 68x dx- =ò . 
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It is often used formula ( )U xj=  for substituting a variable in a 
definite integral. Therefore, new limits of integration 1U  and 2U  are 
determined by formulas  ( )1 1U xj= , and  ( )2 2U xj= . 
Example 23. Find the definite integral: 
2
2
0
sin
1 cos
xI dx
x
p
=
+ò . 
Solution. Substitute a new variable: cosU x= . Then sindU x dx= - . New limits 
of integration can be written: 1 cos0 1U = = , 2 cos 02U
p= = . 
Rewrite the integral with a new variable and calculate it. 
0 12 1
2 2 2
00 1 0
sin arctg 41 cos 1 1
x dU dUI dx U
x U U
p
p-= = = = =
+ + +ò ò ò . 
Answer. 
2
2
0
sin
41 cos
xI dx
x
p
p= =
+ò . 
It can be shown that if the integrand is odd, the definite integral 
with symmetric limits [ ],a a-  is equal to zero, and if the integrand is 
even, this integral equals ( )
0
2
a
f x dxò .  
( )
( ) ( )
( ) ( ) ( )
0
0 , if ,
2 , if .
a
a
a
f x f x
f x dx f x dx f x f x
-
ì =- -
ï=í = -ïî
ò ò
 
Example 24. Find the definite integral: 
1
5
1
x dx
-
ò . 
Solution. The integrand is odd, because ( ) ( ) ( )5 5f x x x f x- = - = - = - , therefore, 
1
5
1
0x dx
-
=ò .  
Check. We find the integral using the Newton-Leibniz formula:   
( )1 61 65
1 1
11 1 1 0
6 6 6 6 6
xx dx
- -
-
= = - = - =ò . 
Answer. 
1
5
1
0x dx
-
=ò . 
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Example 25. Find the definite integral: 
1
4
1
x dx
-
ò . 
Solution. The integral ( )44x x= -  is even, then: 
11 1 5
4 4
1 0 0
22 2
5 5
xx dx x dx
-
= = × =ò ò . 
Check. We find the integral, using the Newton-Leibniz formula:   
( )1 51 5 54
1 1
11 1 1 2
5 5 5 5 5 5
xx dx
- -
-
= = - = + =ò . 
Answer. 
1
4
1
2
5
x dx
-
=ò . 
 
Answer the questions 
1. Write the formula of integration by parts for definite integrals.  
2. How can we convert the integrand with substituting a new 
variable?  
3. How can we find new limits of integration?  
4. What is the definite integral with symmetric limits?  
12.7. Areas of Plane Figures, Arc Length of a Plane Curve, 
Volumes of a Solid Revolution, Area of a Surface of 
Revolution 
12.7.1. Areas of Plane Figures 
The area of a plane figure is given by the formula: ( )
b
a
S f x dx=ò .  
To solve the problems with the area of a plane figure calculation, 
it is necessary to use following steps.  
1. Draw the figure. 
2. Find the limits of integration. 
3. Calculate the area of plane figure.  
s 
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Example 26. Calculate the area of the figure bounded by the curve 21 1,
2
y x= +  
straight lines 2x = - , 3x =  and the x -axis.  
 
Figure 12.2 
Solution. 1. Draw the figure. For this, draw graphs of given functions in ху-plane 
and obtain the curvilinear trapezoid АВСDЕ. Therefore, it is necessary to 
calculate the area of the curvilinear trapezoid АВСDЕ (Fig. 12.2).  
2. The limits of integration is expressed as the limits of the variation of 
argument x . Curve ВСD intersects the line 2x = -  at the point ( )2, 3B - . 
Curve ВСD intersects the line 3x =  at the point 13, 5 2D
öæç ÷
è ø
. Therefore, the 
minimum value of the argument is at the point B, where 2x = - , and the 
maximum value is at the point D, where 3x = . Hence, the lower limit of 
integration is 2a = - , and the upper limit is 3b = .  
3. Calculate the area by the formula ( )
b
a
S f x dx= ò . Then:  
( ) ( )
33 3
32
2
2 2
1 1 1 51 27 8 3 2 10
2 2 3 6 6
xS x dx x
-
- -
æ ö= + = × + == + + + =ç ÷
è øò  sq. units. 
Answer. The area of the curvilinear trapezoid is equal to 510
6
 square units.  
Example 27. Calculate the area of the figure bounded by the curve siny x=  and 
the x -axis at the half-period variation of x .  
Solution. 1. Draw a graph of the function siny x=  at half-period variation of x . 
We need to calculate the area of the curvilinear trapezoid OAK (Fig.12.3).  
3x =  2x = -  0  x  
y  
3  
5  
21 1
2
y x= +  
A  
B  
C  
D  
E  
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Figure 12.3 
2. The lower limit of integration is 0a =  and the upper limit is b p= . 
3. Calculate the area using the formula: ( )
b
a
S f x dx= ò . 
( )
0
0
0
sin cos cos cos 0 cos 1 1 2S x dx x x
p p
p
p= = - = = - = - - =ò o  sq. units. 
Answer. The area of the Figure 12.3 equals 2 square units.  
Example 28. Calculate the area of the Figure 12.3 bounded by the curve 21
2
y x=  
and the line 1 1.
2
y x= +  
Solution. 1. Draw the graph of functions 21
2
y x=  and 1 1.
2
y x= +  
It is necessary to find the area of the curvilinear trapezoid АВО (Fig.12.4). 
 
Figure 12.4 
2. Find the limits of integration with the system of equations:
21
2
1 12
y x
y x
ì =ï
í
= +ïî
, then 
21 1 1
2 2
x x= + , where 2 2 0x x- - = . 
M  
B  
O  K  1-  
A  
2-  
1 
0  x  
y  
2  
2  1 
2
p  
O  K  
1 
0  x  
y  
A  
p  
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The solution of this equation is the coordinate x  of the intersection points of 
graphs of functions. These coordinates are equal to 1Ax = -  and 2Bx = . The 
lower limit of integration is 1a = - , and the upper limit is 2b = .  
3. The area of a curvilinear trapezoid ABOS  is equal to the difference between the 
areas of trapezoids KABMS  and KAOBMS . Obtain: ABO KABM KAOBMS S S= - . 
Find the area of trapezoid 
1 2 152 32 2 4KABM
AK BMS KM
++= × = × =  sq. units. 
Find the area of trapezoid 
22 3
2
11
1 8 1 9
2 6 6 6 6KAOBM
xS x dx
--
= = = + =ò  sq. units. 
15 9 90 36 54 9
4 6 24 24 4ABOS
-= - = = =  sq. units. 
Answer. The area of trapezoid АВО is equal to 94  square units. 
12.7.2. Arc Length of a Plane Curve  
We approximate the length of a curve by the length of polygonal 
line segments that closely follow the shape of the curve. We cannot 
directly measure the length of a curve but we can easily measure the 
length of a straight-line segment.  
We replace a hard problem by an easier problem. As we go to the 
limit, that is, simultaneously let the number of line segment 
approximations (the partition) go to infinity and the distance between 
any two adjacent points along the curve (the norm) go to zero, the 
approximations tend in the limit to the exact value of the length of the 
curve.  
The length of the curve is the limit to which the length of the 
broken line tends, if the number of its sides is increasing unlimited 
and the greatest of these sides is tending to zero.  
In the rectangular coordinate system the differential of the length 
of the line ( )y f x=  is equal to: ( )21dl y dx¢= + . The arc length is 
calculated by the formula:  
( )
( )
( ) ( )2 21 1
x y
x y
l dl y dx x dy
B B
A A
B
A
¢ ¢= = + = +ò ò ò . 
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Example 29. Find the length of the arc of a circle 2 2 4x y+ =  between the points 
1 0x =  and 2 2x = . 
Solution. According to the formula of arc length, we find: ( )ò ¢+=
2
0
21 dxyl . (*) 
From the equation of a circle, we find that 24y x= - , and the derivative 
( ) ( ) ( )
1 1
2 22 2
2 2
1 24 4 22 2 4 4
x xy x x x
x x
-
¢
é ù¢ = - = × - - = - = -ê úë û - -
m . (**) 
We substitute the value of the derivative (**) in the formula  (*).  
Check. We know that the circumference is equal to 2C Rp= . If 2R = , then the 
length of the entire circumference is: 4C p= . In our problem, the equation 
2 2 4x y+ =  describes a circle with radius 2R =  centered at the origin. The 
length of arc of the circle from 1 0x =  to 2 2x =  consists 
1
4  of the part of the 
length of the entire circumference, therefore: 1 44 4l C
p p= = = .  
2 2 22 2
2 2 2 0
0 0 0
41 2 2arcsin 22 24 4 4
x dx xl dx dx
x x x
p p= + = = × = = × =
- - -ò ò ò
. 
Answer. The length of arc of a circle is equal to p .  
12.7.3. Volumes of a Solid Revolution  
If the volume, formed by the revolution of a curvilinear 
trapezoid ABCD (bounded by the curve ( )y f x= ), the х-axis and two 
vertical lines x a=  and x b=  about x -axis (Fig. 12.5), then any of its 
flat cross-sections perpendicular to the х-axis, would be a circle. The 
radius of this circle is equal to the ordinate of the curve ( )y f x= .  
The area of the cross-section ( )S x , corresponded to x, is equal 
to 2yp . Elementary volume, which corresponds to the increment dx , 
is equal to the volume of the elementary cylinder 2dV y dxp= . 
The volume of a solid of revolution is expressed by the formula:  
( )
2 2 2
1 1 1
2 2
1 2
x x x
x x x
V dV y dx y dx x xp p= = = <ò ò ò . 
Chapter 12 
 392
 
Figure 12.5 
If the volume of a solid formed by revolution about the y-axis 
may be determined by the formula:  
( )
2 2
1 1
2 2
1 2
y y
y y
V x dy x dy y yp p= = <ò ò . 
Example 30. Find the volume of a solid formed by revolution of the curvilinear 
trapezoid 2 2y px=  about the x -axis, if 1x a=  and 2x b= .  
 Solution. Draw the parabola 2 2y px=  and two lines: 1x a= , 2x b= . Obtain the 
part of paraboloid, formed by revolution about the x -axis. Its volume is 
calculated from formula: 2
b
a
V y dxp= ò . Then obtain:  
( )
2
2 22 2
2
bb
a a
xV pxdx p p b ap p p= = = × -ò . 
Answer. ( )2 2V p b ap= × - . 
12.7.4. Area of a Surface of Revolution 
The differential of area of the surface formed by rotation the arc 
of a plane curve about the х-axis is expressed as:  
( )22 2 1dS ydl y yp p ¢= = + . 
2x  1x  
B 
D 
C 
A 
dx  
x  
y  
0  
( )y f x=  
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The area of the entire surface formed by rotation the arc of a 
plane curve about the х-axis is calculated by the formula:  
( ) ( )
2 2
1 1
2 22 1 2 1
x x
x x
S y y dx y y dxp p¢ ¢= + = +ò ò . 
When you are rotating the arc around the у-axis, then the area of 
its surface is expressed by the formula:  
( )
2
1
22 1
y
y
S x x dyp ¢= +ò . 
Example 31. Find the area of the surface formed by rotation the arc of a cubic 
parabola 3y x=  about the x -axis between the lines 1 0x =  and  2
2
3
x = .  
 Solution. When the arc is rotated about the x -axis, then we use the formula 
( )
2
1
22 1
x
x
S y y dxp ¢= +ò . Obtain: 
2
3
3 4
0
2 1 9S x x dxp= +ò .  
To calculate the integral, substitute a new variable: 41 9z x= + , then 
336dz x dx= , and the limits of integration are equal to: 1 1z = , 2
25
9
z = . 
25
25 25 3 39
19 9 2 2
2
1 1
1
2 25 1252 1 1
36 18 18 3 27 9 27 27
z dz zS z dzp p p pp
öæ× ö öæ æ÷ç= = = × = × - = × -ç ÷ ç ÷÷çè èø ø
è ø
ò ò . 
Answer. 125 1
27 27
S p æ ö= -ç ÷
è ø
. 
 
Answer the questions 
1. What are the formulas for calculating the area of a curvilinear 
trapezoid?  
2. How can we find the area of any plane figure in rectangular 
coordinate system?  
3. How can we find the volume of a solid with a definite integral?  
4. What is the volume of a solid of revolution?  
s 
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5. How can we find the arc length of plane curve?  
6. Which formula do we use for calculating the area of a surface 
of revolution?  
 
 
Tasks № 23 
I. Calculate the indefinite integrals. 
1) ( )23 2 5x x dx- +ò ; 2) ( )
2
22
x x dx
x
-
-ò ; 3) 
2
2 1
x dx
x +ò ; 
4) 2 lnx x dxò ; 5) ( )
1003 1x dx+ò ; 6) 3xe x dx×ò ; 
7) sin3x dxò ; 8) 2cos x dxò . 
II. Calculate the definite integrals. 
1) ( )
2
2
1
2 3x x dx- +ò ; 2) 
( )
1
sin lne x
dx
xò ; 3) ( )
8
3
0
2x x dx+ò ; 
4) 
2
0
cosx x dx
p
ò ; 5) 
4
2
3 4 5
dx
x x+ +ò ;  6) 1
ln
e
x dxò . 
III. Calculate the areas of plane figures bounded with the lines: 
1) curve 
2
2
xy =  and lines 1x = , 3x = ; 
2) curve 22x y y= - -  and у-axis; 
3) curve 22y x= -  and curve 2 2y x= ; 
4) curve 3y x= , line 8y = , and у-axis; 
5) line 3 2y x= -  and curve 2y x= . 
IV. Find the volume of a solid formed by the rotation of the figure 
bounded by lines:  
1) 2 6y x=  and 5x =  about the х-axis; 
2) 
2 2
1
16 9
x y
+ =  about the у- axis; 
3) 2 2x y=  and 2 2 3 0x y+ - =  about the х-axis.  
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V. Find the length of the arc of a plane curve: 
1) 2 3y x=  from the origin to the point ( )4, 8A ; 
2) 2y x=  from 0x =  to 1x = ; 
3) xy e=  from ( )0, 1A  to ( )1,B e ; 
4) 
2
1
2
xy = -  bounded by х-axis.  
VI. Find the area of a surface of revolution: 
1) of the ellipse 2 23 4 12x y+ =  about the у-axis; 
2) the arc of a circle ( )22 3 25x y+ - =  about the у-axis between the 
points 1 2y = - , 2 8y = ; 
3) the arc of the parabola 2 2y x=  about the х-axis between the points 
of intersection with the line 2 3x = . 
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ANSWERS 
 
 
ARITHMETICS 
(elementary information) 
Tasks № 2 
II.  1) less than 2; 2) greater than 71; 3) in 9 times; 4) in 20 times. 
III. а) 385572; b) –20282; c) 467980; d) 9370; e) 665150; f) 279911. 
Tasks № 3 
VI. а) yes; b) no; c) yes; d) no. 
VII. а) 2, 4, 10; b) 2, 4, 8, 16; c) 4, 8, 12, 16; d) 6, 12. 
Tasks № 4 
III. 61
3
, 17
5
, 35
4
, 123
8
, 229
191
, 739
7
.  
IV. 32
23
, 716
8
, 53
12
, 45
17
, 11
3
, 1071
221
.  
V. а) 105
112
; b) 113
395
; c) 13.25; d) 61; e) 0.4- ; f) 11
70
; g) 1. 
Tasks № 5 
II. а) 4.5 ; b) 4 ; c) 3.25; d) 2.05- ; e) 0.64 ; f) 343
110
; g) 125
1264
; h) 74
27
.  
III. а) 51; b) 1; c) 0.35; d) 90.00225
4000
= .  
IV. а) 600; b) 22
3
; c) 1137
12
; d) 30000.  
V. а) 200%; b) 37.5%; c) 1131
19
%; d) 88
9
%.  
VI. 1000.   VII. 12.   VIII. 65%.   IX. 424.36 $. 
 
SETS 
Tasks № 6 
II.  1) 2, 4, 6, 8, 10; 2) 3, 5, 7, 11, 13; 3) 5, 10, 15, 20, 25.  
VI. 1) –9; 2) 16; 3) –5; 4) 31; 5) doesn’t exist.  
IX. 1) 0x > ; 2) 3,7 4x< £ ; 3) Æ ; 4) 3 5x£ < ; 5) 1 4x£ < .  
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XIV. 1) ( ),-¥ + ¥ ; 2) [ ]2, 6 ; 3) ( )1, 7- ; 4) [ ]8, 8- .  
XVI. 1) ( ), 3-¥ - ; 2) [ )2, 3 ; 3) ( ), 1-¥ - . 
 
ALGEBRAIC EXPRESSIONS AND OPERATION WITH THEM  
Tasks № 7 
I. а) 3 2 51
6
n m ma b c+ +× × ; b) 
2 8
2
4
13
b c
a
; c) 6 32.16a b ; d) 128 ; e) 4- ; f) 81
32
- ; 
g) 4 6 89
4
a b c- ; h) 3 29.025 k nx y z+ ; i) 3
2
b ; j) 29
72
.  
II. а) 22- ; b) 32- ; c) 35- ; d) 
42
3
-
æ ö
ç ÷
è ø
; e) 110- ; f) 410- ; g) 12- ; h) 1x- ; i) 
2
3
x -æ ö
ç ÷
è ø
; 
j) 
3
2
x -æ ö
ç ÷
è ø
; k) 
14
17
x --æ ö
ç ÷
è ø
; l) ( )( ) 143 1x -+ ; m) ( )
142 9
6
x x
-
æ ö+
ç ÷
ç ÷
è ø
.  
III. а) 0x ¹ ; b) 8x ¹ ; c) x RÎ ; d) 7x ¹ ± ; e) 0; 6a a¹ ¹ ; f) 1; 4x x¹ - ¹ ; 
g) 3x ¹ ± ; h) x RÎ ; i) 2m n¹ .  
IV. а) 4 321 12x x x- + ; b) 3 23 8 6 5x x x+ - - ; c) 43 6x - ; d) 5 22 2x x- - ; 
e) 3 13 1x x+ + ; f) 5 3 2 46 7 13a a b a b- - .  
V. а) 2 13x - ; b) 2 7 12x x- + ; c) 22 3 2x x+ - ; d) 2 1x x+ - ; e) 3 2 2x x- + ; 
f) 2 2
4 22 4
1
xx x
x x
-+ + +
- +
.  
VI. а) 22 5 3x x- - ; b) 2 2
123 10
4
xx x
x
- - -
-
; c) 22 11 12x x- + ; 
d) 
4
6 5 4 5 3 22 5 5
1
x xx x x
x
- -
+ + +
-
; f) 2 122 13 17
2 1
x x
x
+ + +
-
.  
VII. а) ( )2 2 2x a b c- + + ; b) ( )2 2 27 2 7 5a x y a x ay y- - + ; c) ( ) ( )1x y x y- - - ; 
d) ( )6 36 5 9mx x x- + ; e) ( ) ( )22 c y b y y- - + ; f) ( )3 3 4 9n na b a b+ - + ; 
g) ( )1 3 2 12n nx y x y- + + ; h) ( )1 29 9 1n n- + - .  
VIII. а) ( )( )2 2n m m n- - ; b) ( ) ( )2 23 2x y x y+ - ; c) ( ) ( )2 1x y a+ - ; 
d) ( )( )x ay x a+ - ; e) ( )( )3a b a b+ + ; f) ( ) ( )2 25 4x y z y xz- - .  
IX. а) ( )( )( )20.1 0.1 0.01x x x- + + ; b) ( ) ( )5 1x x- + ; c) ( )( )2 2n n n n n nx y x x y y+ - + ; 
d) ( ) ( )1 1a x ax a x ax+ - + + + - ; e) ( ) ( )2 3 2 34 4x y x y- - - -- + ; 
f) ( )( )( )2 5 1 1x x x+ - + .  
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X. а) ( )( )2 2 2 2a b ab a b ab+ + + - ; b) ( ) ( )23 2x x+ × - ; c) ( ) ( )22 2a a a+ + - ; 
d) ( )2 2 2a a + ; e) ( )2 28xy x y+ ; f) ( )( )( )2 21 1 1x x x x x+ + + - + .  
XI. а) 
4
4 2 4
105 ,
252
xz
x y z
 
2 2 3
4 2 4
36 ,
252
x y z
x y z
 
2
4 2 4
156 ;
252
y
x y z
   b) ( )( )2 2 ,
b a b
b a b
+
-
 ( )2 2 ;
a b
b a b
-
-
 
c) 
( )2 2
3 3 ,
a a ab b
a b
+ +
-
 3 3
4 ,a
a b
-
-
 ( )3 3
3
;
a b
a b
-
-
  
d) 2 2 2
1 ,
2x y z yz- - -
 2 2 2 ,2
x y z
x y z yz
- -
- - -
 ( )( )2 2 2 .2
x y x y z
x y z yz
- + + +
- - -
 
XII. а) 
33
2
x y
z
; b) 2 3
9
4 n mx yz
; c) 2x- ; d) 
3
6 3
4
1
x
x x
-
- +
.  
XIII. 1) y
x y-
; 2) 9
9
x
x
- ; 3) 1
2x y-
; 4) 1; 5) xy- ; 6) ( )( )1 3 4
6
x x+ + ; 
7) ( )ab a b- ; 8) 2
x
- ; 9) 1
9 1x -
; 10) 3
2
a b
ab
+ ; 11) 18
a
; 12) y
x
; 13) a b- ; 
14) 2 3x+ ; 15) 1
xy
; 16) 
3
a b
b
+
-
; 17) ( )5b a - ; 18) ( )( )4 1x x- + ; 19) 1; 
20) ( )3 5a b- + ; 21) 29m ; 22) ( )5 a b- ; 23) 1; 24) 5
a
; 25) 3x ; 26) 2 ; 
27) 0.5 ; 28) 
4
x x y
y x y
æ ö +
×ç ÷ -è ø
; 29) 1; 30) 1
m
; 31) ( )a b a
b a
-
+
; 32) a
b
; 33) 2
4
4 x-
; 
34) 2a ; 35) 1
1
a
a
+
-
; 36) 0 ; 37) 1; 38) x y z+ + ; 
39) 2 2 2x y z xy xz yz+ + + + + . 
Tasks № 8 
I. 1) 6 ; 2) 21
20
; 3) 3
4
; 4) 38
15
; 5) 1; 6) ( )2 7 12 + ; 7) 2 3- ; 8) 12 ; 
9) ( )2 3 12 + ; 10) 6 21- ; 11) 5 3 2+ ; 12) 3 2+ ; 13) 1 1x - + ; 14) 47 .  
II. 1) 52 ;a ab  2) 
2
;x d
y
 3) 32
3 ;
12
xy y
a b
×  4) 1 ;a b
b
-  5) 3 53
1 ;x a
a
-  
6) ;
5
a b
y
-
×  7) 
2 2
3 ;
2
y x y x- -  8) 2 232 ;
b a b
a
-  9) 52 2 ;p nma bc b c  
10) 2 2 5 13 9 ;na bc a b c- -×  11) 2 2 ;m n m n m nm nc a b- + ++×  12) 2 4 2 52 .px y z xyz×  
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III. 1) 1
x
; 2) ( )2a a b
a b
+
-
; 3) 3 175 ; 4) 72a b ; 5) 3 7m n ; 6) 3 2 48m n ; 
7) 5 5 1m - ; 8) 5 2
64
3
a
b
; 9) 1 2 13m m nm ma b+ + + ; 10) ( )2 2a a- - ; 11) 5
5
x
x
-
-
+
; 
12) 
2 1
2
k
k
m
n m
-
-
-
.  
IV. 1) 3 6 ; 2) 
( )2x y
x y
+
-
; 3) 42 5 ; 4) ( )3 332 49 14 45 + + ; 5) ( )
331 3 2
5
+ ; 
6) 
3 32 23a ab b
a b
+ +
-
; 7) 
( )3 3c a b
a b
+
+
; 8) ( )1 2 5 4 3 6 3 1028 + + - ; 
9) 10 30 2 60 30 2
7
+ - + ; 10) 3 ; 
11) 
( ) ( )2 2x x a x x a x x a
a
+ - - - - +
; 12) 
3 3 34 2 2 4
2 2
a a b b
a b
- +
+
.  
V. 1) 
( )
2
3 3 3-
; 2) 
( )
1
2 7 3+
; 3) 
( )
4
15 6 2+
; 4) 
( )
3
2 5 3 3 5+
; 
5) 
( )
1
1
m
m m
-
-
; 6) 
( )2
a b
a b
-
+
; 7) 
( )2 2 2
2
1 1 1a a a+ × + - -
; 
8) 
2 2
1
2 2 1 1x x x- - -
; 9) ( )
( ) ( )
2
23
m n
m n m n
-
+ +
.  
VI. 1) ( )( )x y x y- + ; 2) ( ) ( )4 47 7x x- + ; 
3) 
1 1
6 65 3 5 3x x
æ öæ ö
- × + ×ç ÷ç ÷
è øè ø
; 4) ( )( )1a b a b- + + ; 5) 
25
4 3x
æ ö
+ç ÷
è ø
; 
6) ( )( )2 6x x- + .  
VII. 1) ( )4 4 4a b a b+ ; 2) ( )2x a+ ; 3) 1; 4) 1; 5) p q
p q
+
-
; 6) 4x- ; 
7) a b
ab
+ ; 8) 0 ; 9) 
2 2
1
a b-
; 10) 
( )
3 32 2
2
3 3
a b
a b
+
+
; 11) 4 9x - ; 12) 
n mm
n
-
æ ö
ç ÷
è ø
; 
13) ( )4 4 4a b a b× + ; 14) 35 ab× ; 15) 1; 16) 2 5a b+ ; 17) b ab+ ; 
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18) 3 3x y x y+ - - ; 19) 62 b× ; 20) 0 ; 21) 1
xy
; 22) 2
2
2
q p
p
- ; 23) 1a
a
+
- ; 
24) 
( )
1
21a
a
+
; 25) 3 ab ; 26) 2
a
; 27) 2
2
x
x
-
+
; 28) 42 ax× ; 29) 2
7
n ; 30) 3 ; 
31) 4 ; 32) 9a ; 33) 3 2a ; 34) x y- ; 35) 2 ; 36) 42 b× ; 37) 1; 38) 0 ; 
39) 1; 40) ( )
( )
1 2
1 2
x x
x x
+ -
- +
. 
 
EQUALITIES. IDENTITIES. EQUATIONS. SYSTEMS OF THE 
EQUATIONS  
Tasks № 9 
I. 1) 4 ; 2) 3.75; 3) 5 ; 4) 1- ; 5) 0.75 ; 6) 0.5 ; 7) 3; 5- ; 8) 
6 23
3
- ± ; 
9) 1 4 31 5
3 2
æ ö+ç ÷- ±
ç ÷
è ø
; 10 )0; 5- ; 11) 140;
9
; 12) 3; 9 ; 13) 617;
9
; 14) 3; 4 ; 
15) 1; 2- ; 16) 3 ; 4
4
- ; 17) 2 3 3;
9 3
- ; 18) 2- ; 19) 5
9
- ; 20) 1 3
4
- ± . 
II. 2 6;x =  9p = - . 
III. 1) 2 9 0x - = ; 2) 28 2 1 0x x- - = ; 3) 21000 410 4 0x x- + = ; 
4) 260 20 1 0x x- + = ; 5) 2 2 15 6 0x x- + = ; 6) 2 110 44 0x x- + = ; 
7) 2 2 22 0x ax a b m- + - = . 
IV.  2 4.5x = - ; 5b = . V.  2
2
3
x = - ; 8c = . VI.  2 2x = - ; 18q = - . VII.  36q = . 
VIII. 1) 2 10 24 0y y- + = ; 2) 23 20 12 0y y+ + = ; 3) 2 3 2 0y y- + = ; 
4) 23 7 2 0y y- + = ; 5) 25 24 16 0y y- + = ; 6) 22 7 3 0y y- + = . 
IX. 1) 2 12.4 22.44 0y y- + = ; 2) 2 18.4 35.64 0y y- + = ; 3) 225 15 8 0y y- - = ; 
4) 2275 90 104 0y y+ - = ; 5) 225 100 99 0y y+ + = ; 6) 225 35 44 0y y+ - = . 
X. 1) 212 8 1 0y y- + = ; 2) 2 2 0y y+ - = ; 3) 28 5 3 0y y- - = ; 4) 2 3 4 0y y+ - = ; 
5) 2 1 0qy py+ + = ; 6) 2 0cy by a+ + = . 
XI. 1) ( )2 2 2 22 0a y ac b y c+ - + = ; 2) ( )3 2 3 33 0a y b abc y c+ - + = . 
XII. ( )2 2 0a y a b c y bc+ - - = .  XIII.  33,
31
- .  XIV.  5, 3- . 
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Tasks № 10 
I. 1) 1, 2± ± ; 2) 2± ; 3) 0, 2, 2 2± ; 4) 0, 3± ; 5) 2± ; 6) 2, 2± ± . 
II. 1) 1, 2 3- ± ; 2) 3 5
2
- ± ; 3) 1 13, , , 2
3 2
- - ; 4) 1 5 1 10,
2 3
- ± ± ; 
5) 41, , 3
3
- ; 6) 1, 2, 4- ± . 
III. 1) 1, 2 ; 2) 2, 4 ; 3) 5, 3, 1- - ± ; 4) 660, 2, 1
2
- - ± ; 5) 3, 5- - ; 
6) 1, 6- ; 7) 7 34± ; 8) 2, 6, 2 6- - ± ; 9) 4 ; 10) 2, 1- ; 
11) 2 7 57,
7 22
- ± ; 12) 1, 5 . 
IV. 1) 1- ; 2) 1
3
; 3) 8, 12- ; 4) 3, 6 ; 5) 3, 4 ; 6) [ ]3, 2x Î - ; 7) 3
2
; 8) 9 , 3
7
. 
V. 1) 8, 120 ; 2) 128- ; 3) 27- ; 4) 27- ; 5) [ ]5, 3- ; 6) 2, 6, 2 3- ± ; 7) 1
7
; 
8) 6, 3- ; 9) 2 ; 10) 12.6, 7.4- - ; 11) 2- ; 12) 0 ; 13) 0.4- ; 14) 63 17,
5 5
- ; 
15) 2401 ; 16) 17 ; 17) 1; 18) 4 ; 19) 2± ; 20) 1; 21) 2 ; 22) [ ]2, 3 ; 23) 1
2
± ; 
24) 1, 3- - ; 25) [ ]2, 5 . 
Tasks № 11 
I. 1) 18- ; 2) 384 ; 3) 319 ; 4) 2 ; 5) 0 ; 6) 30 . 
II. 1) ( )2, 2 ; 2) 20,
3
öæ
ç ÷
è ø
; 3) infinite set of solutions; 4) ( )4, 3 ; 5) { }3, 1, 2- ; 
6) 4 1 2, ,
7 7 7
ì ü
í ý
î þ
; 7) infinite set of solutions; 8) 83 88 131, ,
33 33 33
ì ü-í ý
î þ
; 
9) 232 116 58, ,
29 29 29
ì ü
í ý
î þ
. 
III. 1) if 0a ¹  and 3a ¹ - , then 12,
a
öæ -ç ÷
è ø
; if 0a =  or 3a = - , then the system 
has an infinite set of solutions; 2) if  0a ¹  and 2a ¹ - , then 
11 14 7 22,
2 2
a a
a a
+ + öæ -ç ÷+ +è ø
; if 0a =  and 2a = - , then the system has no solutions; 
3) if 2
3
a ¹ , then 2 3 , 2 3
9 3
a a
a
+ öæ +ç ÷+è ø
; if 2
3
a = , then the system has an infinite 
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set of solutions; 4) 
( )22
2 2
31, ,
1 1
a aa a a R
a a a a
öæ - - +- -
÷Îç
ç ÷+ + + +è ø
; 5) if  7m ¹ -  and 
1m ¹ - , then 
2
2
3 10 17 14,
8 7 7
m m
m m m
öæ + +
- ÷ç + + +è ø
; if  7m = -  or 1m = - , then the 
system is incompatible; 6) if  1a = , then ( )2 4 ,y y- , y RÎ . 
IV. 1) ( )1, 0, 2 ; 2) ( )1, 1, 0 ; 3) ( )1, 2, 1 ; 4) ( )5 2 , 2 4,c c c- - , c RÎ ; 
5) ( )1, 2, 3, 1- . 
V. 1) ( )1, 5 ; 2) ( )3, 2- ; 3) ( ) ( ){ }1, 4 , 3, 2 ; 4) ( )2, 0 ; 
5) ( ) ( ){ }5, 10 , 1, 2- - - - ; 6) ( ) ( ){ }2, 1 , 1, 11.5 ; 7) ( ) 45, 4 , 1,
3
ì üöæ
í ýç ÷
è øî þ
; 
8) ( ){ 2, 1 ;  ( )2, 1 ;-  ( )2, 1 ;-  ( )}2, 1- - . 
VI. 1) ( ) ( ){ }4, 1 , 4, 1- - ; 2) ( ){ 2 3, 3 ,  ( )2 3, 3 ,- -  ( )2 3, 3 ,-  
( )}2 3, 3- ; 3) 1 1 5 5, , ,4 5 8 31
ì üö öæ æ
í ýç ÷ ç ÷
è èø øî þ
; 4) ( ) 21 5310, 1 , ,
2 12
ì üöæ-í ýç ÷
è øî þ
; 
5) ( ) ( ){ }1, 3 ; 0.2, 0.6 ; 6) ( ){ }3, 8 . 
VII. 1) ( ) ( ) 5 13 5 133, 5 , 3, 5 , , , ,
3 3 3 3
ì üö öæ æ- - - -í ýç ÷ ç ÷
è èø øî þ
; 2) 
3 3 3 3
1 1 1 2, , ,
2 2 9 9
ì üöö ææ
í ýç ÷ ç ÷
è èø øî þ
; 
3) ( ) ( ) 3 3 3 316 16 16 161, 3 , 3, 1 , , 2 , 2 ,
3 3 3 3
ì üö öæ æï ï
í ÷ ÷ýç ç
ï ïè èø øî þ
; 4) ( ){ 2, 3 ,  ( )3, 2 ,  
( )2, 3 ,- -  ( )}3, 2- - ; 5) ( ) ( ) ( ) ( ){ }1, 2 , 1, 2 , 2, 2 , 2, 2- - - - ; 
6) ( ){ }2, 5- . 
VIII. 1) ( ) ( ){ }3, 5 , 5, 3 ;  2) ( ) ( ){ }1, 2 , 2, 1 ;  
3) ( ) ( ) 10 97 10 971, 3 , 3, 1 , , ,
3 3
ì öæ + -ï
í ÷ç
ï è øî
 10 97 10 97, ;
3 3
üöæ - + ï
÷ýç
ïè øþ
 
4) ( ) ( ){ }1, 2 , 2, 1 ;- - ; 5) ( ) ( ) ( ){ 4, 9 , 4, 9 , 9, 4 ,- -  ( )}9; 4- - ; 
6) ( ) ( ) ( ) ( ){ }1, 2 , 2, 1 , 1, 2 , 2, 1- - - - . 
IX. 1) ( )18, 18 ; 2) ( ) ( ){ }5, 4 , 41, 40- ; 3) ( )1, 0 ; 4) ( ){ 0, 0 ,  ( )5, 5 ,-  
( )5, 5 ,-  ( )11, 11 ,  ( )11, 11 ,- -  2 14 2 14, ,2 2
öæ + -
÷ç
è ø
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2 14 2 14, ,
2 2
öæ - +
÷ç
è ø
 14 2 14 2, ,
2 2
öæ - +
- ÷ç
è ø
 14 2 14 2,
2 2
üöæ + - ï- ÷ýç
ïè øþ
; 
5) ( ) ( ){ }2, 3 , 3, 2- - ; 6) 5 61 5 61 5 61 5 61, , ,2 8 2 8
ì üö öæ æ- + - + - - - -
í ý÷ ÷ç ç
è èø øî þ
; 
7) ( ) ( ){ }3, 1 , 1, 3- - ; 8) ( ) ( ){ }4, 2 , 2, 4 ; 9) ( ){ 2, 1 ,  ( )1, 2 ,  ( )2, 1 ,-  
( )1, 2 ,-  ( )2, 1 ,-  ( )1, 2 ,-  ( )2, 1 ,- -  ( )}1, 2- - . 
 
FUNCTION 
Tasks № 12 
I. 1) ( ) ( ),D y = -¥ + ¥ ; 2) ( ) ( )5, 5D y = - ; 3) ( ) ( ) ( ), 2 5,D y = -¥ + ¥U ; 
4) ( ) ( ) ( ) ( ), 1 1, 1 1,D y = -¥ - - + ¥U U ; 5) ( ) ( ),D y = -¥ + ¥ ; 
6) ( ) ( ) ( ), 0 0,D y = -¥ + ¥U ; 7) ( ) ( ), 1D y = -¥ ; 8) ( ) ( )0,D y = + ¥ ; 
9) ( ) ( ) ( ), 3 3,D y = -¥ + ¥U . 
II. 1) ( ) ( ),E y = -¥ + ¥ ; 2) ( ) ( ),E y = -¥ + ¥ ; 3) ( ) ( ),E y = -¥ + ¥ ; 
4) ( ) ( ) ( ), 1 1,E y = -¥ - - + ¥U ; 5) ( ) ( )1,E y = + ¥ ; 6) ( ) ( )4,E y = + ¥ ; 
7) ( ) ( )5,E y = - + ¥ ; 8) ( ) ( ),E y = -¥ + ¥ ; 9) ( ) ( ) ( )0, 1 1,E y = + ¥U . 
III. 1) even; 2) niether even, nor odd; 3) even; 4) odd; 5) niether even, nor odd; 
6) niether even, nor odd. 
IV. 1) if 2x > , 2y x= - ; 2) 3y x= + ; 3) 5y x= ; 4) 1 1y x= + ; 5) 
3y x= ; 
6) if 1x > , 2 1y x= + ; 7) 10xy = ; 8) 1 lny x= + . 
V. 1) ( ) ( ), ,D y = -¥ + ¥  ( ) ( ), ;E y = -¥ + ¥  2) ( ) ( ), ,D y = -¥ + ¥  
( ) [ )1, ;E y = + ¥  3) ( ) ( ), ,D y = -¥ + ¥  ( ) ( )0, .E y = +¥  
VI. 1) 0y =  if  2x = - ; 0y >  if  2x > - ; 0y <  if  2x < - ; 
there are no asymptotes;  2) 0y =  if  1 2x = -  and  2 2x = ; 0y >  if  
( ) ( ), 2 2,x Î -¥ - + ¥U ; 0y <  if  ( )2, 2x Î - ; there are no asymptotes ; 
3) 0y =  if  1 1x = -  and  2 1x = ; 0y <  if  ( ) ( ), 1 1,x Î -¥ - + ¥U ; 0y >  if  
( )1, 1x Î - ; there are no asymptotes ; 4) there are no zeros ; 0y >  if  
( )0,x Î + ¥ ; 0y <  if  ( ), 0x Î -¥ ; vertical asymptote  0x = ; 
horisontal asymptote  0y = . 
VII. 1) & ( )when 2,x Î + ¥ ; ( ( )when , 2x Î -¥ ; there are no asymptotes ; 
2) & ( )when 2,x Î + ¥ ; ( ( )when , 2x Î -¥ ; there are no asymptotes ; 
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3) & ( )when 1,x Î + ¥ ; ( ( )when , 1x Î -¥ ; there are no asymptotes ; 
4) & ( )when , 2x Î -¥ ; ( ( )when 2,x Î + ¥ ; there are no asymptotes ; 
5) & 2 3 2 3when , ,3 3x
ö öæ æ
Î -¥ - + ¥÷ ÷ç ç
è èø ø
U ; ( 2 3 2 3when ,3 3x
öæ
Î - ÷ç
è ø
; 
there are no asymptotes  6) ( ( ) ( )when , 0 0,x Î -¥ + ¥U ; 
vertical asymptote  0x = ; horisontal asymptote  2.y =  
VIII. 1) T p= ; 2) 4
3
T p= ; 3) 10
3
T p= ; 4) T p= ; 5) 2T p= ; 6) 
4
T p= . 
Tasks № 13 
I. Direct proportionality 2y x= , inverse proportionality 2y
x
= . 
II. 1)  the axis of symmetry, 
7
2
x = , the vertex 7 25,
2 4
öæ -ç ÷
è ø
;  
2) the axis of symmetry 2x = , the vertex ( )2, 1- ;  
3) the axis of symmetry 
7
2
x = - , the vertex 7 9,
2 4
öæ - -ç ÷
è ø
. 
III. 3x = .  IV. ( ) 11
1
xf x
x
-
+ =
-
. V. 
51
2
y
x
= +
-
. 
Tasks № 14 
I. 1) 3; 2) 0 ; 3) 2- ; 4) 5- . 
II. 1) ( ) ( ) ( ), 0 0, ;D y = -¥ + ¥U  2) ( ) ( ) ( ), 3 3,D y = -¥ + ¥U ; 
3) ( ) ( ),D y = -¥ + ¥ . 
Tasks № 15 
    
0  x  2  2-  1-  1 
2-  
2 2y x= -  
2  
y  3)  
x  
y  
3  
0  
3 2 6x y+ =  
2)  
2  
x  
y  
1
3  
1 
1 0  
1 3y x= -  
1I. )  
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3y
x
=  
0  
3  
1 
1
y  
x  
5)  
3  
0  
1 
4  
( )22y x= -  
x  
y  4)  
2  3  4  1 
5  
y  
0  
6)  5y
x
= -  5  
1 
x  5-  
5  
y  
0  
7)  53y
x
= -  8  
3  
x  5-  
1 
5-  3  
y  
0  
8)  
3
5
xy
x
-
=
+
 
x  x  
y  
1 
1-  0  
1y x= +  
9)  
3  
10)  y  
x  
1 
0  4  1 
1 2y x= +  
x  
y  
5  0  
5xy e -=  
11)  
3  
1 
1 
1-  x  
y  
7  
( )3log 2y x= +  
12)  
2  
1 
1 2
p  
3
2
p  2
p  
2p  
p  x  
sin 2y x=  
13)  y  
1 
1-  
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ALGEBRAIC INEQUALITIES 
Tasks № 16 
I. 1) 3
11
x > - ; 2) 66
7
x > ; 3) 8 8,
3 3
öæ
- ÷ç
è ø
; 4) ( )4, 2- - ; 5) 5 5,
3 3
öæ -ç ÷
è ø
; 
6) 3 3, ,
2 2
öæ ù é-¥ - + ¥ç ÷ú êè û ë ø
U ; 7) [ )0.6, 5 ; 8) ( )3, 5- ; 9) R ; 10) Æ ; 
11) ( ] [ ), 2 4,-¥ - + ¥U ; 12) [ ) ( ]0, 2 2, 4U ; 13) ( ] [ )3, 2 1, 2- - U ; 
14) 7 3 7 3 7, \
6 6 6
é ù- + ì ü
í ýê ú
î þë û
; 15) ( ] 2, 1 ,
3
öé-¥ - + ¥÷êë ø
U ; 16) 50,
7
öæ
ç ÷
è ø
. 
II. 1) ( ) ( ), 1 4,-¥ + ¥U ; 2) 3 2, ,
4 3
öæ ù é-¥ - - + ¥ç ÷ú êè û ë ø
U ; 3) [ ]2, 3- ; 4) 5 3,
4 2
öæ -ç ÷
è ø
; 
5) ( )3, 2- ; 6) [ )2, 6 ; 7) [ )0, + ¥ ; 8) ( ] [ ), 5 8,-¥ + ¥U ; 
9) ( ) ( ), 3 1, 4-¥ - U ; 10) ( )3, 3- ; 11) ( ) ( ) ( ), 4 1, 1 2,-¥ - - + ¥U U ;  
12) ( ) ( ) 2, 3 2, 0 ,
3
öæ-¥ - - + ¥ç ÷
è ø
U U ; 13) ( ) ( )3, 3 0, 3,
2
öæ-¥ - + ¥ç ÷
è ø
U U ; 
14) ( ) ( ]4, 2 2, 3- U ; 15) ( ) ( )2, 1 1, 2- - U ; 16) ( ) ( ), 1 2, 3-¥ U ; 
17) )1 2, 1 1 2,é ù é- + + ¥ë û ëU ; 18) ( ] [ ], 3 1, 0-¥ - -U ; 
19) ( ] [ ), 6 9,-¥ - + ¥U ; 20) ( ] [ ), 2 0, 1 ;-¥ - U  21) ( ) ( ) ( )2, 0 0, 2 2, 4 ;- U U  
22) ( ) ( ) ( )4, 2 2, 1 3,- - - + ¥U U ; 23) ( ) ( ) [ ), 4 4, 3 1, 2-¥ - - -U U ; 
24) ( ) ( )3, 1 , 3 4,
2
öæ-¥ - + ¥ç ÷
è ø
U U . 
III. 1) ( ]1, 2 ; 2) [ ) ( )3, 0 0, 2- U ; 3) ( ) ( )1, 2 2, 7- U ; 4) ( )0, 1 ; 5) Æ ; 
6) ( ) ( ]2, 1 1, 2- - U . 
IV. 1) Æ ; 2) 0 ; 3) ( ) ( ) ( ), 0 0, 9 9,-¥ + ¥U U ; 4) ( )3, 4- ; 5) 6; 0- ; 
3p-  
y  
1 
1-  
3p  2p  x  
14)  
sin
3
xy =  
2p-  p  p-  
15)  
cos
2
xy pæ ö= +ç ÷
è ø
 
y  
1 
1-  
2p  x  2p-  p  p-  
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6) [ )1.5, + ¥ ; 7) ( ] [ ), 2 2,-¥ - + ¥U ; 8) ( )2, 2- ; 
9) ( ] [ ] [ ), 1 2, 4 5,-¥ + ¥U U ; 10) ( ) ( ), 1 2,-¥ - + ¥U ; 11) R ; 12) [ ]1, 0- . 
V. 1) Æ ; 2) ( ), 0-¥ ; 3) [ )14, + ¥ ; 4) Æ ; 5) Æ ; 6) ( ], 3-¥ ; 7) [ )3, + ¥ ; 
8) [ )1, + ¥ ; 9) ( )3, + ¥ ; 10) 3 ; 11) [ ]5, 3- - ; 12) ( ] 74, 2 5,
13
öé-¥ - ÷êë ø
U ; 
13) ( ] 9, 4 ,
4
öæ-¥ - + ¥ç ÷
è ø
U ; 14) 14,
2
öé- ÷êë ø
; 15) ( )2, 4- ; 
16) [ ] [ )4, 3 2,- - + ¥U ; 17) 5 , 3
2
öé
÷êë ø
; 18) ( ] 1 13, 5 1,
3
öé +
-¥ - - ÷ê
ë ø
U ; 
19) [ )2, 8 ; 20) ( )3, 4, 7
4
öæ -¥ç ÷
è ø
U ; 21) ( )2, + ¥ ; 22) 5 ,
4
öæ + ¥ç ÷
è ø
; 23) Æ ; 
24) Æ . 
         
              
 
EXPONENTIAL AND LOGARITHMIC EQUATIONS  
AND INEQUALITIES 
Tasks № 17 
I. 1) 5
3
; 2) 4
3
- ; 3) 3
2
- ; 4) 27 ; 5) 25 ; 6) 4
3
- ; 7) 9 ; 8) 3 . 
3  
2  
3)  
x  
y  
0  
1VI. )  
1-  1 x  
1-  
1 
y  2)  
2-  2  
2-  
2  
x  
y  
0  
x  1 
4-  
3  
3  3-  
y  
3  
2)  
2  
4-  2  
3  
1)VII.  
x  
y  
0  
Answers 
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II. 1) 8 14 ; 2) 7
7log
8
æ ö
ç ÷
è ø
; 3) 3 ; 4) 50
3
; 5) 7 . 
III. а) 3log 30 ; b) 9log 10 ; c) numbers are equal ; d) 3log 7 . 
IV. 1) 4 ; 2) 5- ; 3) Æ ; 4) 2
3
- ; 5) 9 ; 6) 6 ; 7) 2; 4- ; 8) 1; 9) 4 ; 10) 1. 
V. 1) 3 ; 2) 1; 3) 9 ; 4) 1; 5) 0 ; 6) 5
3
7log
6
; 7) 9
4
log 21; 8) 4
5
5 1log
2
æ ö-
ç ÷
è ø
; 
9) 70, log 5 ; 10) 0.41, log 5- ; 11) 0 ; 12) 1, 0.2 ; 13) 2, 2- ; 14) 4, 9- ; 15) 
9
5
; 
16) 1, 1- ; 17) 1 1,
5 2
- . 
VI. 1) 9 ; 2) 8.5 ; 3) 0 ; 4) 9 ; 5) 64 ; 6) 2- ; 7) 14 ; 8) 2 ; 9) 1.5, 2.5 . 
VII. 1) 1- ; 2) 1; 3) 9- ; 4) 21 ; 5) 11 226+ ; 6) 3 ; 7) 0.5; 8 ; 8) 10, 100 ; 
9) 1
27
- ; 10) 10000- ; 11) 1 ; 5
5
; 12) 1, 10 lg13± ; 13) 81; 14) 14,
4
; 
15) 12log 281 ; 16) 1 1,
5 5 5
; 17) 1 , 27
3
; 18) 2 ; 19) 1 , 16
4
; 20) 6 ; 21) 10, 20 ; 
22) 6 ; 23) 17
12
; 24) 1 , 3
4
; 25) 10 . 
VIII. 1) ( ) ( ){ }2, 32 , 32, 2 ; 2) ( )2, 1 ; 3) ( ) ( ){ }1, 2 , 16, 28- ; 4) ( )10, 10000 ; 
5) ( )100, 10 ;  6) ( ) ( ){ }4 410, 10 , 10, 10 ;  7) ( ) ( ){ }1, 1 , 8, 2 2 ;  
8) 1 5 3 5,
2 2
öæ - + -
÷ç
è ø
; 9) 
3 9
2 410 , 10
- öæ
÷ç
è ø
. 
IX. 1) 4x > ; 2) 5x ³ ; 3) ( ) ( ), 1 3,-¥ + ¥U ; 4) 1 14 42, 4 42
2 2
é ù- +ê úë û
; 
5) ( ) ( ), 9 5,-¥ - + ¥U ; 6) 0.5log 3x < ; 7) 2log 3x > ; 8) ( ) ( ), 0 4,-¥ + ¥U ; 
9) ( )3, 0- ; 10) 2log 3x < ; 11) 2x £ - ; 12) 1x < ; 13) ( )5log 11, + ¥ ; 
14) 1x < - ; 15) ( ), 3-¥ ; 16) ( ) ( )3, 3.5 4, + ¥U ; 
17) ( ) ( ) ( ), 0.2 1, 4 2 2 4 2 2, 7-¥ - +U U ; 18) ( ) ( ), 1 0, 2-¥ - U ; 
19) ( )1, 0- . 
X. 1) 1x > ; 2) 1 , 2
4
æ ù
ç úè û
; 3) ( )1.5, 1- - ; 4) ( ]10, 8, 16
2
æ ù
ç úè û
U ; 5) ( ) ( )0, 1 2, + ¥U ; 
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6) ( )1 1, 1,
3 2
öæ + ¥ç ÷
è ø
U ; 7) 5x > ; 8) ( ) ( ), 2 1,-¥ - + ¥U ; 9) 1 3,
3 4
öæ
ç ÷
è ø
; 
10) ( )5, 10 ; 11) 2x > ; 12) ( ) [ )3, 2 1, 1- - -U ; 13) ( )10, 1, 52
öæ
ç ÷
è ø
U ; 
14) ( ), 4-¥ - . 
XI. 1) ( )1, 343 ; 2) ( )2, + ¥ ; 3) ( ), 0.5-¥ - ; 4) 8 81, , 1
3 3
é ù é ù
- -ê ú ê ú
ë û ë û
U ; 
5) ( ) [ ], 1 2, 3-¥ - U ; 6) ( )1 , 1 1, 3
3
öæ
ç ÷
è ø
U . 
 
TRIGONOMETRY 
Tasks № 18 
I. ,
9
p  3 ,
4
p  4 ,
3
p  5 ,
18
p  5 ,
6
p  7 .
4
p   
II. 10 ,o  18 ,o  120 ,o  270 ,o  450 .o   
III. 1,-  1,  1 ,
2
-  3 .
2
-   
IV. 1) 2 2cos ,
3
a =  2tan ,
4
a =  cot 2 2,a =  3 2sec ,
4
a =  csc 3a = ; 
2) 21sin ,
5
a =  21tan ,
2
a =  2 21cot ,
21
a = -  5sec ,
2
a = -  5 21csc
21
a = ; 
3) 2 5cos ,
5
a =  5sin ,
5
a =  cot 2,a =  5sec ,
2
a =  csc 5a = ; 
4) 1sin ,
10
a = -  3cos ,
10
a = -  1tan ,
3
a =  10sec ,
3
a = -  csc 10a = - .  
V. 1) 2tan a ; 2) 1; 3) 1; 4) 21 ; 5) 3
3
; 6) 1
2
; 7) 1; 8) cos2b ; 9) 32sin a ; 
10) 4cot a ; 11) 2cot a ; 12) sin cosa a+ ; 13) 8 cot tana a- - ; 14) 1 sina- ; 
15) ( )cos a b- ; 16) sina .  
VI. 1) 15 452cos cos ;
2 2
a a  2) 22tan cos ;
2
a
a  3) 9 34sin cos3 cos ;
2 2
a a
a  
4) 74sin sin cos ;
2 2
a a
a-  5) cos2 cos2 ;a b-  6) 48sin ;
4
a  
7) ( )2cos cos cosa b a b- + .  
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VIII. 1) 2
5
; 2) 8
3
; 3) 
8
p ; 4) 1
5
; 5) 15
4
; 6) 
8
p ; 7) 1 2 30
12
+ ; 8) 10
10
; 
9) 32 2 9 15
7
+
- ; 10) 17
18
.  
IX. 1) ,
3
n n Zp Î ; 2) 3 2 ,
4
n n Zp pì ü± + Îí ý
î þ
; 3) ( ) 11 arcsin ,
3
n n n Zpì ü- + Îí ý
î þ
; 
4) 2 4 ,n n Zp p+ Î ; 5) ,
24 6
n n Zp p- + Î ; 6) { }arccot 2 ,n n Zp+ Î ; 
7) ,
12 2
n n Zp p+ Î ; 8) 2 ,
12 30 5
n n Zp p p± + Î ; 9) 5 3 ,
4
n n Zp p- + Î ; 
10) 17 ,
72 4
n n Zp p+ Î ; 11) ( )1 arcsin ,
3 6
n n n Zp p p+ - + Î ; 12) Æ ; 
13) 5 2 ,
6
n n Zp pì ü- + Îí ý
î þ
 or ; 7 2 ,
6
n n Zp pì ü+ Îí ý
î þ
 14) Æ .  
X. 1) 1 ;x np=  2 2 , ;2
x n n Zp p= + Î  2) 1 ;2
x np p= +  2 2 , ;x n n Zp p= + Î  
3) 1 1 2, arccos , ;
3 9 3
nn n Zppì ü± + Îí ý
î þ
 4) , , ;
4 2
nn n Zp ppì ü+ Îí ý
î þ
 
5) 2 , , ;
6 2
nn n Zp ppì ü± + Îí ý
î þ
 6) , , ;
2 4
n n n Zp pp pì ü+ + Îí ý
î þ
 
7) arctan3 , ;n n Zp+ Î  8) 4 22 , , .
3 6 3
nn n Zp p ppì ü+ + Îí ý
î þ
 
XI. 1) 2 ,
2
np p- +  ( ) 11 ,
6
n n n Zp p+- + Î ; 2) 2 2 ,
3
n n Zp p± + Î ; 3) ,
4 2
np p
+  
n ZÎ ; 4) ,
4
np p+  arctan 2 ,n n Zp- + Î ; 5) ( ) 11 2 ,
3
n n n Zp p+- + Î ; 
6) ( ) 51 5 , ;
6
n n n Zp p- + Î  7) , ;
24 8
n n Zp p± + Î  8) ;
18 3
np p
± +  
1 arctan 2 ,
3 3
n n Zp± + Î . 
XII. 1) 2 ,
2
np p+  42arctan 2 ,
5
n n Zp+ Î ; 2) 2arctan4 2 ,np- +  2 ,n n Zp p+ Î ; 
3) 12arctan 2 ,
5
np+  2 ,n n Zp p+ Î ; 4) 2 ,np  2 ,
2
n n Zp p+ Î ; 5) 2 ,
2
np p+  
2 ,n n Zp p+ Î ; 6) ,
4
n n Zp pì ü± + Îí ý
î þ
. 
Answers 
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XIII. 1) 7arctan , ;
6
n n Zpì ü± + Îí ý
î þ
 2) ,
4
np p+  3arctan , ;
2
n n Zp+ Î  
3) 5 17arctan , ;
4
n n Zp± + Î  4) ,
12 3
np p
- +  1 3arctan , ;
3 4 3
n n Zp+ Î  
5) ,
4
np p+  1 13arctan , ;
2
n n Zp- ± + Î  6) ,
4
np p+  3 3arctan ,
2
np- ± +  
;n ZÎ  7) ,
2
np p+  ,np  , ;
4
n n Zp p+ Î  8) ,
4
np p- +  
5 41arctan ,
4
np- ± +  .n ZÎ  
XIV. 1) ,np  2 , 3 ;
3
k k mp ¹  , ,n k m ZÎ ; 2) 2 2 ,
3
np p± +  ,
8 2
n n Zp p+ Î ; 
3) ,
8 2
np p
+  ,
4
n n Zp p+ Î ; 4) ,
4
n n Zp Î ; 5) ,
8
n n Zp Î ; 6) 2 ,
6 3
np p
+  
( ) 11 ,
18 3
n n n Zp p+- + Î .  
XV. 1) 3 2 , ;
4
n n Zp p- + Î  2) 2 , ;
6
n n Zp p- + Î  3) 2 , ;
3
n n Zp p- + Î  
4) ( )1 , ;
8 8 2
n n n Zp p p+ - + Î  5) ( )3 31 3 , ;
4 4
n n n Zp p p- + - + Î  6) Æ .  
XVI. 1) ,
9 3
n n Zp p± + Î ; 2) ,
4 2
np p
+  ,
6
n n Zp p± + Î ; 
3) 17 3arccos 2 ,
4
n n Zp-± + Î ; 4) ,
18 3
n n Zp p± + Î ; 5) ,
6
n n Zp p± + Î ; 
6) ,
20 10
np p
+  ,
8 4
n n Zp p+ Î .  
XVII. 1) 2 ,np  2 2 ,
3
n n Zp p± + Î ; 2) 2 2 ,
3
n n Zp p± + Î ; 3) 2 2 ,
3
n n Zp p- + Î ; 
4) ,
4
np p+  arctan 2 , ,k n k Zp- + Î ; 5) ,
4 2
np p
+  ,
6
n n Zp p± + Î ; 
6) ,
4
np p- +  ( )1 3 3arcsin ,
2 6 2
n
n n Zp
- ±
+ Î ; 
7) ( )1 ,
4 4
n n n Zp p p- + - + Î ; 8) ( )arccos 3 1 2 ,n n Zp- - + Î .  
XVIII. 1) ( )1 ,
4 4
nx np p p= - + - +  ( )9 1 ,
4 4
ny n n Zp p p= - - - Î ; 
Answers 
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2) ( ) 11 ,4 12 2
n nx kp p p p+= - + - + +  ( ) 11 , ,4 12 2
n ny k n k Zp p p p+= + - + - Î ; 
3) ( ) ,2x n k
p p= + +  ( ) , ,2y n k n k Z
p p= + - Î ; 4) ( ){ 1 1, ,4x n y npp p= = -  
( ) }2 2, ; ,4x n y n n k Zp p p= + = - Î ; 
5) ( ) ( )1 1, ,6 6x n k y n k
p p
p p
ìæ ö= + + = + -íç ÷
è øî
 
( ) ( )( ) }2 2, ; ,6 6x n k y n k n k Zp pp p= - + + = - + - Î ;  
6) 2 ,4x n
p p= +  2 ,4y n n Z
p p= - Î .  
XIX. 1) 2 2 ,n x n n Zp p p- + £ £ Î ; 2) 2 2 ,2 2n x n n Z
p pp p- + £ £ + Î ; 
3) ,6 3 3
n nx n Zp p p- + £ £ Î ; 4) 55 5 ,2n x n n Z
pp p< £ + Î ; 
5) 8 8 20 8 ,27 3 27 3
n nx n Zp p p p+ £ £ + Î ; 
6) ( )1arctan ,4 3n x n n Zp p p+ £ £ - + Î ; 
7) 2 2 ,18 3 18 3
n nx n Zp p p p- + £ £ + Î ; 8) ,12 4n x n n Z
p pp p- + £ £ + Î . 
 
SEQUENCE AND ITS LIMIT. LIMIT OF THE FUNCTION 
Tasks № 19 
I. 1) 23; 2) 9 .  II. 1) 91; 2) 83.5 .  III. 1 7;a =  5 39.a =   
IV. 9.  V. 3,13, 23, 33,K  VI. 15, 8,1,K  or  1, 8,15,K   VII. 1) 3± ; 2) 3 .  
VIII. 5461.  IX. 24, 12, 6, 3  or  3, 6,12, 24 .  
X. 1 9, 3b q= =  or  1
9 , 3
2
b q= - = - .  XI. 1) 7
9
; 2) 2
9
; 3) 28
225
.  
XII. 32.  XIII. 1
17, 2b q= = .  XIV. 
8
81 .     XV. 3, 7,11 or  35, 7, 21- . 
XVI. 54, 18, 6, 2 .  XVII. 5, 15, 45 .   XVIII. 2, 4, 8, 12  12.5, 7.5, 4.5, 1.5or . 
Tasks № 20 
I. 1) 9 ; 2) 0 ; 3) 1- ; 4) 3 ; 5) 1e- ; 6) 6 ; 7) ¥ ; 8) 1e- ; 9) 12 ; 10) 0 ; 11) 
1
2 ; 
12) 156- ; 13) 
1
2 . 
Answers 
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DERIVATIVES. DIFFERENTIALS OF FUNCTION 
Tasks № 21 
I. 1) 215x ; 2) 
8 7
1
8 x
; 3) ( )26 4 1x x + ; 4) ( )5 1 ln x+ ; 5) ( )3 2sin cosx x x x+ ; 
6) ( )2 2 ln 2xx x× + ; 7) 3sin3x- ; 8) 
2
1
2 x x-
; 9) 4 2
2
5 4 1
x
x x
-
+ +
; 
10) 
( )2
10
5 3 ln 2
x
x +
; 11) ( )621 3 5x× + ; 12) ( )2 22 lnx xx e a a- + ; 13) 
2
2
b x
a y
; 
14) ( )36 1 lnxx x× + ; 15) 
2
2 1 ln
2 2
xx xæ ö æ ö× +ç ÷ ç ÷
è ø è ø
; 16) ( )
1 2
1 ln
x
xx x
-
- ; 
17) ln
ln
y y x y
x x y x
-
×
-
. 
II. 1) 1;  2) 1;  3) 0 ;  4)  17
6
.  
III. 9- . IV. 
4
p . V. 9 1 0x y+ - = . VI. 11 9 0x y+ + = . 
VII. 1) ( )29 2 3dy x dx= + ; 2) 5cos5dy xdx= ; 3) 
3 2
1
3
dy dx
x
= ; 
4) ( )2 2 ln 2xdy x dx= + . 
VIII. 1) 0.5151; 2) 3.875 . 
IX. 1) 12 6x - ; 2) ( )25 6cos 6 sin cosx x x x x- + ; 3) 0 . 
X. 1) 27- ; 2) 1
2
- ; 3) 3 ; 4) 0 ; 5) 3
5
; 6) 0 ; 7) 9
50
; 8) 2 . 
 
APPLICATION OF DERIVATIVE. 
 INVESTIGATING MONOTONICITY OF A FUNCTION 
Tasks № 22 
I. 1) ( 7when ,
2
x öæÎ -¥ç ÷
è ø
; & 7when ,
2
x öæÎ + ¥ç ÷
è ø
;  
2) ( 7when ,
2
x öæÎ + ¥ç ÷
è ø
; & 7when ,
2
x öæÎ -¥ç ÷
è ø
;  
3) ( ( )when 0, 1x Î ; & ( )when 1, 0x Î - ;  
Answers 
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4) monotonuous & ( )if x D yÎ , at the point 1x = -  function is not defined;   
5) ( 2 13 2 13when ,
9 9
x
öæ - - - +
Î ÷ç
è ø
; 
& 2 13 2 13when , ,
9 9
x
ö öæ æ- - - +
Î -¥ + ¥÷ ÷ç ç
è èø ø
U ;  
6) ( 5when ,
2
x öæÎ -¥ç ÷
è ø
; & 5when ,
2
x öæÎ + ¥ç ÷
è ø
; 7) & ( )when 5,x Î - + ¥ . 
II. 1) ( )min 1 36;y = -  2) min
5 21;
2 4
y
æ ö
- =ç ÷
è ø
 ( )max 0 4;y =  3) ( )min 0.7886 5.9;y =  
( )max 0.2116 6.2728y = ; 4) function has no extrema; 5) function has no 
extrema; 6) max
5 201
2 4
y æ ö =ç ÷
è ø
 ;7) ( )min 4 32;y = -  ( )max 0 0;y =  8) ( )min 0 0;y =  
( )max 2
42 ;y
e
=  9) min
5 2 2;
4
y kp pæ ö+ = -ç ÷
è ø
 max 2 2;4
y kp pæ ö+ =ç ÷
è ø
 
10) ( )max 0 3;y =  11) ( )min ;y e e=  12) ( )min 2 4;y =  ( )max 2 4.y - =  
III. 1) 7 25min
2 2
y yæ ö= = -ç ÷
è ø
; ( ) ( )max 0 7 12y y y= = = ;  
2) ( )min 0 10y y= = - ; ( )max 2 10y y= = ;  
3) ( ) ( )min 2 2 1 ln 2y y= = - ; ( )max 1 1y y= = ;  
4) ( )min 1 4y y= ± = ; ( )max 2 13y y= ± = ;  
5) ( )min 0 0y y= = ; ( )max 2 8y y= = ;  
6) ( )min 0 1y y= = - ; ( ) 3max 4
5
y y= = ;  
7) min
2 2
y y p pæ ö= = -ç ÷
è ø
; max
2 2
y y p pæ ö= - =ç ÷
è ø
;  
8) ( )min 0 1y y= = ; 1 3max
2 5
y yæ ö= =ç ÷
è ø
. 
IV. 1)  convex on ( ), 1 ,x Î -¥  concave on ( )1, ,x Î + ¥  1x =  is the inflection 
point;  
2)  convex on ( )2, 4 ,x Î  concave on ( ), 2x Î -¥  and ( )4, ,x Î + ¥  2x =  
and 4x =  are the inflection points;  
3) convex on ( ), 3x Î -¥ -  and ( )2, ,x Î + ¥  concave on ( )3, 2 ,x Î -  
3x = -  and 2x = are the inflection points;  
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4) convex on ( )2, ,x Î - + ¥  concave on ( ), 2 ,x Î -¥ -  2x = -  is the 
inflection point;  
5)  concave on ( ), ,x Î -¥ + ¥  there are no inflection points. 
V. 1) ( )max 1 1,y y= =  ( )min 1 1y y= - = - ; 2) ( ) 4max ,2 16a ay y= =  ( )min 0 0y y= = . 
VI. 1) ( )max 0 0y y= = ; 2) ( )min 0 15y y= = . 
VII. 1) 0y = ; 2) y x= ; 3) 2x =  and 2x = - ; 4) 2x = -  and 2 4y x= - ; 
5) 2y x= - ; 6) 3x =  and 1y = . 
VIII. 1) & if ( ) ( ), 3 1, ,x Î -¥ - + ¥U  ( if ( )3, 1 ;x Î -   
2) & if ( ) ( ), 0 0, 2 ,x Î -¥ U  ( if ( )2, ;x Î + ¥   
3) & if ( )1, 3 ,x Î -  ( if ( ) ( ), 1 3, ;x Î -¥ - + ¥U   
4) & if ( ) ( )1, 0 1, ,x Î - + ¥U  ( if ( ) ( ), 1 0, 1 ;x Î -¥ - U   
5) & if ( )3, ,x Î + ¥   ( if ( ), 3 ;x Î -¥   
6) & if ( ) ( ), 2 0, 2 ,x Î -¥ - U  ( if ( ) ( )2, 0 2, ;x Î - + ¥U   
7) & if ( ) ( ), 0 1, ,x Î -¥ + ¥U  ( if ( )0, 1x Î .  
 
INTEGRALS AND THEIR APPLICATION  
Tasks № 23 
I. 1) 3 2 5x x x C- + + ; 2) ( )22 3 ln 22 2x x Cx- + - +- ; 3) arctanx x C- + ; 
4) ( )
3
3 ln 19
x x C× - + ; 5) ( )
1013 1
303
x
C
+
+ ; 6) ( )31 3 19
xe x C- + ; 
7) 1 cos33 x C+ ; 8) ( )
1 2 sin 24 x x C+ + . 
II. 1) 253 ; 2) ( )1 cos1- - ; 3) 
100
3 ; 4) 12
p - ; 5) arctan 6 arctan5- ; 6) 1. 
III. 1) 133S = ; 2) 
8
3S = ; 3) 
9
2S = ; 4) 4S = ; 5) 
210 3S = . 
IV. 1) 75p ; 2) 64p ; 3) 21815p . 
V. 1) ( )8 10 10 1 9,0727 - » ; 2) ( )2 2 ln 1 2+ + ; 
3) 
2
2
2
1 1 1 2 11 2 ln ln2 2 11 1
ee
e
æ ö+ - -+ - + -ç ÷
++ +è ø
; 4) 2 6 ln 2 3+ + . 
VI. 1) ( )2 4 3ln3 ;S p= +  2) 100 ;S p=  3) 14 .3S p=  
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